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Outline

e RBC-UKQCD-23 calculation of HLbL
© HLbL master formula
© Improvement on direct, and 7°-exchange calculations

@ Results and summary
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Results from previous work

The HLbL contribution calculated with the 48l unitary
mass ensemble in [Blum et al., 2023]:

ah™ x 10" = 12.47 (1.15)s1at (0.95)sys [1.49].

Significant sources of systematic uncertainty come from

a*-correction and m-exchange contribution [Blum

et al., 2023].

Previous work and improvements

48l light 7°-exchange
48l light FV-correction

48l light m, -correction

2.00 (0.11)sta(0.28)eyet [0.30]
—0.47 (0.11)ayet
0.35 (0.07)stat(0.17)syst [0.19]

WP20 (phenomenalogy) —_—
HSZ-24 —e
WP25 (phenomenology) —o—

RBC/UKQCD-19

Mainz/CLS-21+22 ——————i
( rBC/UKQCD-23 e
BMW-24 —
WP25 (lattice) —e—i
WP20 ——————
WP25 —e—i
40 60 80 100 120 140

1011 x glfibh

This talk: Improved long distance formula
48| light a>-correction  0.00 (0.83)syst Summary of HLbL calculations.
This talk: New calculation on 64l
48l light no-pion 0.31 (0.22)stat(0.31)syst [0.38]
D
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HLbL master formula

The master formula for the HLbL contribution to muon g — 2 in position space is given by [Blum et al.,
2017]:

HLbL
a =

2me* 1
" T W Z Z %Eijk (XOP - X"ef(xzy7 Z))j (684) HkPU)\(chaxv)/aZ) ./'\/li/)g)\(X,y,Z)

Xop X,¥,Z
where H is the hadronic four-point function, G is the continuum QED weighting function evaluated in

infinite volume, and x.f(X, z, y) is the moment-method reference position.

Mipar(x,y,2) = 3 Ti[§ i Gpor(x,y,2) /] 6e* Hipoa (Xop, X, ¥, 2) = (0] T{Jk(xop) Jp(x)Jo (¥) I (2)} |0)

&
Xop

X V4 YQZ
i
Hsrc HMsnk Hsre Hsnk

Connected diagram
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QED weighting function

X y
z
Mipor(x,y,2) = %Tr[% i3 Goor(x,y,2) Z,} Lisre % g % [Lsnk
an g
The QED weighting function G can be expressed in terms of muon and photon propagators:

Gorp(y,z,x) = lim eMu(tank—tarc) / ] G(x,a) G(y,B) G(z,n) Su(xsnks B) i Su(B,m) ivi Sp(m, @) ivp Spl v, Xerc)
@, 0,7 Xsnk »Xsre

tsre—>—00
tsnk —> 00

Subtraction scheme:

Remove the infrared divergence:

QSSTIZP(y,z,X) =1 6okp(y,2,X) 6572,)@,)(% z,x) = Qﬁgip(y, z,x)

+% [épno(x,zyy)]T —Qﬁg,lp(z,z,x)—ﬁg,lp(y,z,z)

i3 gng(X,y,Z) = 65}%1)5()(7)/72) + [a” perms]
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Comparison with the Mainz subtraction scheme

Due to the current conservation in H we can allow several forms of subtraction schemes to reduce the
discretization error:

RBC/UKQCD subtraction [Blum et al., 2017]

6(2) (y,Z,X) = 6(1) (.y7ZaX) - 6(1) (ZaZ7X) - 6(1) (y7ZaZ)

TKp oRp TKp oKp

Mainz subtraction [Asmussen et al., 2023; Chao et al., 2021]

eMaina)(y 7z x) = 81 (v, z,x)

oKp oKp

— 3Y(y — X)a e NO=2) Q) (x, 2, x)

akp

— 0%((z — X)a e NUE2) B (1, x, x)

note that while af;”‘b" is independent of the subtraction scheme, the integrands and partial sums are not directly

comparable.
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Long distance + short distance calculations

We define a cutoff function Rpmay:

Xop
R,m,xzmax(|x—y|7 |x — z|, \y—z|). X 5
Msrc Msnk
The total can be written as the sum of all contributions from two regions:
HLbL t t
a, = au(Rmax < Rr(':r'nuax) + au(Rmax > chnuax)
@ The first term is the partial sum of the al';”‘b" summand over vertex coordinates within the range
0 < Rpax < R;L;tx; the second term is the reverse partial sum with respect to the same cutoff.

0 .
@ RS needs to be large enough so that a‘u(:"?,m,X > an‘;tx) e aZ -exchange Oy previous work [Blum et al.,

2023] used RS = 4.0 fm in the reported final result.

max
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Long distance + short distance calculations

TP — 3, (Rmax < REL) + ap (Rmax > REL)

Direct and 7%-exchange (indirect) calculations

3, (Rmax < RSS, au(Rmax > Rk
@ Direct calculation using two point source @ Long distance region is dominated by the
propagators (~ 2000 propagators per n%-exchange contribution.

configuration).
@ Indirect calculation using 7° transition

@ Field-sparsening is employed to reduce form factors (TFF).
contraction costs.

Anton Shcherbakov (University of Connecticut) HLbL muon g — 2 August 11, 2026 9/34



Long-distance m° exchange contribution

In the long-distance region where |z — y| < min(|x — z|, |x — y|), the largest contribution to Hypsx
comes from the 70 intermediate state:

Hkpo‘)\(xop7 X,y,Z ) Hkpgk(xomx}/v )7

x d? 1
(66%) I, (xop X, ¥, 2) = / a (O] T {Ji(ep)

(27)° 2E, 4 Jo ()T (7Y T{Jo () Ir(2)}10)

The 70 transition form factor is given by:

Fiol®,@) = (O T{I(5) (=MD = ctpp %as Frory, (%19 %)
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Long-distance m° exchange contribution

The 7° transition form factor is given by:
Fo(%,) = O TLH(E) (= N7 = €kpas Fads Frony (.0 %)

H™ can then be expressed in terms of products of form factors and scalar pion propagator:

(6€") H2 0 (X %, ¥, ¥) = Fip(%, —i%) For(7, =i 3) Do (|Rx])

_ X'+ _y+
X_sza Y_y2y
Re=X-Y
X=x'—x, y=y -y
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Long-distance m° exchange contribution

Fio(x, @) = O T{I(3)Jo(=3)}7G) = ekpapxads Froys (x*,q - x)

2 F (22, imgt) - 641
0.006

Fy /372
3§ t=0.00 fm
0.005 4 -3 t=042fm
- t=084fm
= 0.004
3 =
003
5
< 0.0021 -1
0.0014
0 ition fi f:
- — 77y transition form factor 0.000 r T T T "
0. 0.5 L0 L5 2.0 2.5 3.0

2= ViTF I (fm)

]:'ﬁom/(xa q - x) has a weak dependence on q - x.
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Long-distance m° exchange contribution

lattice/model - 641

@ Ratio of the lattice scalar form factor to 000
the LMD model form factor. ’
1.75 1
FVMD _ mv mV
g +my, gz+mj, 1.50 4
TE _ 1 m?, 1.25
Fr= 2 (‘7 +m2 v)

Flattice ( 72 ’”nﬂ_f)
FIND (32 im0 8)
—

o
S
|

@

3

=
)

FLMD FVMD + S?T’FmF (FTE FVMD)
v
0.50 1

0.25 1

—— t=0.00 fm
—f— =042 fm
—+ t=084fm

0.00
0.00
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Long-distance m° exchange contribution

(66 )Hkpg)\(xlvxaylay) ]:k/)(x _’62()-%0)\(.)73_’.%) D7T0(|R‘"'|)

For leading order in 1/|R;|, the derivative with respect to the propagator can be written as:

. (X=Y)s
— 59 De(1X = Y1) ~ (ima 208 ) Dag (1X = V).

Two formulations of H™
Previous work (2023): derivative approximation on the entire ™

(6e") Hipox L x, ¥, y) = Fiol%, imn Re) Fox(§, —imeRe)) Dro(|Rx|)
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Long-distance m° exchange contribution

(66 )Hkpg)\(xlvxaylay) ]:k/)(x _’62()-%0)\(.)73_’.%) D7T0(|R‘"'|)

For leading order in 1/|R;|, the derivative with respect to the propagator can be written as:

. g (X=Y)s
— 523 De(1X = Y1) & (ima 5208 ) Dag (1X = V).

Two formulations of H™’
Previous work (2023): derivative approximation on the entire H™

(6€") Hipon L x,y',y) = Fiol%, imn Re) Fox(§, —imeRe)) Dro(|Rx|)

Improved (this work): derivative approximation only on .77'7,077(22, —iZ)

(66*) HioSx (X', x, ¥, ¥) % ekpap€onc oy Froyy (%2, imu Re-%) Froo (72, —imn R -9)

x (= i32) ( — i5% ) Dao(IRxl)

= =T=
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Calculation details

Using approximations for ™ described in the previous slide, we perform Monte Carlo importance

sampling to evaluate:
1

To-exch __ 7%-exchange
a;l.o - VT ,z:/ / g(X/,X,)/,J)
x'x.y'y
using the following weighting function:
w(x', %,y y) = : 14 _ 1 - 135 MeV K1(2135 MeV R) 48| 64|
X' = x|*+ & |y —y|* +b 47 Ry m, (MeV) | 139 139
mk (MeV) 499 508
70 propagation distance: Ry = L;'X — y/% , (5=5b=300) a! (GeV) | 1.730 2.359
a (fm) 0.114 0.084
L (fm) 5.47 5.3
# configs 113 119
Lattice parameters for 48| and 641 ensembles
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Long-distance 7%-exchange contribution - H™ (2023) vs H™ (improved)

BLINDED, PRELIMINARY results

@ Cut functions for the reverse partial sum 641 LD 7" exchange (R, > 1 fin, r; <3 fn)
1004

—}— previous work: 31.254 + 0.328 @4fm
improved: 33.693 + 0.461 @4fm

Rmax = max(|x 7y|7 |X - 2‘7 ‘y - Z|)

80

e = max(|xop - X|7 |y - Z|)

Xpt X y+2z

R: =

exch 5 ()10
=)
=

: : . T 409
@ The relative uncertainty between previous

work and this work at RS = 4.0 fm is
~ 7.8%, which is within the 14% 1
estimated systematic error of the T

. . 0 T T T T
Wo—exchange calculation in [Blum et al., 0 1 2 3 1

2023]. Rt (m)
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Light quark connected - direct calculation

@ Light quark contributions are evaluated
with unitary 70 = 139 MeV mass

ensembles.

@ The RS in the direct, partial sum
calculation is the same cutoff variable as

in the reverse partial sum calculation.

Anton Shcherbakov (University of Connecticut)

BLINDED, PRELIMINARY results

Light quark connected HLbL — value vs Ryax
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64| total light quark connected

@ Light quark contributions are evaluated
with unitary 70 = 139 MeV mass
ensembles.

@ Displayed curves are partial sums with
respect to RS | except for 64l long

max?’

distance, which is a reverse partial sum.
@ In this plot, the long distance calculation

is performed using RBC/UKQCD-23
formula for H™'.
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- H™ (2023)

BLINDED, PRELIMINARY results

641 light quark connected: short + long (previous work)

I
FESSEESSSRs

s 1010
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64| total light quark connected

@ Compared to ™ (2023), the total
plateaus at earlier at RSt ~ 1.5 fm.

max
° H”O(improved) has less systematic

uncertainty compared to H™ (2023), due
to the former using fewer derivative
approximations.

@ Earlier plateau allows us to consider

lower RS cutoffs to reduce statistical
uncertainty

Anton Shcherbakov (University of Connecticut)

- H™ (improved)

BLINDED, PRELIMINARY results

641 light quark connected: short + long (improved)
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Light quark disconnected (unitary 7 = 139 MeV mass ensembles)
BLINDED, PRELIMINARY results

Light-light disconnected HLbL

@ Large statistical error in the
non-negligible long-distance tail of oo menmee Y

the light quark disconnected oY)

diagram. T{{;
@ Instead of adding the noisy Hl ] -
disconnected contribution at lh l
long-distance RS-, we use the = ] 1”” ] ’
hybrid approach. ‘ ]H I 1l H

—40

§ st
641

| |
Y =
S 5]

L L

|
8

light discon a,,
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Results: hybrid approach

BLINDED, PRELIMINARY results

Light no-pion (discon + conx25/34)

@ Long-distance discon/con ratio [Bijnens and ol =
Relefors, 2016] & oa
fim " Roax > R) 1 (e +ei) 25w
R—00 a;on(Rmax > R) 2 ety eg 34

w
S

@ Hybrid approach:

light no-pion a,
[
o
L
e
o o
—e—o—i
—e=i
——e—y—
———
——ee—
_—
—_——

gno-pion _ adlscon + 25 geon

I - 34 “p o ;S’
total no-pion 9 _con [1]
a = a3 rd . 10 4
1 n + 34, .
o
o
. o
@ In our previous work we truncated aj>P°" at 0 ‘
0 1 2 3 4 5

an earlier plateau value, ~ 2.5 fm, and add it
to less noisy connected contributions at larger
Rcut

max
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Light quark connected: lattice-spacing effects

BLINDED, PRELIMINARY results

@ The plot compares binned 20 G4l - 481 (improved)
32—Correction between direct and +4% of 481 connected integrand (per bin)
0 . . 1.54 ¥ direct calculation
m°-long distance calculations. direct calenlati
indirect calculation
@ Recall that we estimated + 8% 1.0 T indirect calculation (TFF errdr)
systematic error in our previous s 1 T
S 05 1 *
work. [Blum et al., 2023]. 5 } ]L
@ 8% correction to 48l corresponds to T 001 F I i T I I
4% difference between 48| and 64l $ o I 1
5 051
@ Shaded error-band is 4= 4% of the
48| connected integrant. —107
—15
~20 . : . . .
0 1 2 3 4 5 6
RE ()
Anton Shcherbakov (University of Connecticut)

HLbL muon g — 2 August 11, 2026 23 /34



Strange quark connected

@ The direct calculation of the strange
quark connected contribution for
the 48l, 641 and 64l-pq ensembles.

@ Pion and kaon masses of the
plotted ensembles:

myo (MeV)  my (MeV)
48| 139 499
641 139 508
64l-pq 135 496
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BLINDED, PRELIMINARY results
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Strange quark connected: continuum limit

a? extrapolation

— =
o t
oo o
f 1

strange con a, at R~ 4.0 fm
—
=
(=2}
——

=

'

=
L

1.42 1 }

1.40 = T
0.000 0.005

a’® (fm?)
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BLINDED, PRELIMINARY results

Meson mass extrapolation

1.54 1

1.52 1

= = =
= = ot
= 3 <]
| L L

strange con a, at R~ 4.0 fm

—

IS

e
1

o b { ]

1.40 T T
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Summary

Significant sources of systematic uncertainty come from a’-correction and 7°-exchange
contribution [Blum et al., 2023]

48| light m0-exchange (Rmax > 4fm) 2.00 (0.11)stat(0.28)syst [0.30]

this talk: Improved long distance formula v/
48l light a®-correction 0.00 (0.83)syst
this talk: New calculation on 64| v/

Future directions:

@ Evaluate the charged pion contribution to HLbL to help improve the long distance
calculation.

@ Perform continuum limit extrapolation for the direct calculation; finalize estimates for 7°
mass and FV corrections; unblind the results.
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Thank you!
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Short-distance calculations

(66°) ML h P ™ (xep %, v, 2) = —6(Re > et Tr [0 Sq(xops %) Sq((%: 213 S4(2: ¥) 1 Sy 30p)] )

g=u,d,s

(66%) Hiireor ™™™ (xap. X, ¥, 2) = 3( Mo (o, X) (Mo (2. ¥) = (Mao(2:9)) )

npa(X7Y) = Z ec2; Trhpsq(xv y)'YUSq(Y7 X)}
q

®
§X°P Xop

AN (X

g
Hsrc Msnk Msrc Hsnk
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Light quark connected: 7° mass correction

Partial quenching effect: 64I-pq — 641

BLINDED, PRELIMINARY results

light con a,(64I-pq) — a,(64I)

0 $eese

o ,Tﬂll
“ergggpp I
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Light quark disconnected: 7° mass correction

BLINDED, PRELIMINARY results

Partial quenching effect: 64I-pq — 641

124

104

A

light discon a,,(64I-pq) — a,(64I)
=
——t
————i
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————i
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Light quark connected: continuum limit
BLINDED, PRELIMINARY results

a? extrapolation

85 1

80 1

® 481
754 - ® 641

B continuum

70 1

light con a, at R ~ 4.0 fm

65
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Light quark disconnected: continuum limit

BLINDED, PRELIMINARY results

a2 extrapolation

20 1
E 10 1
fe=l
<
X 04
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= Ly ® 481
EY ® 641
s —10 1 B continuum
o
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S 201
=
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