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Introduction

gu — 2: benchmark of precision physics
[Aliberti et al., 2025]:

a;M = 116592033(62) - 10~
aS® = 116592071.5(14.5) - 10~

Hadronic contribution

Main source of uncertainty coming from:

had _ HVP HLbL
a,  =a,  +a,

Hadronic Vacuum Polarization (HVP)

Hadronic Light by Light (HLbL)
See talk by Urs Wenger


https://indico.phys.uconn.edu/event/3/contributions/121/

isoQCD + QED

» Theory: The action S includes all the SM

» Practice: The HVP is dominated by isoQCD + QED (QCD only with
My = My = Mg).

» Numerical advantage: Simulating isoQCD is cheaper, QED effects can be
added later at 1st order



isoQCD + QED

» Theory: The action S includes all the SM

» Practice: The HVP is dominated by isoQCD + QED (QCD only with
My = My = Mg).

» Numerical advantage: Simulating isoQCD is cheaper, QED effects can be
added later at 1st order

Including Isosping Breaking effects
isoQCD precision reaches O(1%) = account for m,, # my and agy # 0.
» Leading Isospin Breaking Effects (LIBEs): combination of 2 O(1%) effects

In this talk we focus on the isoQCD contribution to alI;IVP.



aEVP from the lattice

a, V" =202, /0 dtt* K (m,t) V (t)

From the lattice

wlr—*

/ d*x ( ) (Wick contractions)

i=1,2,3

with J;(z) being the electromagnetic current operator

Ji@) = > Gemgil (@) @) =Y p@)yp(x)  i=1,2,3

f=u,d,s,c,...
Simone Romiti 5/41



ETMC ensembles (FLAG scheme)
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Fermion setup

ETMC uses twisted-mass (TM) fermions [Frezzotti, Grassi, et al., 2001] for sea
quarks:

DETM =%V — 5T (Wcl + mo) + e

Advantages of twisted mass [Frezzotti and Rossi, 2004a)

» Strictly positive determinant for p # 0

» mg = me — maximal twist — automatic O(a) improvement

TM and OS regularizations for connected contributions

» TM: valence TM fermions, renormalization with Z4
» OS (Osterwalder—Seiler): valence OS fermions, renormalization with Zy
Virm(t) — Vos(t) = O(a?), common continuum limit [Frezzotti and Rossi, 2004b]



Definition of the isoQCD physical point

R = (Mz/fr)? R =(Mg/fz)? Rp,=(Mp,/fr)
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Definition of the isoQCD physical point

R = (Mz/fr)? R =(Mg/fz)? Rp,=(Mp,/fr)

Edinburgh/FLAG

consensus [“Converging on
QCD+QED prescriptions” 2023;
Y. Aoki et al., 2024]

50 =130.5 MeV, a= (;ﬁz )
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Definition of the isoQCD physical point

R = (Mz/fr)? R =(Mg/fz)? Rp,=(Mp,/fr)

Edinburgh/FLAG WP25 scheme
consensus [“Converging on The scale is set through wy [Aliberti
QCD+QED prescriptions” 2023; et al., 2025]:

Y. Aoki et al., 2024]

iso

[0 =130.5 MeV, a= (afr) wh® = 017236 fm, 0=
f71rso (wo/a)
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Definition of the isoQCD physical point

R = (Mz/fr)? R =(Mg/fz)? Rp,=(Mp,/fr)

Edinburgh/FLAG WP25 scheme
consensus [“Converging on The scale is set through wy [Aliberti
QCD+QED prescriptions” 2023; et al., 2025]:

Y. Aoki et al., 2024]

iso

J = 1305 MeV, a— %7 wh® = 017236 fm, 0=
f71rso (wo/a)

In both schemes:

M =135.0 MeV, M =494.6 MeV, M5 = 1967 MeV.

8/41




RM123-like method for mistuning corrections [de Divitiis et al., 2013]

Remarks
» Our bare parameters do not match exactly the FLAG scheme
» and we do not want to redo the simulation

» but we are very close already to FLAG scheme. Can we use this?



RM123-like method for mistuning corrections [de Divitiis et al., 2013]

Remarks
» Our bare parameters do not match exactly the FLAG scheme
» and we do not want to redo the simulation

» but we are very close already to FLAG scheme. Can we use this?

First-order Taylor expansion Derivatives via (pseudo)scalar density

Expand observable O around simulated 1nsertion4$ -

point msm: Jr = [d*xTyp(x) treated as a
perturbation:

~ 00
O(m) =0+ > Amy— 8(0)
zf: Fomy e —[<O Tp) = (ONTp)| .
f s1m
where mass mistunings are Avoids re-generating gauge

Ay =1y — T?chim- configurations.



Tuning to the isoQCD physical point
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From the mistuning solution to a!lVF

I
1. Amyg: preserving maximal twist
j imy AMPCAC
sim sim _
mpéac + (mo —my™)———| =0

dmo sim



HVP

From the mistuning solution to a,

1. Amyg: preserving maximal twist

dmpcac
mis, o+ (mg — mim) ——22 =0
poac T+ ( o) dmo ...
2. Correcting V(t) and aj, "

0 HVP dtt2 K(myt) 0 V(t), m = myg, Mg, Me, M
am - em I 8 - 0y TTlgy Tl TTQ

. aaHVP da HVP

alsoQCD 51m + Amf + Amo

g f%c am sim 6m0 sim

Simone Romiti 11/41
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Statistics

Control variates with low-mode averaging

VIMA(E) = V(1) + at) [Vl (0) = ViR ()]

impr.

Ensemble Ny NIR N,

ev

_ Cov [Vy(t), VyR(1)]

a(t) =

B64 1300 400 1024
IR
Var [V (1)] C80 590 530 1600
. D96 570 530 960
_ SN E112 670 530 1344
(D I)IR: Z 775,0],1;[7
)\. J
j=0 Y

G
Ensemble Ny N, }7\/[ N,

(A\i, v;) eigenvalues and eigenvectors of D-ys. B96 490 11200 768




Low Mode Averaging (LMA)

I Bo4 1 Cs0 I D96 I E112

45
10 (Vi(t)V2(0)) T, eI T, ﬂ,ﬁ ,,,,,
% 3.0 TEH sl ! IE
2 _
8 2.5k
g
2.0
15 +
1.0
0 1 2 3 4 5
t [fm]
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[sospin decomposition: isoscalar vs isovector
Flavor decomposition reorganized in definite isospin:

T = 5@ - @) @) = Gl + i) - 3@ + i)

The EM current separates as J;™ = J, 521 +J izo, where the isoscalar J/=°
contains the remaining flavor-diagonal contributions.

9 1 :
QEVP(I:U =10 GEVP(@ ; aEVP(]:(]) =10 aEVP(E) + aEVP(S + ¢ + disc.)
Details on the isospin separation [Kuberski, 2024]

» [ =1 and I = 0 have different leading pion states in the tail

» VI=1(t), VI=0(t) separately positive definite — bounding method applicable
per channel



The I = 0 channel

Convenient to reorganize using the octet current [D. Djukanovic et al., 2025]

Tw) = 2 + 50@) — 243 (@)

ap V' (1=0) = a}, "¥ (oct.) + ay} V¥ (c) + 5afjdisc

> aEVP (oct.): from Jﬁ , disconnected light + strange loops, OS only

> a};VP(c) and a5 work in progress

In the paper we will provide an update for aEVP(s) and aEVP (c) with respect
to [Alexandrou et al., 2024].



Octet contribution: one-end trick (OET)
Decomposition

aEVP (I=0) = aEVP(oct.) + CLEVP(C) + 5af;disc

Octet current, disconnected (one-end trick):
i) = g [u(@) + i) = 253 (@)]
Frequency splitting [Giusti et al., 2019]:
(732 (@))y = Bu(mg) = Byu(my) = [Bu(me) = Bu(ma)] + -+~ + [Bu(my) — By(my)]

WTI: )
Bu(me) ~ Bu(me) = g+ ) [ e (P ) A2y



OET and frequency splitting
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Blinding procedure
Exponential signals added to V;(t) before analysis:

1 kgroup
ﬁ |Ai|2|:e—Eit + e—El‘(T—t)]

=1

Vi(t) = Vi(t) +

Shift identical on all lattice spacings.

Blinding
» 3 independent groups: A, B, C
» {A;,m;} unknown to each group
» ky =14, kg = 18, k¢ = 16 number of signals

» Random energies in the range:

0.75GeV < E; <2GeV



Bounding method [Lehner, 2016; Borsanyi et al., 2017]

Signal to noise ratio
V(t) for large ¢: approaching 0 and increasing the noise.
If we integrate up to 7', we mostly integrate noise — low precision on aEVP

— We use an upper and lower bound, that meet before signal
degradation

VX (tc) efmeff(t*)(tftc) < VX (t) < VX (tc) efEé( (t—te)

» Upper bound: 2(3)-pions state on the lattice (final state interactions via
GS-model estimates)

» Lower bound: Use meg for t > tip,



Bounding method of I =1 and I = 0 contributions

I = 1: conservative lower bound for 77 state
» Attractive interaction in w7 states

» Lowest w7 state with Gounaris-Sakurai model is lowered by less than 2%

Ofree (OS) =0.98-2 V m2 + (2%)2

EO free (TM> =0.98 |:\/er Tﬂ— + \/mﬂo Tﬂ :|

I = 0: 37 state

ES =2y/m2 + (2)* + mpo



Bounding method (I =

YH
3X1X
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Bounding method for the octet
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Reference-volume interpolation

a VP (I=1;L) = a), "¥ (I=1;00) + ALe™M*

» Two volumes at coarsest
spacing: B64, B96

» Interpolate to common
Lref

» Continuum extrapolation
at fixed Lyef

» A determined from the
B64-B96 difference at
fixed a

610

600

aVP(I=1) x 10
g g
Z g

570

560 b i i i i i
.0 5.5 6.0 6.5 7.0 7.5

L [fm]




Class of continuum fit ansatze

2

HVP,r HVP r o2 r a ro4
a, " "(a, Lyet) = a Lif)+cia”+cj; ———————= +cHha™, r =TM, OS
m ( ref) “w ( ref) 1 1L ‘log(cﬂA%)P 2

Relative Unblinding (I=1)

620

» Reference volume: L, = 5.46 fm o1s

=)
=2
>

» Several variants from removing
terms from the fit function

> 9 = 0.42, based on [Husung, 2025]
and extrapolation with Ny = 4

614

1, Lyof) x 1010

612

=
-
S

HVP,r
aﬂ

=

2

=

» Bayesian/AIC model average
(BAIC)

=
S
S

604F —
(Group A) (Group B) (Group C)

Simone Romiti 26/41



BAIC model averaging

The continuum limits are averaged according to the Bayesian Akaike Information
Criterion:

W; = exp [—(X2 + 2Npar — 2Ndata) /2],  w; = W;/ Z wW;

Law of total variance

o2, = E[Var(a“)] + Var(E Zwma + Zwm A — p1)°

st at syst.

» Estimator of the mean (AIC-weighted):

ay = E Wi Gpm

meM



Continuum extrapolation for I = 1 channel
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Octet contribution: continuum extrapolation
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Finite volume representation of VI=1(¢, L)

Two-pion contribution at finite volume

Vir(t, L) Zun|A |2 emwnt wp = 2y/m2 + k2

» Liischer quantization condition:
611(kn) + ¢(qn) = nm, an = ——

2k, | (wn) |
3wy kndy(kn) + an¢' (qn)

Vn| A |2

Pion form factor: Gounaris—Sakurai parametrization
Validated by [Dalibor Djukanovic et al., 2025] for ¢ > 1.1 fm.

Simone Romiti 31/41



Adapting to twisted mass: 77 7¥ kinematics

» TM current — charged-current correlator = lowest state is 77 7%, not wr

» At finite a: mjo # my+ (twisted-mass isospin breaking)

E (k)= szﬁ + k2, E.o(k) = \/m?ro + k2, w(k) = E+(k) + Ero(k)

Same dynamics, unequal-mass kinematics
» Same GS ansatz, same M,, gprr

» Usual finite volume representation recovered exactly as m .+ — m_o



Residual F'V correction for I = 1: L. = 5.46 fm — o0

MLLGS model (adapted to twisted mass) [Harvey B. Meyer, 2011; Lellouch
and Luscher, 2001; Luscher, 1991; Gounaris and Sakurai, 1968]

» TM fermions: 7T7° dominated

Aa VP (L) = ap V" (00) — VP (L)

= 27.1(2.5)(1.0)[2.7] x 107 *°

FVE uncertainty given by:
» 10% on the MLLGS integrated
curve above 1.1 fm.

> Integrated difference of B96 and
B64 below 1.1 fm.

x10°

L(t,7.65 fm) — VI=1(¢,5.1 fm)]

10143 [v7

7 MLLGS, m,+ # mo —

tewr = 1.1 fm

assigned MLLGS uncertainty (10%) ——

MLLGS, m,+ =mgo — -
lattice B96-B64 —@—

M, =0.77(1) GeV, gpnr = 5.75(25), mzyo = 110(9) MeV

0.7 10 13 1.6 19 2.2 25
t [fm]
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Moving between schemes: two strategies

fr-based matching

Direct wy input » Determine fYVF25 equivalent to
» Solve mistuning system with wy wXVP%
instead of fi > Compute a;; " (fr) on neighboring
x Larger cutoff effects schemes

» Interpolate to fYVF25

We adopt the f;-based strategy

aaHVP
HVP, WP25 _ HVPFLAG [ WP25 FLAG
ay (fr) = a} tog| (B
" IFLAG

Simone Romiti 35/41



Finding f, in the WP25 scheme

138 i 1
X FLAG
i £08
-
136 5 o
; ftm
134 .
>
[}
=
132
B ,
1
I
r .
130
128
10 20 30 0.000 0.0 0002 0.003 0004 0005 0.006 0007 0.008
% a? [fm?]
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Moving from one scheme to the other

8aHVP (I=1) 8(15“) (oct.)

= —9.9(2.2) x 10710 MeV ! = —1.4(1.2) x 10710 MeV !

Ofr Ofx
E [fr-schemes results
i WP25 result
5751
» Redo the whole scale E
setting for several = sl
values of fr =
. I
» The final result is o s65p
obtained by 2
interpolation s60f
130.4 130.6 130.8 131.0 131.2

fr [MeV]
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Summary and conclusion

allVPFLAG (T21) = 597.9(4.9)stat (2.9)syst (2.7)2[6.3] x 10710

an VPWP2(T=1) = 592.8(5.0)stat (3.9)syst (2.7) £[6.9] x 10710

alVPFLAG (0ct) = 107.2 (1.7)stat (1.3)syst [2.1] x 10710

a;I}VP’WP%(OCt) = 106.5 (1.6)stat (1-4)Syst [2.1] x 1071

» ~ 1% precision for I =1
» ~ 2% precision for I = 0 octet
» Finalizing results: aﬁvp (o), af}vp(s), window observables

» Outlook: first-principles isospin-breaking and electromagnetic corrections



Comparison with other collaborations

B FLAG B WP25 B custom scheme

T T T T T T T T

ETM-26 H—0—+H
ETM-26 H—o—H
BMW/DMZ-24 H-—t ETM-26 00—
FNAL/HPQCD/MILC-24 H=H

FNAL/HPQCD/MILC-24 HaH

FNAL/HPQCD/MILC-24 (R

Mainz/CLS-24 H——

Mainz/CLS-24 f—m—t]
RBC/UKQCD-24 =
RBC/UKQCD-24 f——
ABGP-22 H—s—H

LM-20 H H Mainz/CLS-24 ——
BMW-20 e
ETM-18/19 —
Mainz/CLS-19 e BMW-20 b
ABGP-19 |
FNAL/HPQCD/MILC-19  |—=—|

ETM-26 H—0—

Mainz/CLS-24 H—I—H

PACS-19 ] RBC/UKQCD-24/18 —
RBC/UKQCD-18 ey
BMW-17

L

530 600 620 640 660 630 95 100 105 110

aLWP(K) x 1010 aLWP(oct) x 1010
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Backup
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Windows

o0
alVPw 902 / dt 2K (myt) ©"() V(1)
0

1.0
GSD(t) =1- 1 0.8
1+ e—20-t1)/A
1 1 O o
w _ 3 — W
(S (t) - 14+e (t— tl)/A 1 _|_e—2(t—t2)/A D4 — D
1
LD 0.2
() = 1 4 e—2(t—t2)/A
0.0
0.0 0.5 1.0 1.5
t [fm]

t1=04fm, ¢,=10fm, A=0.15fm
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Scale setting with wy and f,

Gradient flow

d  48(B]
@ P =550

The flow smooths the UV fluctuations

By(z,0) = Au(z)

Flowed energy density and wq [Luscher and Peter Weisz, 2011; Luscher, 2013]

B(f) = { (G (0G0) WD) =t [P E)]

W(t=w) =03

Simone Romiti 3/33



WP25 scheme

> WP25 iso QCD definition

WP25
Pr

» Solve

[m2 2} WP25

= Wo )

WP25 __ 2
PK = [mKw

> O(a”®) modification to reduce charm mistuning P’

psim sim drP
PP o (mo —mig™) 5

—

+ 0 (

sim

0

2]WP25

f=¢,s,c

b
WP25"

Ds

PWP25 —

[WLDS wo

]WP25

— [mDs wO]WP25 + Ca2

myp—myg

sim)

dpP
dmy

» Compute fr from conserved current and local current tm and OS

/ //xi/

138

136

134

Jo MeV)

132

130

128

FLAG
708

v

i
3

i

i
A

10 20 30

0.000

0.001

0.002

0.003

0.004
a? [fm?]

0.005

0.006

0.007

0.008

sim

_ pwp25’

)



Pion mass splitting

12500

------ 1: mx =0.245
S 100000 S 2: rx=0.045
5710000F X
> P
(]
2, 7500 - .
~%
= 5000

- o .
| e e . : |
Of - e S
0.000  0.001 0002  0.003 _ 0004 0005  0.006

a? [fm?]
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Light quark mass dependence

0.1 4 connected +eo—
' connected + disconnected +e—

0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8

tcut [fm]
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wp extrapolation in a?

0.176

X wp25
0.175

0.174 ]

0.173

S
red
gl

0.170

0.169

o

0.168 >

0.167,

10 2 0.000  0.001  0.002 0.003 0.004 0.005 0.006 0.007  0.008
% a? [fn?]
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Bootstrap & binning

v

I'-method for
autocorrelation [Wolff,
2004]

Binning: 7y < 0.5

Ny = 500 bootstrap
samples

Trapezoidal TMR
integration,
bootstrap-by-bootstrap

9x 107t

8x107!

7x107!

£ 6x1071

5x107!

4x107t

tau_int over time

20

40 60

V(t) on D96 (TM)

80

100

Tint (t) for



Bounding fit example: D96, TM, moderate

Boundings: 2pions, MV_tail

t [fm]
le—9 27 30 33 >0 >
1.44 tstart
o  Error on avg.

1.2 % ¢ Correlated difference

1.0 A %

0.8 1 °°
= % % o © ° o ’
§ 0.6 i % % o © o © o ©

o 0 °

0.4 o°°°°°o§

H
U

0.0 A

-0.2,

45 50 55 60 65 70
t/a



Breaking down the different systematic effects

2D systematic weights and marginalization

B Joint weight w(x, y)
1 Marginal p(y) = Y w(x, y)

Key idea

> Blue: joint weights w(z,y).

=
§ » Yellow: marginal
£ p(y) = >, w(z,y).
2
Goal
» Repeat for every
systematic.

» Build the error budget.




Error budget table

Law of total variance

Jzotlk: E[Var(aﬂ|k)] +Var au|k Zwmg +Zwm a,um a,u,k‘)2

stat. + other syst. syst. from k

» Estimator of the mean (AIC-weighted):

Ela,lk] = Z Wi Gpm

meMy

Total systematic and statistical errors
We compute the total error and its



Bern analysis: error budget plot (example, blinded)

Model Averaging | full window | 33 models | IPR = 0.041 | IC: AIC
a, x 1010=676.1146 + 4.955 (= 0.73%)

1.0
Error budget Aay, - 1010
081 tot 4.9550
stat 4.6139
0.6 A syst_tot 1.8067
> n_ens 0.0000
o
0.4 t_thr 0.1052
—— Model average C.D.F t cut 0.1317
——— median: yy = 6.755e-08 —
16%: y, = 6.717e-08 dt_plateau 0.1207
0-21 Ay, =3.818e-10
84%: yq = 6.803-08 extrapolation 1.7499
Aygr =4.831e-10
0.0 . . ; ; ;

6.6 6.7 6.8 6.9 7.0



History of ETMC simulations

Years Ny My Reference(s)
2004 - 2010 | 2 > 200 MeV | [Jansen and Urbach, 2006]
2010 - 2014 | 2+ 141 | > 200 MeV [Carrasco et al., 2014]
2014 - 2018 | 2 =135 MeV | [Abdel-Rehim et al., 2017]

[Alexandrou et al., 2021]
2018 - 2024 | 2+1+4+1 | =135 MeV [Alexandrou et al., 2023]
[Alexandrou et al., 2024]




Remarks on fermions (ideal situation)

What we would like to have:
If we knew the bare masses exactly at the isoQCD physical point, we would like to
simulate the probability distribution:

P[U] = e SvM H D?S(ay?hys, amS}}yS)
f

- D = det D: determinant of Dirac operator

- OS: Osterwalder-Seiler fermions (or any other type of fermions)




Remarks on fermions (ideal situation)

What we would like to have:
If we knew the bare masses exactly at the isoQCD physical point, we would like to
simulate the probability distribution:

P[U] = e SvM H D?S(ay?hys, amS}}yS)
f

- D = det D: determinant of Dirac operator

- OS: Osterwalder-Seiler fermions (or any other type of fermions)

Problem

» We don’t know a priori the exact values of the bare parameters



Remarks on fermions (practice)

What we actually have:
Despite being close to the isoQCD physical point, our probability measure is still:

P[U] = e S H det D}FM(a,w}im, am%ﬁ‘}‘)
f
TM: Twisted Mass fermions [Frezzotti, Grassi, et al., 2001; Frezzotti and Rossi,
2004a; Shindler, 2008]
» Strictly positive fermionic determinant for p # 0

» If amg = ame — mazimal twist — O(a) improvement



Remarks on fermions (practice)

What we actually have:
Despite being close to the isoQCD physical point, our probability measure is still:

P[U] = e S Hdet D?M(a,uﬁfm amB“}‘)
f
TM: Twisted Mass fermions [Frezzotti, Grassi, et al., 2001; Frezzotti and Rossi,
2004a; Shindler, 2008]
» Strictly positive fermionic determinant for p # 0

» If amg = ame — mazimal twist — O(a) improvement

However, we need to correct the mistuning:
» aumm 7& auphys

> amsm # aMer, f



Mixed Action setup [Frezzotti and Rossi, 2004b]

Total action
All this is equivalent to a mixed action approach:

,val
S = Sym+ D (Se) + Sl + (S#)SS
f

For the gauge part we use the mean-field improved Iwasaki action [Iwasaki, 1985;
S. Aoki, Frezzotti, and P. Weisz, 1999]:

Sym = % > bo[l=ReTrUp " (2)] +b1 [1 —ReTr U, % ()] -
¢z p<v



Fermions (sea contributions)

The Dirac operator for the sea quarks is the TM one:

» Light quarks (isosymmetric limit: m,, = mg = my):
DM =4, VU] — i35 (Wd [U] + mo> + e
» Heavy quarks:
DM = 4,V [U] —itlys (WCZ[U] + mo) + o + s

where W [U] is the the Wilson-Clover term [Sheikholeslami and Wohlert, 1985].

The action reads:

(Se)rm = > _ Uy DM U, + 0, DM W,

x



Fermions (sea and ghost pseudo-fermions)

The correction of the mistunings comes from both the sea and the valence.

OS fermions
The observables and the mistuning corrections are computed with OS fermions

D{)S =7, VU] —irys (Wd[U] + mo> +my

where 7, . =1 and rq, = —1.




Fermions (sea and ghost pseudo-fermions)

The correction of the mistunings comes from both the sea and the valence.

OS fermions
The observables and the mistuning corrections are computed with OS fermions

D{)S =7, VU] —irys (Wd[U] + mo> +my

where 7, . =1 and rq, = —1.

Applying the corrections in the sea is the same as:

» Including ghost pseudo-fermions through S éﬁlst — cancel simulated fermionic
determinant

» Correct determinants from OS fermions at the isoQCD physical point and
critical mass



Summary on Fermions

Corrections found with OS fermions — probability measure is:

B my, Mer)
PlU] = ¢=5(90) 5 DL (pSim ppSmyDh (psim jsim pppsimy o Do
[ ] — (:U’E , TN ) TM(MU s g Mher H Df mmm msun)
YM action TM det. from sim OS !

Correction factor

Matching TM and OS fermions [Frezzotti and Rossi, 2004b]

Zp

Zp
7#67 Me = o + 5 1Us
S

me = g, Ms = lo — Zs
> Light quarks: Dty = Dos
sim slm7 Blm)

Dby (™ 2
TM\FPo > 6 —
D?)S(mmm mglm) S(miimymaim) - 1 + O(a’ )

» Heavy quarks:



Wrap-up on the mixed-action setup

(Reminder) What we want

P[U] = e~ Svml90) HDéS(mf,mo)
f

What we have

P[U] — e—SYM(QO) X Hpés(mf,mo) X (1 + O(CLZ))
f



Wrap-up on the mixed-action setup
(Reminder) What we want

P[U] = eiSYM(go) X HDéS(mf,mo)
!

What we have

P[U] — e—SYM(!]O) X HDéS(mf7m0) X (1 + O(CLZ))
f

What does it mean in practice?
1. Ensemble generation: good guesses for bare parameters
2. Find the slopes of observables with respect to sea and valence

3. Correct the bare parameters to reach the isoQCD physical point.



Diagrammatic representation of sea effects

Correction factor for sea effects
Sea quarks mistuning brings the following correction factor:

We(myg, me) = Wf(mcr)Wf(mf)

. DL (mg™ m,) = Dfg(mys, mer)
Wi (me) = fOS s(i)m sf; , Wylmg) = —2° e
Dpg(mg™, my™)

Dés(mj}m, Mer)

Expansion parameters

sim sim
Amy =my —mF, Amey = Mgy — My

They are very small (both ~ O(1%)) — we treat them as being of equal order Am.



Diagrammatic representation of sea effects

Jacobi formula
For a parameter-dependent matrix A(\):

Oxdet (A) = det (A) - Tr (A7'0,A)

Wi(mer) =14 Ame, Tr [(—irf%)

} +O0(Am)? =1+ Amy, - O + O(Am)?

sim
DOS

_ 1
Wf(mf) =1+ Amf Tr |:Dsim:| + O(Am)2 =1 —|—Amf . @ —|—O(Am)2
oS



Sea effects as a 1st order perturbation

Sphys — Ssim +AS

_ [pUuou]e s
~ DU e

<O>phys ~ <O>sim + <OAS>Sim _ <O>Sim <AS>sim

Physical and critical mass corrections

oo = o) (@) —owp= (@)
ool = 0w () - oy ((P)
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