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The Muon g − 2

The Muon anomaly

µ⃗ = −gµB S⃗ aµ =
(g − 2)µ

2

The current status of the theory–experiment comparison is the following:
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e+e− → π+π− channel

aHVP-LOµ =
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The radiative return

At fixed collider energy
√
s, lower-energy two pion pairs can be studied

via initial-state radiation:

e+e− → π+π−γ, M2
ππ = (pπ+ + pπ−)2 < s

The measured differential cross section relates to the pion production
cross section:

dσπ+π−γ

dMππ
= H(s,M2

ππ)σπ+π−(M2
ππ),

where H(s,M2
ππ) is the radiator function.

A precise theoretical treatment of radiative corrections is required to
extract the pion form factor at the sub-percent level.
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One Year Later

2025
Tuned NLO comparisons
Completed for both µ+µ−γ
and π+π−γ channels.

Preliminary look at
NLOPS matching accuracy.

F. Piccinini, TI 2025

1 Year−−−→

Today

Full NLOPS
Achieved for µ+µ−γ and
π+π−γ.

GitHub §

Beyond FxsQED for pions

GVMD

FsQED
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The perturbative accuracy

LL resummation

Approximate calculation of
soft-virtual corrections to any order.

1

CLLα

(
CLLα

)2

2

NLO

Exact calculation up to O(α) w.r.t.
the born scattering amplitude.

Virtual corrections

×

Real corrections

×
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The perturbative accuracy

LL resummation
Approximate calculation of
soft-virtual corrections to any order.
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The perturbative accuracy

NLO+LL (NLOPS)

LO α0

NLO αL α

NNLO 1
2α

2L2 1
2α

2L 1
2α

2

h.o.
∞∑

n=3

αn

n!
Ln
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n=3

αn

n!
Ln−1 · · ·

NLOPS master formula

dσNLOPS =
∞∑
n=1

exp {−CLL
α }FSV

1

n!

∣∣∣MX
n

∣∣∣2 dΦn({p}, {k}) .
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The perturbative accuracy

NLOPS master formula

dσNLOPS =
∞∑
n=1

exp {−CLL
α }FSV

1

n!

∣∣∣MX
n

∣∣∣2 dΦn({p}, {k}) .

exp {−CLL
α } is the Sudakov Form factor that accounts for

non-emission probability.

MX
n stands for Mex for n = 1, 2 and MLL for n ≥ 3.

∣∣MLL
n

∣∣2 =
n−2∏

i=1

[
− α

2π
P(zi ) ISF(ki , zi )

4π2 (1− zi )

ziω2
i

] ∣∣∣Mex
2 ({p̃}, {k̃})

∣∣∣
2

︸ ︷︷ ︸
e+e−→XXγγ
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The perturbative accuracy

If we define

I(k) =
4∑

i,j=1

Iij(k) =
4∑

i,j=1

ηiηj
(pi · pj)

(pi · k) (pj · k)
k2
0 ,

then
ISF(k , z) = −

∑

ij

Iij(k) · Fij(k , z)

where



Fij(k , z) = 1− δij

(1− z)2

1 + z2
i = fermion

Fij(k, z) = 1 i = scalar .

REMARK: In the limit k · p → 0 we correctly reproduce the massive
unpolarized splitting function of S. Dittmaier, hep-ph/9904440
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The Pion internal structure

The standard way which respects IR cancellation is F× sQED:

= × Fπ
(
M2
ππ

)

To include the pion form factor into loop integration:

GVMD FsQED

FBW
π (q2) =

nr∑
v=1

FBW
π,v (q2)

FBW
π,v (q2) =

cv

ct

Λ2
v

Λ2
v − q2

=
q

× FBW
π (q2)

Fπ(q
2) = 1−

q2

π

∫ ∞

4m2
π

ds′

s′
ImFπ(s′)
q2 − s′

1

π

∫ ∞

4m2
π

ds′

s′
ImFπ(s

′) = 1

Re(s)

Im(s)

4m2
π

F×sQED
2601.19530

GVMD
2603.28621

FsQED
2607.24642
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Subsets of corrections
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Scenarios of arxiv:2410.22882

(a) KLOE I Large-Angle (LA) (b) KLOE II Small-Angle (SA)
√
s = 1.02 GeV

50◦ ≤ θ± ≤ 130◦

p±
z ≥ 90 MeV ∨ p±

⊥ ≥ 160 MeV

50◦ ≤ θγ ≤ 130◦ ∧ Eγ ≥ 20 MeV

0.1 GeV2 ≤ M2
XX ≤ 0.85 GeV2

√
s = 1.02 GeV

50◦ ≤ θ± ≤ 130◦

p±
z ≥ 90 MeV ∨ p±

⊥ ≥ 160 MeV

θγ̃ ≤ 15◦ ∨ θγ̃ ≥ 165◦

0.35 GeV2 ≤ M2
XX ≤ 0.95 GeV2

(c) BES III (d) B
√
s = 4 GeV

| cos θ±| ≤ 0.93 ∧ p±
⊥ ≥ 300 MeV[

| cos θγ | ≤ 0.8 ∧ Eγ ≥ 25 MeV
]

∨
[
0.86 ≤ | cos θγ | ≤ 0.92 ∧ Eγ ≥ 50 MeV

]
∃! γ : Eγ ≥ 400 MeV

√
s = 10 GeV

0.65 rad ≤ θ± ≤ 2.75 rad ∧ p± ≥ 1 GeV

0.6 rad ≤ θγ ≤ 2.7 rad ∧ Eγ ≥ 3 GeV

θγ̃,γ(h) ≤ 0.3 rad

MXXγ ≥ 8 GeV
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Mµµ,Mππ - F×sQED

KNLO =
dσNLO − dσLO

dσLO

KHO =
dσNLOPS − dσNLO
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R-ratio
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Mππ, θπ+ - Structure Dependent

Ki =
dσi − dσF×sQED

dσF×sQED

i = GVMD,FsQED

10−4

10−3

10−2

d
σ

d
M
π
π

[
n
b

M
eV

] KLOEI LA

F× sQED

GVMD

FsQED

−0.002

0.000

K
fu

ll

Kfull
GVMD Kfull

FsQED

400 500 600 700 800 900
Mππ [MeV]

−0.002

0.000

0.002

K
i

K
(1γ∗)
GVMD

K
(1γ∗)
FsQED

K
(2γ∗,ISR)
GVMD

K
(2γ∗,ISR)
FsQED

K
(2γ∗,FSR)
GVMD

K
(2γ∗,FSR)
FsQED

0.015

0.020

0.025

0.030

0.035

0.040

0.045

0.050

0.055

d
σ

d
θ+

[ n
b

d
eg

]

KLOEI LA

F× sQED

GVMD

FsQED

−0.01

0.00

0.01

K
fu

ll

Kfull
GVMD Kfull

FsQED

50 60 70 80 90 100 110 120 130
θ+ [deg]

−0.02

0.00
K
i

K
(1γ∗)
GVMD

K
(1γ∗)
FsQED

K
(2γ∗,ISR)
GVMD

K
(2γ∗,ISR)
FsQED

K
(2γ∗,FSR)
GVMD

K
(2γ∗,FSR)
FsQED

14 of 21



The Pion Form Factor BabaYaga@NLO Phenomenology

Asymmetry
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dMππ d cos θ+
d cos θ+ .

(2)
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Scenarios of arxiv:2410.22882

(a) KLOE I Large-Angle (LA) (b) KLOE II Small-Angle (SA)
√
s = 1.02 GeV

50◦ ≤ θ± ≤ 130◦

p±
z ≥ 90 MeV ∨ p±

⊥ ≥ 160 MeV

50◦ ≤ θγ ≤ 130◦ ∧ Eγ ≥ 20 MeV

0.1 GeV2 ≤ M2
XX ≤ 0.85 GeV2

√
s = 1.02 GeV

50◦ ≤ θ± ≤ 130◦

p±
z ≥ 90 MeV ∨ p±

⊥ ≥ 160 MeV

θγ̃ ≤ 15◦ ∨ θγ̃ ≥ 165◦

0.35 GeV2 ≤ M2
XX ≤ 0.95 GeV2

(c) BES III (d) B
√
s = 4 GeV

| cos θ±| ≤ 0.93 ∧ p±
⊥ ≥ 300 MeV[

| cos θγ | ≤ 0.8 ∧ Eγ ≥ 25 MeV
]

∨
[
0.86 ≤ | cos θγ | ≤ 0.92 ∧ Eγ ≥ 50 MeV

]
∃! γ : Eγ ≥ 400 MeV

√
s = 10 GeV

0.65 rad ≤ θ± ≤ 2.75 rad ∧ p± ≥ 1 GeV

0.6 rad ≤ θγ ≤ 2.7 rad ∧ Eγ ≥ 3 GeV

θγ̃,γ(h) ≤ 0.3 rad

MXXγ ≥ 8 GeV
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Mµµ,Mππ - F×sQED
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R-ratio

100

R
( s
′ )

KLOEI LA

LO

NLO

NLOPS

0.1

0.2

K
N

L
O

400 600 800
s′ [MeV]

0.00

0.02

K
H

O

101R
( s
′ )

KLOEII SA

LO

NLO

NLOPS

0.000

0.025

K
N

L
O

600 700 800 900
s′ [MeV]

0.0000

0.0025

K
H

O

10−4

10−2

100

R
( s
′ )

BES3

LO

NLO

NLOPS

0.0

0.2

K
N

L
O

400 600 800 1000
s′ [MeV]

−0.01

0.00

0.01

K
H

O

10−4

10−2

100

R
( s
′ )

B

LO

NLO

NLOPS

0.0

0.2

K
N

L
O

400 600 800 1000
s′ [MeV]

−0.01

0.00

0.01

K
H

O

R (s ′) =
dσ(e+e− → π+π−γ)/ds′

dσ(e+e− → µ+µ−γ)/ds′
,

17 of 21



The Pion Form Factor BabaYaga@NLO Phenomenology

Mππ, θπ+ - Structure dependent
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Around the ϕ resonance
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FIG. 7. Left panel: differential cross section for the e+e− → π+π−γ process as a function of the dipion invariant mass
Mππ. Right panel: corresponding forward-backward asymmetry AFB. Blue curves represent the NLOPS prediction including
structure-dependent FsQED corrections, while red curves show the impact of additionally incorporating the mechanisms dis-
cussed in Sec. III at LOPS accuracy. The lower panels display the relative difference KFSRϕ normalized to the NLOPSFsQED

reference (left) and the absolute difference ∆FSRϕ (right). The experimental selection cuts correspond to the scenario defined
in Sec. IVB.

simplified event selection, namely:

50◦ ≤ θ± ≤ 130◦ ,

50◦ ≤ θγ ≤ 130◦ , Eγ ≥ 10MeV .
(24)

With this scenario, we can probe the invariant mass re-
gion up to approximately 1010MeV, thus exploring the
entire region around the f0 resonance. In Fig. 7, we in-
vestigate the role played by the mechanisms introduced
in Sec. III in a MC simulation of the two-pion invariant
mass distribution and of the forward-backward asymme-
try.

For both observables, we can note the effect of the
f0 resonance around 980 MeV induced by the direct ra-
diative ϕ decay, that is of the order of several percent.
Around the ρ peak, the additional FSR mechanisms give
small effects because of the dominance of the ISR contri-
bution that is enhanced by Fπ(q

2) for q2 ≃ m2
ρ. In the

low invariant mass region, the ϕ radiative decay medi-
ated by the σ meson is significantly broadened due to the
large width of the resonance, making it hardly visible. In
the same region, double resonance mechanisms and χPT

bremsstrahlung processes give a comparable contribution
to the radiative ϕ decays.

It is worth noting that, under the symmetric angular
cuts of Eq. (24), the observables shown in Fig. 7 provide
complementary information on the additional FSR pro-
cesses. Since the IFI exactly cancels out upon angular
integration, the invariant mass distribution is sensitive
only to even contributions under the exchange of the π+

and π− momenta, thereby acting as a direct probe of
the squared FSR amplitude. In contrast, the forward-
backward asymmetry naturally isolates the odd terms,
rendering the IFI the dominant contribution to this ob-
servable. As previously noted, the f0 resonance signifi-
cantly affects the shape of both observables. On the other
hand, in the low invariant mass region, the Mππ spec-
trum maintains its overall shape despite receiving large
corrections, whereas the asymmetry undergoes a major
change in this same kinematic range. Consequently, as al-
ready discussed in the literature [67], the near-threshold
region of the asymmetry is highly sensitive to all FSR
mechanisms, thus providing an important test for FSR

19 of 21



The Pion Form Factor BabaYaga@NLO Phenomenology
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simplified event selection, namely:

50◦ ≤ θ± ≤ 130◦ ,

50◦ ≤ θγ ≤ 130◦ , Eγ ≥ 10MeV .
(24)

With this scenario, we can probe the invariant mass re-
gion up to approximately 1010MeV, thus exploring the
entire region around the f0 resonance. In Fig. 7, we in-
vestigate the role played by the mechanisms introduced
in Sec. III in a MC simulation of the two-pion invariant
mass distribution and of the forward-backward asymme-
try.

For both observables, we can note the effect of the
f0 resonance around 980 MeV induced by the direct ra-
diative ϕ decay, that is of the order of several percent.
Around the ρ peak, the additional FSR mechanisms give
small effects because of the dominance of the ISR contri-
bution that is enhanced by Fπ(q

2) for q2 ≃ m2
ρ. In the

low invariant mass region, the ϕ radiative decay medi-
ated by the σ meson is significantly broadened due to the
large width of the resonance, making it hardly visible. In
the same region, double resonance mechanisms and χPT

bremsstrahlung processes give a comparable contribution
to the radiative ϕ decays.

It is worth noting that, under the symmetric angular
cuts of Eq. (24), the observables shown in Fig. 7 provide
complementary information on the additional FSR pro-
cesses. Since the IFI exactly cancels out upon angular
integration, the invariant mass distribution is sensitive
only to even contributions under the exchange of the π+

and π− momenta, thereby acting as a direct probe of
the squared FSR amplitude. In contrast, the forward-
backward asymmetry naturally isolates the odd terms,
rendering the IFI the dominant contribution to this ob-
servable. As previously noted, the f0 resonance signifi-
cantly affects the shape of both observables. On the other
hand, in the low invariant mass region, the Mππ spec-
trum maintains its overall shape despite receiving large
corrections, whereas the asymmetry undergoes a major
change in this same kinematic range. Consequently, as al-
ready discussed in the literature [67], the near-threshold
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Beyond FsQED - π0, η, η
′ poles
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Summary and Outlook

Multiple photon contributions reach the percent level across various key
observables in radiative return experiments.

Structure-dependent corrections are of the same order as higher-order
(HO) radiative effects:

Angular variables are dominated by (2γ∗, ISR) contributions.
FsQED and GVMD results agree at the 10−4 level, despite GVMD
theoretical limitations.
Additional P-wave rescattering effects beyond FsQED remain well
under control (O(10−4)).

Future Developments

e+e−γ at NLOPS accuracy.
Extension to other hadronic channels (K+K−, . . . ).
NNLOPS matching for ISC on e+e− → µ+µ− and e+e− → γγ.
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