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Introduction and Omega baryon mass
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Figure S4: ⌦ baryon e↵ective masses extracted from the GEVP for five excited states and the ground
state on an ensemble at � = 4.1479. The blue band through the ground-state points is obtained from a
single exponential fit to the ground state propagator. The grey horizontal line through the first excited
state corresponds to the mass of the recently observed excited ⌦ baryon by the Belle experiment [80]. To
convert the numbers into physical units we used a = 0.0483 fm.

as described in Appendix A.1 of Ref. [81]. In an uncorrelated fit or in a correlated fit with regulated
eigenvalues the statistical interpretation of the fit quality becomes questionable. Recently an improved
estimator for the fit quality was given in [82], which we call Q-value here. It can be employed both in the
uncorrelated and correlated cases.

The time range in the exponential fit is going to be chosen by the Q-value of the fit. For each
operator in Equation (S2) we compute the Q-values on all of our ensembles for several di↵erent fit ranges
[tmin, tmax]. In the left panel of Figure S6 we show the cumulative distribution function of the Q-values
over all of our ensembles for some selected fit-ranges and for the ⌦VI operator. For a given fit range the
Q-values will follow a uniform distribution if the ground state correlator P (t) can be described by a single
exponential A exp(�Mt). To decide if the observed CDF is uniform, we use a one-sided Kolmogorov-
Smirnov test with the uniform distribution of the Q-values as null-hypothesis. We vary the fit-ranges and
compute the Kolmogorov-Smirnov significance. These are shown in a heat-map format in the right panel
of Figure S6. We choose to work with the fit-range [0.9 fm, 2.0 fm]. To estimate the systematic error
related to the fit-range we also use one with a later start, [1.0 fm, 2.0 fm]. Both ranges are plotted on the
heatmap figure, with red crosses.

To investigate the excited state contamination of the ground state masses, we perform correlated
fits to the ground state propagator with four exponentials instead of one. We introduce 100 MeV wide
priors on the excited states, for the central values we use masses of ⌦ resonances taken from the Particle
Data Book. This choice of priors assumes that the dominant contaminations come from states near the
resonance energies. This is motivated by the local nature of our Omega operators, but ignores possible
contributions from the non-resonant scattering states discussed at the end of this section. Results of these
fits are shown in the e↵ective mass plot of Figure S5, in case of our finest two ensembles. The ground
state mass is in good agreement between the single-state and four-state fits.

The extracted ground state energies for all of our ensembles are given in Figure S7. We reach better
than 0.1% precision on our finest lattice. We see an increase of the precision towards finer lattice spacings,
which can be partly explained by the increase in the number of measurements with �. To confirm the
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Determination of the gradient-flow scale w0
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The determination of the lattice scale through  at 0.2% level may be problematic:
in GEVP studies potential contaminations from scattering states should be considered
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Omega baryon fits 0.24 am 0.14 %
Physical value of M⌦ 0.06 am 0.03 %
Lattice spacing cuts 0.09 am 0.05 %
Order of fit polynomials 0.17 am 0.10 %
Continuum parameter (�KS or a2) 0.30 am 0.17 %

Table S3: Gradient-flow scale w0 in attometers using Omega baryon mass as input. Continuum extrap-
olations as a function of a2 and of �KS are shown in the first row. The highest-weighted fit is a function
of a2, and at a nominal lattice spacing of 0.1 fm, the a2 term contributes 4.7% of the total value, the
a4 term 5.5%, and the a3 term 1.9%. The rest of the table shows the probability distribution function
(PDF), and our error budget. The plot conventions, including small o↵sets of the points, are described in
more detail in the first part of Section S6.
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Figure S5: ⌦ baryon ground state e↵ective masses extracted from the GEVP for the two ensembles at
our finest lattice spacing, � = 4.1479. The blue horizontal band shows the ground state mass obtained
from a single exponential fit; the pink, curved band corresponds to the e↵ective mass of a fit with four
exponentials.

robustness of our procedure, we performed fits also using the previously discussed four-state fits. The
results of all these fits are shown in Figure S7, and we observe a good agreement across the di↵erent
determination procedures.

The determination of the ground state baryon mass, as detailed in this Section, has a caveat2. It
does not account for the presence of non-resonant, scattering states in the excited state spectrum, like
(⌅, K), (⌦, ⇡, ⇡) and other multi-hadron combinations. Though our single-hadron operators are expected
to couple weakly to these states, we cannot guarantee that the scattering state contamination remains
within our quoted precision. A similar problem occurs in the case of nucleon propagators, where the (�, ⇡)
states distort the ground state determination. This problem has been investigated in chiral perturbation
theory [83, 84].

S2.3 Determination of w0 using the Omega mass

In order to compute the physical value of the gradient-flow scale w0 in full QCD plus QED, we use the
analysis strategy from our 2020 work. There we parameterize the quark mass and electromagnetic coupling
dependence of the w0M⌦ product as

w0M⌦ = A + B M�2
⌦ M2

ud + C M�2
⌦ (M2

us + M2
ds � M2

ud)/2 + E e2
v + F eves + G e2

s , (S8)

where ev and es are the electromagnetic couplings of the valence and sea quarks. We called these fits
“Type-I“ in our work. The procedure determines the parameters A, . . . , F by fitting measurements over
several ensembles. The physical value of [w0M⌦]qcd+qed is obtained by substituting the physical values of
the Mud, Mus, Mds and M⌦ in the above formula. Then dividing by the value M⌦ = 1672.45MeV [85]
yields the physical value of the gradient flow scale [w0]qcd+qed.

The parameters A, B and C can be determined from isospin-symmetric measurements. This has
already been done in our 2020 work, here we redo this determination, where we add the 0.048 fm lattice

2We thank our referee for bringing this problem to our attention.
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Figure S8: Midpoint e↵ective pion mass and decay constant from one of the � = 3.9200 ensembles. The
semi-transparent shaded bands show the plateaus, whose x-extents correspond to the two plateau regions
(1.9 fm – 2.9 fm for the first, and 2.1 fm – 3.1 fm for the second) and y-extents, to the uncertainties on
the associated fit results.

Finally, for the sum of the QCD and QED contribution we get

[w0]qcd+qed = 0.17245(22)(46)[51] fm , (S11)

which is a scheme independent quantity and the main result of this section. We will compare this value
to other determinations in later sections of this paper.

S3 Scale setting with the pion decay rate

S3.1 Pion propagator measurements and fits

On each ensemble we obtain the pion mass and decay constant from the zero-momentum two-point
function G(t) of the flavour-non-singlet, pseudo-scalar density with pseudo-Goldstone staggered taste.
We use random wall sources and point sinks for the measurements. On our finest lattice the integrated
autocorrelation time is at most 10 trajectories for these propagators.

For su�ciently large t ⌧ T , excited states are exponentially suppressed and G(t) approaches the
single-state form

G(t) ' f 2
llM

3
ll

4ml

cosh
�
Mll

�
t � T

2

��

eMll
T
2 (1 � e�MllT )

, (S12)

where Mll and fll are the mass and decay constant of the pion composed of degenerate, light quarks of
bare mass ml.

We define an e↵ective mass which asymptotically takes the value Mll. We consider two di↵erent
definitions: the local e↵ective mass

M e↵, loc
ll (t) =

1

�
cosh�1 G(t + �) + G(t � �)

2G(t)
, (S13)

14
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Figure S5: ⌦ baryon ground state e↵ective masses extracted from the GEVP for the two ensembles at
our finest lattice spacing, � = 4.1479. The blue horizontal band shows the ground state mass obtained
from a single exponential fit; the pink, curved band corresponds to the e↵ective mass of a fit with four
exponentials.

robustness of our procedure, we performed fits also using the previously discussed four-state fits. The
results of all these fits are shown in Figure S7, and we observe a good agreement across the di↵erent
determination procedures.
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does not account for the presence of non-resonant, scattering states in the excited state spectrum, like
(⌅, K), (⌦, ⇡, ⇡) and other multi-hadron combinations. Though our single-hadron operators are expected
to couple weakly to these states, we cannot guarantee that the scattering state contamination remains
within our quoted precision. A similar problem occurs in the case of nucleon propagators, where the (�, ⇡)
states distort the ground state determination. This problem has been investigated in chiral perturbation
theory [83, 84].
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In order to compute the physical value of the gradient-flow scale w0 in full QCD plus QED, we use the
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where ev and es are the electromagnetic couplings of the valence and sea quarks. We called these fits
“Type-I“ in our work. The procedure determines the parameters A, . . . , F by fitting measurements over
several ensembles. The physical value of [w0M⌦]qcd+qed is obtained by substituting the physical values of
the Mud, Mus, Mds and M⌦ in the above formula. Then dividing by the value M⌦ = 1672.45MeV [85]
yields the physical value of the gradient flow scale [w0]qcd+qed.

The parameters A, B and C can be determined from isospin-symmetric measurements. This has
already been done in our 2020 work, here we redo this determination, where we add the 0.048 fm lattice
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Finally, for the sum of the QCD and QED contribution we get

[w0]qcd+qed = 0.17245(22)(46)[51] fm , (S11)

which is a scheme independent quantity and the main result of this section. We will compare this value
to other determinations in later sections of this paper.
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On each ensemble we obtain the pion mass and decay constant from the zero-momentum two-point
function G(t) of the flavour-non-singlet, pseudo-scalar density with pseudo-Goldstone staggered taste.
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Figure S8: Midpoint e↵ective pion mass and decay constant from one of the � = 3.9200 ensembles. The
semi-transparent shaded bands show the plateaus, whose x-extents correspond to the two plateau regions
(1.9 fm – 2.9 fm for the first, and 2.1 fm – 3.1 fm for the second) and y-extents, to the uncertainties on
the associated fit results.

Finally, for the sum of the QCD and QED contribution we get

[w0]qcd+qed = 0.17245(22)(46)[51] fm , (S11)

which is a scheme independent quantity and the main result of this section. We will compare this value
to other determinations in later sections of this paper.
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On each ensemble we obtain the pion mass and decay constant from the zero-momentum two-point
function G(t) of the flavour-non-singlet, pseudo-scalar density with pseudo-Goldstone staggered taste.
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We define an e↵ective mass which asymptotically takes the value Mll. We consider two di↵erent
definitions: the local e↵ective mass

M e↵, loc
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2G(t)
, (S13)
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and the midpoint e↵ective mass
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and take the di↵erence between the two as a source of systematic error. The parameter � is chosen
independently for each ensemble such that �/a is even (to minimize the e↵ects of the oscillating parity
partners), and the physical value � is close to either 0.2 fm or 0.4 fm. The di↵erence between the two
choices for � is also taken as a systematic error.

We can also define an e↵ective decay constant

f e↵
ll (t) =
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8m2

l G(t)

M e↵
ll (t)3
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ll (t)T
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where we take M e↵
ll to be the same combination of loc or mid and � value used to extract the mass in a

given analysis. Figure S8 shows an example of these e↵ective mass and decay constants as they approach
the asymptotic region.

In order to extract the asymptotic values of the e↵ective mass and decay constant, we perform constant
fits to their values in plateau regions chosen to be at su�ciently large Euclidean time that excited state
e↵ects are negligible. These plateau regions are selected with a method that is already used to optimize
the plateau regions for the e↵ective mass of the ⌦ baryon and makes use of the Q-value that is defined
in Ref [82]. Based on this analysis, we select a plateau region of 1.9 fm – 2.9 fm. In order to account
for possible systematic errors arising from any residual excited state contaminations, we also repeat the
analysis with later plateaus at 2.1 fm – 3.1 fm and include the di↵erence between the two as a systematic
error. In Figure S8, we show the fits to these two plateau regions for an example e↵ective mass and decay
constant.

The plateau fits included here are all performed by minimizing the uncorrelated �2, which provides
improved fit stability when fitting to many points [86]. The e↵ects of correlations between the data points
are taken into account by utilizing the Q-value [82], and by computing uncertainties in the fit values using
the jackknife procedure.

S3.2 Finite-size e↵ects

In our analysis, we correct the lattice data for finite-volume e↵ects with continuum NNLO XPT [87],
where for the low-energy constants we take the default values of the computer code in [88]. For our
setup, we observe a good convergence of the chiral expansion: in a 6 fm box, the pion decay constant is
smaller than its infinite-volume value by about 0.11% and 0.12% in NLO and NNLO, respectively. In our
treatment of systematic uncertainties, we estimate possible higher-order e↵ects by using the di↵erence
between NNLO and NLO results.

We also take into account the staggered artefacts of finite-size e↵ects at NLO [89–92]. The staggered
XPT expressions depend on hairpin parameters, �KS(A) and �KS(V ), which are defined in Section S1.2.
We use two di↵erent choices for these parameters in the analysis; their di↵erence is treated as a systematic
error. For the first choice, we take �KS(A) = �1.76 and �KS(V ) = 0.92 from global fits to the
pseudoscalar data of the Fermilab-MILC collaboration [73]. As a second choice, we use �KS(A) = �1.87
and �KS(V ) = 0.00, which best fits our lattices with di↵erent volumes. On our coarsest lattice, the
finite-size e↵ect on the pion decay constant is increased from the above 0.11% to about 0.15% due to
the staggered artefacts.

Finite-time e↵ects are also included at NLO, and are found to be on the order of the di↵erence between
the NNLO and NLO finite-volume e↵ects.

15

and the midpoint e↵ective mass

M e↵, mid
ll (t) = � 1

2�


cosh�1 G(t + �)

G(T/2)
� cosh�1 G(t � �)

G(T/2)

�
, (S14)

and take the di↵erence between the two as a source of systematic error. The parameter � is chosen
independently for each ensemble such that �/a is even (to minimize the e↵ects of the oscillating parity
partners), and the physical value � is close to either 0.2 fm or 0.4 fm. The di↵erence between the two
choices for � is also taken as a systematic error.

We can also define an e↵ective decay constant

f e↵
ll (t) =

s
8m2

l G(t)

M e↵
ll (t)3

eMe↵
ll (t)T

2 (1 � e�Me↵
ll (t)T )

cosh
�
M e↵

ll (t � T
2 )

� , (S15)

where we take M e↵
ll to be the same combination of loc or mid and � value used to extract the mass in a

given analysis. Figure S8 shows an example of these e↵ective mass and decay constants as they approach
the asymptotic region.

In order to extract the asymptotic values of the e↵ective mass and decay constant, we perform constant
fits to their values in plateau regions chosen to be at su�ciently large Euclidean time that excited state
e↵ects are negligible. These plateau regions are selected with a method that is already used to optimize
the plateau regions for the e↵ective mass of the ⌦ baryon and makes use of the Q-value that is defined
in Ref [82]. Based on this analysis, we select a plateau region of 1.9 fm – 2.9 fm. In order to account
for possible systematic errors arising from any residual excited state contaminations, we also repeat the
analysis with later plateaus at 2.1 fm – 3.1 fm and include the di↵erence between the two as a systematic
error. In Figure S8, we show the fits to these two plateau regions for an example e↵ective mass and decay
constant.

The plateau fits included here are all performed by minimizing the uncorrelated �2, which provides
improved fit stability when fitting to many points [86]. The e↵ects of correlations between the data points
are taken into account by utilizing the Q-value [82], and by computing uncertainties in the fit values using
the jackknife procedure.

S3.2 Finite-size e↵ects

In our analysis, we correct the lattice data for finite-volume e↵ects with continuum NNLO XPT [87],
where for the low-energy constants we take the default values of the computer code in [88]. For our
setup, we observe a good convergence of the chiral expansion: in a 6 fm box, the pion decay constant is
smaller than its infinite-volume value by about 0.11% and 0.12% in NLO and NNLO, respectively. In our
treatment of systematic uncertainties, we estimate possible higher-order e↵ects by using the di↵erence
between NNLO and NLO results.

We also take into account the staggered artefacts of finite-size e↵ects at NLO [89–92]. The staggered
XPT expressions depend on hairpin parameters, �KS(A) and �KS(V ), which are defined in Section S1.2.
We use two di↵erent choices for these parameters in the analysis; their di↵erence is treated as a systematic
error. For the first choice, we take �KS(A) = �1.76 and �KS(V ) = 0.92 from global fits to the
pseudoscalar data of the Fermilab-MILC collaboration [73]. As a second choice, we use �KS(A) = �1.87
and �KS(V ) = 0.00, which best fits our lattices with di↵erent volumes. On our coarsest lattice, the
finite-size e↵ect on the pion decay constant is increased from the above 0.11% to about 0.15% due to
the staggered artefacts.

Finite-time e↵ects are also included at NLO, and are found to be on the order of the di↵erence between
the NNLO and NLO finite-volume e↵ects.

15

Effective decay constant from PP correlator shows clear plateau



7

Radiative correctionsSimulation Details

• QCD tree level Symanzik Action;
• Nf = 2 + 1 + 1 Staggered fermions;
• 4 levels of stout smearing fl = 0.125;
• L ¥ 6 fm;

F. Stokes, Lattice2025 plenary Nov. 3rd 11:15

0.90 0.92 0.94 0.96 0.98 1.00 1.02 1.04 1.06
M2

llf
�2
� /[M2

llf
�2
� ]phys

0.98

1.00

1.02

1.04

1.06

1.08

M
2 ss
f

�
2

�
/[

M
2 ss
f

�
2

�
] p

h
y
s

Physical point

� = 3.7000

� = 3.7500

� = 3.7753

� = 3.8400

� = 3.9200

� = 4.0126

� = 4.1479

5 / 14

The use of  to set the lattice scale requires accounting for radiative corrections Γπ

for the product of two or more expectation values, for example

@02(hAihBi) = @02hAi · hBi0 + hAi0 · @02hBi , (S17)

where we use the fact that the first derivatives vanish at zero electromagnetic charge. We also use this
notation for observables that are more general functions of expectation values,

@02f(hAi, hBi) =
@f(hAi, hBi)

@hAi · @02hAi +
@f(hAi, hBi)

@hBi · @02hBi .

For the measurement of Equation (S16), we need the correlation, with respect to the gluon fields
U , between the isospin-symmetric observable O0 and the second derivative of the quark determinant
hdets00

2/dets0iA that is averaged over photon fields A. The fermion determinants are measured on seven
ensembles using the 4stout action and on one ensemble using the 4hex action. The measurement
algorithm is given in Section 7 of [1], and the ensemble parameters can be found in Table S4.

The electromagnetic sea-sea contribution to the pion decay rate only enters in the quark part of the
diagram; the leptons are una↵ected. Therefore, the correlation of the isospin-symmetric pion decay con-
stant fll with the derivative of the quark determinant gives the sea-sea contribution. For our computation,
we also need the sea-sea contribution to the pion and kaon masses and to the gradient flow scale. These
have already been computed in our 2020 work [1].

We investigate finite-volume e↵ects of the sea-sea contribution by utilizing lattices with spatial extent
around 3 fm and around 6 fm; see Table S4. In the analysis, we assume a volume dependence that is
linear in the 1/L2 variable. This is justified by the fact that the sea-sea contribution probes the internal
structure of the pion and the leading structure-dependent finite-volume e↵ects are found to start at 1/L2

in the case of the leptonic decay rates of pseudoscalar mesons [99].

S3.4 Determination of w0 using the pion decay rate - formulae

Our objective is to determine the gradient-flow scale w0 from lattice QCD to leading order in isospin-
breaking corrections, using the muonic decay rate of charged pions as input. In this subsection, we provide
the necessary formulae. We start by defining Fud, the square root of the decay rate � of the pion, excluding
Vud and kinematical factors:

F 2
ud = �(⇡ ! µ⌫̄µ[�])

h
G2

F
8⇡ |Vud|2Mudm

2
µ

�
1 � m2

µ/M
2
ud

�i�1

. (S18)

Here, µ denotes the muon, mµ its mass, ⌫̄µ the corresponding antineutrino, GF the Fermi constant and
Mud the pion mass. This combination was introduced in [96]. It is an observable defined in full QCD plus
QED and can be measured in experiment, assuming a value for |Vud|. We denote its physical value by
[Fud]qcd+qed for which we obtain

[Fud]qcd+qed = 131.711(45) MeV , (S19)

using results from [85], in particular Vud = 0.97367(32)4 and � = 3.8408(7) ⇥ 107/s. In pure QCD, this
observable corresponds to the usual pion decay constant, denoted here [Fud]qcd. Its value depends on the
scheme that defines the separation between the QCD and QED contributions in Equation (S18), whereas
[Fud]qcd+qed does not. In any scheme, we can decompose an observable O into QCD and QED parts, the

4There is some tension between the Particle Data Group value Vud = 0.97367(32) coming from nuclear �-decays and the
FLAG value Vud = 0.97439(14) [73, 100–106] coming from the decay rate ratio of kaons and pions, assuming the unitarity
of the CKM matrix and using lattice computations of the fK/f⇡ ratio with isospin-breaking correction taken from chiral
perturbation theory. We choose to work with the PDG value here, since it relies on fewer assumptions. We discuss the
impact of the uncertainty of Vud on our scale determination in Equation (S34).
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An Update on the IBE in the Pion Decay Constant with Staggered Quarks Alessandro Cotellucci

The diagrams are estimated using QEDL in Coulomb gauge and the ensembles listed in Table
2.

action V 0 [fm] !/0 ⇥ )/0 tag 0<B <B/<; #meas
4stout 3.7000 0.1315 24 ⇥ 48 volume/24 0.057291 27.899 716

48 ⇥ 64 volume/48 0.057291 27.899 300
3.7753 0.1116 28 ⇥ 56 dir00 0.047615 27.843 887
3.8400 0.0952 32 ⇥ 64 dir00 0.043194 28.500 1110

dir02 0.043194 30.205 1072
dir04 0.040750 28.007 1036
dir05 0.039130 26.893 1035

4hex 0.7300 0.1120 56 ⇥ 84 phys2/56 0.06061 33.728 1305

Table 2: Set of ensembles used for the computation of the sea quark isospin-breaking effects.
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Figure 4: Renormalized sea quark electromagnetic derivative of F0�c divided by its QCD value. The left
panel shows the continuum, the right panel the infinite volume extrapolation.

Figure 4 shows the effect of the sea derivative relative to the isosymmetric QCD value of F0�c .
As can be seen by the plot, the sea quark IBE in the continuum is about 0.1% of the isosymmetric
value, and it shows a flat behaviour in the continuum limit and power-law finite volume effects of
order $

�
1/!2� as the leading order structure-dependent finite volume effects [13].

The sea-valence IBE, including the following diagrams:

;+

a;

D

3

;+

a;

D

3

;+

a;

D

3
, (10)

are estimated to be of the order of 20% compared to the sea-sea derivative and thus neglected in
our computation.
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latter even into valence-valence, sea-valence, and sea-sea contributions:

[O]qcd+qed = [O]qcd + [O]qed,vv + [O]qed,vs + [O]qed,ss .

We adopt the valence-valence QED contribution from the lattice computation of [96], which employs
the scheme of Gasser, Rusetsky and Scimemi (GRS) [107]. This scheme is defined in such a way that the
strong coupling ↵s and the quark masses mu, md and ms, renormalized at some fixed scale ⇤, remain
constant as the electromagnetic coupling is turned on or o↵. In particular, the authors of [96] determine5

that the valence-valence QED contribution relative to the strong one is

[Fud]qed,vv/[Fud]qcd = (1 + �R⇡)1/2 � 1 with �R⇡ = 0.0150(18) . (S20)

To reconstruct the full decay rate, the other QED contributions must also be computed in the GRS
scheme. This can be achieved without having to match renormalized quark masses in QCD and in QCD
plus QED at a fixed renormalization scale. It is su�cient to have the decomposition of the pion and kaon
masses in the GRS scheme. The authors of [96] provide these. For the QCD contributions they obtain
[108]:

[Mud]qcd++ = 135.0(2) MeV , (S21)

[12(Mus + Mds)]qcd++ = 494.6(1) MeV . (S22)

A subtle point arises here. This QCD++ component is obtained by subtracting the valence-valence QED
contribution from the physical QCD plus QED values. Thus, the QCD component in Ref. [96] includes
not only pure QCD but also sea-valence and sea-sea QED e↵ects, as signaled by the label QCD++. For
a generic observable O we have

[O]qcd++ ⌘ [O]qcd + [O]qed,vs + [O]qed,ss .

Using �R⇡ and the full QCD plus QED value from above, the pion decay constant in this scheme can be
written

[Fud]qcd++ = [Fud]qcd+qed/(1 + �R⇡)1/2 = 130.73(12) MeV . (S23)

As we will see soon, we specifically require the QCD++ —not only the QCD—component of these
quantities.

We also note that, in Ref. [96], the authors used the QCD pion decay constant from Equation (S23) to
set the scale for their calculations of the QCD++ components of the masses in Equations (S21) and (S22).
An alternative scale choice—di↵ering from the QCD pion decay constant by isospin-breaking corrections—
would only impact the results in Equations (S21) and (S22) at the level of neglected O(e4) terms. This
is because the measurement specifically targeted the valence QED component of these masses, which is
an O(e2) quantity.

We now proceed to determine the product w0Fud in full QCD plus QED. We parameterize its quark-
mass and electric-charge dependence as

w0Fud = A + B F�2
ud M2

ud + C F�2
ud (M2

us + M2
ds � M2

ud)/2 + E e2
v + F eves + G e2

s , (S24)

where ev and es denote the unit electric charges associated with the valence and sea quarks, and where we
neglect all O(e4) and other NLO isospin-breaking corrections, as we do throughout this section and paper.
The quantity w0, as well as all masses and decay constants appearing in this expression, are understood
to be those obtained on the lattice in the full QCD plus QED theory, for a variety of quark masses and
electric charges. Accordingly, these quantities are not labeled with the subscript qcd + qed, which we

5Ref. [96] gives �R⇡ = 0.0153(19), which value includes a XPT estimate of sea e↵ects of 0.003. Here, we need a value
with the valence contribution only, therefore we use the value quoted in the text.
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Sea-sea Contribution

The renormalized sea-quark electromagnetic derivative is computed from:

G =
#
w0Ffi ≠ BF

≠2
fi M

2
fi+ ≠ CF

≠2
fi

!
M

2
K± + M

2
K 0 ≠ M

2
fi±

"
/2

$
sea-sea .

The sea-sea diagrams are:

l
+

‹l

u

d

l
+

‹l

u

d

l
+

‹l

u

d

.

They have been estimated using the following ensembles and QEDL.
action — a [fm] L/a ◊ T/a tag ams ms/ml #confs

4stout 3.7000 0.1315 24 ◊ 48 volume/24 0.057291 27.899 904
48 ◊ 64 volume/48 0.057291 27.899 904

3.7753 0.1116 56 ◊ 84 dir00 0.047615 27.843 510
dir01 0.048567 28.400 726
dir02 0.046186 26.469 300
dir03 0.049520 27.852 887

3.8400 0.0952 64 ◊ 96 dir00 0.043194 28.500 1110
dir02b 0.043194 30.205 1072
dir04 0.040750 28.007 1036
dir05 0.039130 26.893 1035

4hex 0.7300 0.1120 56 ◊ 84 phys2/56 0.06061 33.728 1305

8 / 14

taken from electroquenched 
RM123S calculation
Di Carlo et al. 2019

computed using our 
fermion determinant 

derivatives

Valence-valence Contributions

Infrared safe contributions
The valence correction to the axial-pseudoscalar two-point function is:

l
+

‹l

u

d

l
+

‹l

u

d

l
+

‹l

u

d

l
+

‹l

u

d

l
+

‹l

u

d

Extraceted from the e�ective correction to w0Ffi:

G
PA4
ud (x4)2

GPP
ud (x4)

= MfiZ
≠2
A F

2
fie

≠MfiT/2 sinh2 [Mfi (T/2 ≠ t ≠ 1/2)]
cosh [Mfi (T/2 ≠ t)] .

action — a [fm] L/a ◊ T/a tag ams ms/ml #confs
4stout 3.7000 0.1315 24 ◊ 48 volume/24 0.057291 27.899 48

32 ◊ 64 volume/32 0.057291 27.899 48
48 ◊ 64 volume/48 0.057291 27.899 48
64 ◊ 64 volume/64 0.057291 27.899 48

3.8400 0.0952 64 ◊ 96 dir00 0.043194 28.500 48

11 / 14

Conclusions and Outlook

• The pion decay constant is still a reliable scale setting quantity for
the precise determination of w0

[w0]QCD+QED = 0.17270(22)(40)[46] fm (Preliminary);

• Current precision of the sea-quark e�ects promising;
• We are working on the infrared divergent diagrams

l
+

‹l

u

d

l
+

‹l

u

d

;

• We are working on the renormalization strategy for the electro-weak
hamiltonian;

• We plan a detailed study of the finite volume e�ects with di�erent
volumes (up to 10.8 fm);

• The sea-valence diagrams will be included in the final work;

14 / 14

 flavor suppression
XPT : -0.01% corr. on iso 

SU(3)
O(e2p4) Γ

leading EUQ effectsM. Knecht et al. 2000; J. Bijnens et al. 2007
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set the scale for their calculations of the QCD++ components of the masses in Equations (S21) and (S22).
An alternative scale choice—di↵ering from the QCD pion decay constant by isospin-breaking corrections—
would only impact the results in Equations (S21) and (S22) at the level of neglected O(e4) terms. This
is because the measurement specifically targeted the valence QED component of these masses, which is
an O(e2) quantity.

We now proceed to determine the product w0Fud in full QCD plus QED. We parameterize its quark-
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where ev and es denote the unit electric charges associated with the valence and sea quarks, and where we
neglect all O(e4) and other NLO isospin-breaking corrections, as we do throughout this section and paper.
The quantity w0, as well as all masses and decay constants appearing in this expression, are understood
to be those obtained on the lattice in the full QCD plus QED theory, for a variety of quark masses and
electric charges. Accordingly, these quantities are not labeled with the subscript qcd + qed, which we

5Ref. [96] gives �R⇡ = 0.0153(19), which value includes a XPT estimate of sea e↵ects of 0.003. Here, we need a value
with the valence contribution only, therefore we use the value quoted in the text.
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To reconstruct the full decay rate, the other QED contributions must also be computed in the GRS
scheme. This can be achieved without having to match renormalized quark masses in QCD and in QCD
plus QED at a fixed renormalization scale. It is su�cient to have the decomposition of the pion and kaon
masses in the GRS scheme. The authors of [96] provide these. For the QCD contributions they obtain
[108]:

[Mud]qcd++ = 135.0(2) MeV , (S21)

[12(Mus + Mds)]qcd++ = 494.6(1) MeV . (S22)

A subtle point arises here. This QCD++ component is obtained by subtracting the valence-valence QED
contribution from the physical QCD plus QED values. Thus, the QCD component in Ref. [96] includes
not only pure QCD but also sea-valence and sea-sea QED e↵ects, as signaled by the label QCD++. For
a generic observable O we have

[O]qcd++ ⌘ [O]qcd + [O]qed,vs + [O]qed,ss .

Using �R⇡ and the full QCD plus QED value from above, the pion decay constant in this scheme can be
written

[Fud]qcd++ = [Fud]qcd+qed/(1 + �R⇡)1/2 = 130.73(12) MeV . (S23)

As we will see soon, we specifically require the QCD++ —not only the QCD—component of these
quantities.

We also note that, in Ref. [96], the authors used the QCD pion decay constant from Equation (S23) to
set the scale for their calculations of the QCD++ components of the masses in Equations (S21) and (S22).
An alternative scale choice—di↵ering from the QCD pion decay constant by isospin-breaking corrections—
would only impact the results in Equations (S21) and (S22) at the level of neglected O(e4) terms. This
is because the measurement specifically targeted the valence QED component of these masses, which is
an O(e2) quantity.

We now proceed to determine the product w0Fud in full QCD plus QED. We parameterize its quark-
mass and electric-charge dependence as

w0Fud = A + B F�2
ud M2

ud + C F�2
ud (M2

us + M2
ds � M2

ud)/2 + E e2
v + F eves + G e2

s , (S24)

where ev and es denote the unit electric charges associated with the valence and sea quarks, and where we
neglect all O(e4) and other NLO isospin-breaking corrections, as we do throughout this section and paper.
The quantity w0, as well as all masses and decay constants appearing in this expression, are understood
to be those obtained on the lattice in the full QCD plus QED theory, for a variety of quark masses and
electric charges. Accordingly, these quantities are not labeled with the subscript qcd + qed, which we

5Ref. [96] gives �R⇡ = 0.0153(19), which value includes a XPT estimate of sea e↵ects of 0.003. Here, we need a value
with the valence contribution only, therefore we use the value quoted in the text.
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latter even into valence-valence, sea-valence, and sea-sea contributions:

[O]qcd+qed = [O]qcd + [O]qed,vv + [O]qed,vs + [O]qed,ss .

We adopt the valence-valence QED contribution from the lattice computation of [96], which employs
the scheme of Gasser, Rusetsky and Scimemi (GRS) [107]. This scheme is defined in such a way that the
strong coupling ↵s and the quark masses mu, md and ms, renormalized at some fixed scale ⇤, remain
constant as the electromagnetic coupling is turned on or o↵. In particular, the authors of [96] determine5

that the valence-valence QED contribution relative to the strong one is

[Fud]qed,vv/[Fud]qcd = (1 + �R⇡)1/2 � 1 with �R⇡ = 0.0150(18) . (S20)

To reconstruct the full decay rate, the other QED contributions must also be computed in the GRS
scheme. This can be achieved without having to match renormalized quark masses in QCD and in QCD
plus QED at a fixed renormalization scale. It is su�cient to have the decomposition of the pion and kaon
masses in the GRS scheme. The authors of [96] provide these. For the QCD contributions they obtain
[108]:

[Mud]qcd++ = 135.0(2) MeV , (S21)

[12(Mus + Mds)]qcd++ = 494.6(1) MeV . (S22)

A subtle point arises here. This QCD++ component is obtained by subtracting the valence-valence QED
contribution from the physical QCD plus QED values. Thus, the QCD component in Ref. [96] includes
not only pure QCD but also sea-valence and sea-sea QED e↵ects, as signaled by the label QCD++. For
a generic observable O we have

[O]qcd++ ⌘ [O]qcd + [O]qed,vs + [O]qed,ss .

Using �R⇡ and the full QCD plus QED value from above, the pion decay constant in this scheme can be
written

[Fud]qcd++ = [Fud]qcd+qed/(1 + �R⇡)1/2 = 130.73(12) MeV . (S23)

As we will see soon, we specifically require the QCD++ —not only the QCD—component of these
quantities.

We also note that, in Ref. [96], the authors used the QCD pion decay constant from Equation (S23) to
set the scale for their calculations of the QCD++ components of the masses in Equations (S21) and (S22).
An alternative scale choice—di↵ering from the QCD pion decay constant by isospin-breaking corrections—
would only impact the results in Equations (S21) and (S22) at the level of neglected O(e4) terms. This
is because the measurement specifically targeted the valence QED component of these masses, which is
an O(e2) quantity.

We now proceed to determine the product w0Fud in full QCD plus QED. We parameterize its quark-
mass and electric-charge dependence as

w0Fud = A + B F�2
ud M2

ud + C F�2
ud (M2

us + M2
ds � M2

ud)/2 + E e2
v + F eves + G e2

s , (S24)

where ev and es denote the unit electric charges associated with the valence and sea quarks, and where we
neglect all O(e4) and other NLO isospin-breaking corrections, as we do throughout this section and paper.
The quantity w0, as well as all masses and decay constants appearing in this expression, are understood
to be those obtained on the lattice in the full QCD plus QED theory, for a variety of quark masses and
electric charges. Accordingly, these quantities are not labeled with the subscript qcd + qed, which we

5Ref. [96] gives �R⇡ = 0.0153(19), which value includes a XPT estimate of sea e↵ects of 0.003. Here, we need a value
with the valence contribution only, therefore we use the value quoted in the text.
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constant as the electromagnetic coupling is turned on or o↵. In particular, the authors of [96] determine5
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To reconstruct the full decay rate, the other QED contributions must also be computed in the GRS
scheme. This can be achieved without having to match renormalized quark masses in QCD and in QCD
plus QED at a fixed renormalization scale. It is su�cient to have the decomposition of the pion and kaon
masses in the GRS scheme. The authors of [96] provide these. For the QCD contributions they obtain
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[Mud]qcd++ = 135.0(2) MeV , (S21)
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A subtle point arises here. This QCD++ component is obtained by subtracting the valence-valence QED
contribution from the physical QCD plus QED values. Thus, the QCD component in Ref. [96] includes
not only pure QCD but also sea-valence and sea-sea QED e↵ects, as signaled by the label QCD++. For
a generic observable O we have

[O]qcd++ ⌘ [O]qcd + [O]qed,vs + [O]qed,ss .

Using �R⇡ and the full QCD plus QED value from above, the pion decay constant in this scheme can be
written

[Fud]qcd++ = [Fud]qcd+qed/(1 + �R⇡)1/2 = 130.73(12) MeV . (S23)

As we will see soon, we specifically require the QCD++ —not only the QCD—component of these
quantities.

We also note that, in Ref. [96], the authors used the QCD pion decay constant from Equation (S23) to
set the scale for their calculations of the QCD++ components of the masses in Equations (S21) and (S22).
An alternative scale choice—di↵ering from the QCD pion decay constant by isospin-breaking corrections—
would only impact the results in Equations (S21) and (S22) at the level of neglected O(e4) terms. This
is because the measurement specifically targeted the valence QED component of these masses, which is
an O(e2) quantity.

We now proceed to determine the product w0Fud in full QCD plus QED. We parameterize its quark-
mass and electric-charge dependence as
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where ev and es denote the unit electric charges associated with the valence and sea quarks, and where we
neglect all O(e4) and other NLO isospin-breaking corrections, as we do throughout this section and paper.
The quantity w0, as well as all masses and decay constants appearing in this expression, are understood
to be those obtained on the lattice in the full QCD plus QED theory, for a variety of quark masses and
electric charges. Accordingly, these quantities are not labeled with the subscript qcd + qed, which we

5Ref. [96] gives �R⇡ = 0.0153(19), which value includes a XPT estimate of sea e↵ects of 0.003. Here, we need a value
with the valence contribution only, therefore we use the value quoted in the text.
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We adopt the qed,vv contribution from Di Carlo et al. 2019 in the GRS scheme

DG et al. 2017 provides the QCD and QED decompositions of pion and kaon 
masses in the same scheme, in particular  is given[O]phys

qcd+qed − [O]qed,vv

for the product of two or more expectation values, for example

@02(hAihBi) = @02hAi · hBi0 + hAi0 · @02hBi , (S17)

where we use the fact that the first derivatives vanish at zero electromagnetic charge. We also use this
notation for observables that are more general functions of expectation values,

@02f(hAi, hBi) =
@f(hAi, hBi)

@hAi · @02hAi +
@f(hAi, hBi)

@hBi · @02hBi .

For the measurement of Equation (S16), we need the correlation, with respect to the gluon fields
U , between the isospin-symmetric observable O0 and the second derivative of the quark determinant
hdets00

2/dets0iA that is averaged over photon fields A. The fermion determinants are measured on seven
ensembles using the 4stout action and on one ensemble using the 4hex action. The measurement
algorithm is given in Section 7 of [1], and the ensemble parameters can be found in Table S4.

The electromagnetic sea-sea contribution to the pion decay rate only enters in the quark part of the
diagram; the leptons are una↵ected. Therefore, the correlation of the isospin-symmetric pion decay con-
stant fll with the derivative of the quark determinant gives the sea-sea contribution. For our computation,
we also need the sea-sea contribution to the pion and kaon masses and to the gradient flow scale. These
have already been computed in our 2020 work [1].

We investigate finite-volume e↵ects of the sea-sea contribution by utilizing lattices with spatial extent
around 3 fm and around 6 fm; see Table S4. In the analysis, we assume a volume dependence that is
linear in the 1/L2 variable. This is justified by the fact that the sea-sea contribution probes the internal
structure of the pion and the leading structure-dependent finite-volume e↵ects are found to start at 1/L2

in the case of the leptonic decay rates of pseudoscalar mesons [99].

S3.4 Determination of w0 using the pion decay rate - formulae

Our objective is to determine the gradient-flow scale w0 from lattice QCD to leading order in isospin-
breaking corrections, using the muonic decay rate of charged pions as input. In this subsection, we provide
the necessary formulae. We start by defining Fud, the square root of the decay rate � of the pion, excluding
Vud and kinematical factors:

F 2
ud = �(⇡ ! µ⌫̄µ[�])

h
G2

F
8⇡ |Vud|2Mudm

2
µ

�
1 � m2

µ/M
2
ud

�i�1

. (S18)

Here, µ denotes the muon, mµ its mass, ⌫̄µ the corresponding antineutrino, GF the Fermi constant and
Mud the pion mass. This combination was introduced in [96]. It is an observable defined in full QCD plus
QED and can be measured in experiment, assuming a value for |Vud|. We denote its physical value by
[Fud]qcd+qed for which we obtain

[Fud]qcd+qed = 131.711(45) MeV , (S19)

using results from [85], in particular Vud = 0.97367(32)4 and � = 3.8408(7) ⇥ 107/s. In pure QCD, this
observable corresponds to the usual pion decay constant, denoted here [Fud]qcd. Its value depends on the
scheme that defines the separation between the QCD and QED contributions in Equation (S18), whereas
[Fud]qcd+qed does not. In any scheme, we can decompose an observable O into QCD and QED parts, the

4There is some tension between the Particle Data Group value Vud = 0.97367(32) coming from nuclear �-decays and the
FLAG value Vud = 0.97439(14) [73, 100–106] coming from the decay rate ratio of kaons and pions, assuming the unitarity
of the CKM matrix and using lattice computations of the fK/f⇡ ratio with isospin-breaking correction taken from chiral
perturbation theory. We choose to work with the PDG value here, since it relies on fewer assumptions. We discuss the
impact of the uncertainty of Vud on our scale determination in Equation (S34).
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Adopting the physical value one gets

Note: In EQ approx. adopted in Di Carlo et al. valence QED corrections do not change the 
lattice spacing from its pure QCD value at fixed β
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latter even into valence-valence, sea-valence, and sea-sea contributions:

[O]qcd+qed = [O]qcd + [O]qed,vv + [O]qed,vs + [O]qed,ss .

We adopt the valence-valence QED contribution from the lattice computation of [96], which employs
the scheme of Gasser, Rusetsky and Scimemi (GRS) [107]. This scheme is defined in such a way that the
strong coupling ↵s and the quark masses mu, md and ms, renormalized at some fixed scale ⇤, remain
constant as the electromagnetic coupling is turned on or o↵. In particular, the authors of [96] determine5

that the valence-valence QED contribution relative to the strong one is

[Fud]qed,vv/[Fud]qcd = (1 + �R⇡)1/2 � 1 with �R⇡ = 0.0150(18) . (S20)

To reconstruct the full decay rate, the other QED contributions must also be computed in the GRS
scheme. This can be achieved without having to match renormalized quark masses in QCD and in QCD
plus QED at a fixed renormalization scale. It is su�cient to have the decomposition of the pion and kaon
masses in the GRS scheme. The authors of [96] provide these. For the QCD contributions they obtain
[108]:

[Mud]qcd++ = 135.0(2) MeV , (S21)

[12(Mus + Mds)]qcd++ = 494.6(1) MeV . (S22)

A subtle point arises here. This QCD++ component is obtained by subtracting the valence-valence QED
contribution from the physical QCD plus QED values. Thus, the QCD component in Ref. [96] includes
not only pure QCD but also sea-valence and sea-sea QED e↵ects, as signaled by the label QCD++. For
a generic observable O we have

[O]qcd++ ⌘ [O]qcd + [O]qed,vs + [O]qed,ss .

Using �R⇡ and the full QCD plus QED value from above, the pion decay constant in this scheme can be
written

[Fud]qcd++ = [Fud]qcd+qed/(1 + �R⇡)1/2 = 130.73(12) MeV . (S23)

As we will see soon, we specifically require the QCD++ —not only the QCD—component of these
quantities.

We also note that, in Ref. [96], the authors used the QCD pion decay constant from Equation (S23) to
set the scale for their calculations of the QCD++ components of the masses in Equations (S21) and (S22).
An alternative scale choice—di↵ering from the QCD pion decay constant by isospin-breaking corrections—
would only impact the results in Equations (S21) and (S22) at the level of neglected O(e4) terms. This
is because the measurement specifically targeted the valence QED component of these masses, which is
an O(e2) quantity.

We now proceed to determine the product w0Fud in full QCD plus QED. We parameterize its quark-
mass and electric-charge dependence as

w0Fud = A + B F�2
ud M2

ud + C F�2
ud (M2

us + M2
ds � M2

ud)/2 + E e2
v + F eves + G e2

s , (S24)

where ev and es denote the unit electric charges associated with the valence and sea quarks, and where we
neglect all O(e4) and other NLO isospin-breaking corrections, as we do throughout this section and paper.
The quantity w0, as well as all masses and decay constants appearing in this expression, are understood
to be those obtained on the lattice in the full QCD plus QED theory, for a variety of quark masses and
electric charges. Accordingly, these quantities are not labeled with the subscript qcd + qed, which we

5Ref. [96] gives �R⇡ = 0.0153(19), which value includes a XPT estimate of sea e↵ects of 0.003. Here, we need a value
with the valence contribution only, therefore we use the value quoted in the text.
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as
[w0Fud]qcd+qed = [w0Fud]qcd++ + [w0Fud]qed,vv . (S27)

The QCD++ contribution is obtained via

[w0Fud]qcd++ = A + B [F�2
ud M2

ud]qcd++ + C [F�2
ud (M2

us + M2
ds � M2

ud)/2]qcd++ + Fe2 + Ge2 , (S28)

where the A, B, C, F, G parameters are determined as described above, and the QCD++ values of the
pion, kaon masses and decay constant are taken from Equations (S21), (S22) and (S23). For the valence-
valence QED part, we use Equation (S20). It can be rewritten as

[w0Fud]qed,vv

[w0Fud]qcd
= (1 + �R⇡)1/2 � 1 , (S29)

because w0 is defined in terms of purely gluonic quantities and is therefore free of valence-valence QED
contributions.

Adding the QCD++ and valence-valence QED contributions, we get the physical value

[w0Fud]qcd+qed = [w0Fud]qcd++ + ((1 + �R⇡)1/2 � 1)[w0Fud]qcd ⇡ [w0Fud]qcd++(1 + �R⇡)1/2 , (S30)

where we drop terms that are higher order in e2. Finally, dividing by the physical value of Fud, and using
Equation (S23), we arrive at the physical value of w0 itself

[w0]qcd+qed = [w0Fud]qcd++/[Fud]qcd++ , (S31)

which is the main result of this subsection.
The parameterization in Equation (S24) can also be used to present results in a di↵erent scheme, e.g.

the Edinburgh consensus scheme, which has now also been adopted by FLAG [100]. It is defined by

[Mud]qcd,FLAG = 135.0 MeV ,

[12(Mus + Mds)]qcd,FLAG = 494.6 MeV ,

[Fud]qcd,FLAG = 130.5 MeV .

Substituting these values into Equation (S24) with E, F and G set to zero and dividing by [Fud]qcd,FLAG

gives us [w0]qcd,FLAG. The QED part in this scheme, [w0]qed,FLAG, can be computed by subtracting the
QCD part from the full physical value.

S3.5 Determination of w0 using the pion decay rate - results

Here we discuss in detail the fit procedure, which gives [w0]qcd+qed. We start with the isospin-symmetric
fits of Equation (S25), then we explain the fits to the sea-sea contribution, Equation (S26).

The isospin-symmetric fits determine the parameters A, B and C. For the A parameter we allow for
polynomials of a2 at most cubic order. Additionally, we allow for modifying the a2 term by an ↵�

s (a)
factor, where ↵s(a) is the strong coupling at the scale of the lattice spacing and the exponent � is taken
from the set {0.0, 0.5, 1.0, 1.5, 2.0, 2.5}. With this variation, we address the uncertainties related to the
a priori unknown logarithmic corrections of the a2 dependence (see Reference [109] and the discussion in
Section S5.1). The B and C parameters correspond to the mass dependences in the light and strange
quarks. Here we allow for a polynomial that is either constant or linear in a2. We drop the coarsest lattice
spacing, � = 3.7000, entirely from the analysis. The fit results are shown in Table S5.

In these fits we use two di↵erent definitions for the gradient-flow: the first is the original prescription
of Lüscher [110], for the second we take the Zeuthen-flow [111], which is free from O(a2) artefacts.
These e↵ects are classical, and therefore are not modified by logarithmic corrections8. In the continuum

8We thank D. Nogradi and A. Ramos for discussions on lattice artefacts of gradient flows.
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Determination of the gradient-flow scale w0

All quantities (after renormalization) are independent, finite observables in full 
theory, thus the fit parameters are finite and independent of any scheme

reserve for their physical values, e.g. in Equation (S19). We note that Fud on the left- and right-hand
sides of this equation refer to the same quantity.

In Equation (S24), the quantity w0Fud is treated as a function of the independent variables F�2
ud M2

ud,
F�2

ud (M2
us + M2

ds � M2
ud)/2, ev and es. For instance, G is the second, partial derivative of w0Fud with

respect to es, at fixed values of the other variables. More generally, the parameters A, · · · , G, which are
not those for w0M⌦ in Equation (S8), can be obtained by fitting Equation (S24) to the dependence of
w0Fud on the independent variables for varying quark masses and charges around their physical values.
All dependence on the independent variables is explicit in Equation (S24)6.

The observables F�2
ud M2

ud and F�2
ud (M2

us +M2
ds �M2

ud)/2 are themselves functions of QCD plus QED’s
bare parameters, as is w0Fud. After appropriate renormalization, they are finite. Because we are working
to first order in QED, the bare parameters ev and es are equal to their renormalized values, and are also
finite. Thus, Equation (S24) relates independent, finite observables in the full theory, implying that the
parameters A, · · · , G are finite and independent of any scheme used for separating these observables into
pure QCD and QED contributions. The remainder of this subsection explains how we compute these
parameters, which are needed to determine the physical value of w0Fud.

We begin with A, B and C. Since our target observable is symmetric under u $ d replacement,
and we work to leading order in isospin breaking, no term is required for the strong-isospin breaking (the
isospin-breaking e↵ect from the up-down quark mass di↵erence). Now, by definition, QCD plus QED
observables are equal to their pure QCD counterparts, up to order-charge-squared corrections, in any
separation scheme. Thus, setting ev = es = 0, Equation (S24) reduces to

w0fll = A + B f�2
ll M2

ll + C f�2
ll (M2

ls � 1
2M

2
ll) , (S25)

where fll and Mll are the pion decay constant and mass, respectively, computed in pure isospin-symmetric
QCD. This means that A, B and C can be obtained with a pure isospin-symmetric QCD calculation, by
fitting the dependence of w0fll on f�2

ll M2
ll and f�2

ll (M2
ls � 1

2M
2
ll) to that equation.

We now turn to the electromagnetic coe�cients E, F , and G. As discussed above, the valence-valence
coe�cient E has already been determined in [96]. To complete the calculation of [w0Fud]qcd+qed, we must
compute the sea-valence and sea-sea electromagnetic coe�cients F and G. We begin with the sea-sea
electromagnetic coe�cient G. We compute it via the bare, second, partial derivative of Equation (S24)
with respect to es, defined in Equation (S16), and with the rule for second derivatives of products of
observables in Equation (S17). Here, the derivatives are taken with ev and the bare parameters of pure
QCD held fixed. Thus, G is obtained by fitting the sea-electric-charge derivative

G = @02

�
w0Fud � B F�2

ud M2
ud � C F�2

ud (M2
us + M2

ds � M2
ud)/2

�
(S26)

to a constant, where the B and C parameters are taken from the isospin-symmetric fit. Note that the
terms proportional to B and C in Equation (S26) e↵ectively remove the divergences in the bare derivative
@02(w0Fud), which arise from the bare QED corrections to the quark masses: G is a physical, renormalized
quantity7. For this fit, we need the measurements of fll and the derivative of the quark determinant, as
described in Equation (S16). The sea-valence term F can be determined from sea-valence derivatives.
These are flavor-SU(3)-suppressed and expected to be even smaller than the 0.1% contribution from
sea-sea e↵ects. Thus, for the level of precision required here, we can set F = 0. We leave its computation
for future work.

We now have all the ingredients needed to determine the physical value of w0Fud. We decompose it

6An additional term, like e2
s@02(F

�2
ud M2

ud), is not needed in Equation (S24). In that Equation F�2
ud M2

ud and e2
s are

treated as independent variables, which means that F�2
ud M2

ud can be adjusted independently of e2
s. In the following step we

change the set of independent variables, replacing F�2
ud M2

ud and F�2
ud (M2

us + M2
ds � M2

ud)/2 by the bare light and strange
quark masses, and F�2

ud M2
ud becomes a function of the bare parameters, ie. also of e2

s.
7The B coe�cient itself is a finite, renormalized quantity. The divergence related to the QED correction on the light

quark mass appears in @02(F
�2
ud M2

ud), that is multiplied by B. This divergence together with the one coming from the
C-term cancel the divergence in @02(w0Fud) to give a finite G.
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Up to HO corrections we adopt the following parameterization

reserve for their physical values, e.g. in Equation (S19). We note that Fud on the left- and right-hand
sides of this equation refer to the same quantity.

In Equation (S24), the quantity w0Fud is treated as a function of the independent variables F�2
ud M2

ud,
F�2

ud (M2
us + M2

ds � M2
ud)/2, ev and es. For instance, G is the second, partial derivative of w0Fud with

respect to es, at fixed values of the other variables. More generally, the parameters A, · · · , G, which are
not those for w0M⌦ in Equation (S8), can be obtained by fitting Equation (S24) to the dependence of
w0Fud on the independent variables for varying quark masses and charges around their physical values.
All dependence on the independent variables is explicit in Equation (S24)6.

The observables F�2
ud M2

ud and F�2
ud (M2

us +M2
ds �M2

ud)/2 are themselves functions of QCD plus QED’s
bare parameters, as is w0Fud. After appropriate renormalization, they are finite. Because we are working
to first order in QED, the bare parameters ev and es are equal to their renormalized values, and are also
finite. Thus, Equation (S24) relates independent, finite observables in the full theory, implying that the
parameters A, · · · , G are finite and independent of any scheme used for separating these observables into
pure QCD and QED contributions. The remainder of this subsection explains how we compute these
parameters, which are needed to determine the physical value of w0Fud.

We begin with A, B and C. Since our target observable is symmetric under u $ d replacement,
and we work to leading order in isospin breaking, no term is required for the strong-isospin breaking (the
isospin-breaking e↵ect from the up-down quark mass di↵erence). Now, by definition, QCD plus QED
observables are equal to their pure QCD counterparts, up to order-charge-squared corrections, in any
separation scheme. Thus, setting ev = es = 0, Equation (S24) reduces to

w0fll = A + B f�2
ll M2

ll + C f�2
ll (M2

ls � 1
2M

2
ll) , (S25)

where fll and Mll are the pion decay constant and mass, respectively, computed in pure isospin-symmetric
QCD. This means that A, B and C can be obtained with a pure isospin-symmetric QCD calculation, by
fitting the dependence of w0fll on f�2

ll M2
ll and f�2

ll (M2
ls � 1

2M
2
ll) to that equation.

We now turn to the electromagnetic coe�cients E, F , and G. As discussed above, the valence-valence
coe�cient E has already been determined in [96]. To complete the calculation of [w0Fud]qcd+qed, we must
compute the sea-valence and sea-sea electromagnetic coe�cients F and G. We begin with the sea-sea
electromagnetic coe�cient G. We compute it via the bare, second, partial derivative of Equation (S24)
with respect to es, defined in Equation (S16), and with the rule for second derivatives of products of
observables in Equation (S17). Here, the derivatives are taken with ev and the bare parameters of pure
QCD held fixed. Thus, G is obtained by fitting the sea-electric-charge derivative

G = @02

�
w0Fud � B F�2

ud M2
ud � C F�2

ud (M2
us + M2

ds � M2
ud)/2

�
(S26)

to a constant, where the B and C parameters are taken from the isospin-symmetric fit. Note that the
terms proportional to B and C in Equation (S26) e↵ectively remove the divergences in the bare derivative
@02(w0Fud), which arise from the bare QED corrections to the quark masses: G is a physical, renormalized
quantity7. For this fit, we need the measurements of fll and the derivative of the quark determinant, as
described in Equation (S16). The sea-valence term F can be determined from sea-valence derivatives.
These are flavor-SU(3)-suppressed and expected to be even smaller than the 0.1% contribution from
sea-sea e↵ects. Thus, for the level of precision required here, we can set F = 0. We leave its computation
for future work.

We now have all the ingredients needed to determine the physical value of w0Fud. We decompose it

6An additional term, like e2
s@02(F

�2
ud M2

ud), is not needed in Equation (S24). In that Equation F�2
ud M2

ud and e2
s are

treated as independent variables, which means that F�2
ud M2

ud can be adjusted independently of e2
s. In the following step we

change the set of independent variables, replacing F�2
ud M2

ud and F�2
ud (M2

us + M2
ds � M2

ud)/2 by the bare light and strange
quark masses, and F�2

ud M2
ud becomes a function of the bare parameters, ie. also of e2

s.
7The B coe�cient itself is a finite, renormalized quantity. The divergence related to the QED correction on the light

quark mass appears in @02(F
�2
ud M2

ud), that is multiplied by B. This divergence together with the one coming from the
C-term cancel the divergence in @02(w0Fud) to give a finite G.
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From iso-QCD we get :A, B, C

The qed,ss contribution, up to HO effects, is computed via 

as
[w0Fud]qcd+qed = [w0Fud]qcd++ + [w0Fud]qed,vv . (S27)

The QCD++ contribution is obtained via

[w0Fud]qcd++ = A + B [F�2
ud M2

ud]qcd++ + C [F�2
ud (M2

us + M2
ds � M2

ud)/2]qcd++ + Fe2 + Ge2 , (S28)

where the A, B, C, F, G parameters are determined as described above, and the QCD++ values of the
pion, kaon masses and decay constant are taken from Equations (S21), (S22) and (S23). For the valence-
valence QED part, we use Equation (S20). It can be rewritten as

[w0Fud]qed,vv

[w0Fud]qcd
= (1 + �R⇡)1/2 � 1 , (S29)

because w0 is defined in terms of purely gluonic quantities and is therefore free of valence-valence QED
contributions.

Adding the QCD++ and valence-valence QED contributions, we get the physical value

[w0Fud]qcd+qed = [w0Fud]qcd++ + ((1 + �R⇡)1/2 � 1)[w0Fud]qcd ⇡ [w0Fud]qcd++(1 + �R⇡)1/2 , (S30)

where we drop terms that are higher order in e2. Finally, dividing by the physical value of Fud, and using
Equation (S23), we arrive at the physical value of w0 itself

[w0]qcd+qed = [w0Fud]qcd++/[Fud]qcd++ , (S31)

which is the main result of this subsection.
The parameterization in Equation (S24) can also be used to present results in a di↵erent scheme, e.g.

the Edinburgh consensus scheme, which has now also been adopted by FLAG [100]. It is defined by

[Mud]qcd,FLAG = 135.0 MeV ,

[12(Mus + Mds)]qcd,FLAG = 494.6 MeV ,

[Fud]qcd,FLAG = 130.5 MeV .

Substituting these values into Equation (S24) with E, F and G set to zero and dividing by [Fud]qcd,FLAG

gives us [w0]qcd,FLAG. The QED part in this scheme, [w0]qed,FLAG, can be computed by subtracting the
QCD part from the full physical value.

S3.5 Determination of w0 using the pion decay rate - results

Here we discuss in detail the fit procedure, which gives [w0]qcd+qed. We start with the isospin-symmetric
fits of Equation (S25), then we explain the fits to the sea-sea contribution, Equation (S26).

The isospin-symmetric fits determine the parameters A, B and C. For the A parameter we allow for
polynomials of a2 at most cubic order. Additionally, we allow for modifying the a2 term by an ↵�

s (a)
factor, where ↵s(a) is the strong coupling at the scale of the lattice spacing and the exponent � is taken
from the set {0.0, 0.5, 1.0, 1.5, 2.0, 2.5}. With this variation, we address the uncertainties related to the
a priori unknown logarithmic corrections of the a2 dependence (see Reference [109] and the discussion in
Section S5.1). The B and C parameters correspond to the mass dependences in the light and strange
quarks. Here we allow for a polynomial that is either constant or linear in a2. We drop the coarsest lattice
spacing, � = 3.7000, entirely from the analysis. The fit results are shown in Table S5.

In these fits we use two di↵erent definitions for the gradient-flow: the first is the original prescription
of Lüscher [110], for the second we take the Zeuthen-flow [111], which is free from O(a2) artefacts.
These e↵ects are classical, and therefore are not modified by logarithmic corrections8. In the continuum

8We thank D. Nogradi and A. Ramos for discussions on lattice artefacts of gradient flows.
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fits of Equation (S25), then we explain the fits to the sea-sea contribution, Equation (S26).
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polynomials of a2 at most cubic order. Additionally, we allow for modifying the a2 term by an ↵�
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factor, where ↵s(a) is the strong coupling at the scale of the lattice spacing and the exponent � is taken
from the set {0.0, 0.5, 1.0, 1.5, 2.0, 2.5}. With this variation, we address the uncertainties related to the
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Section S5.1). The B and C parameters correspond to the mass dependences in the light and strange
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of Lüscher [110], for the second we take the Zeuthen-flow [111], which is free from O(a2) artefacts.
These e↵ects are classical, and therefore are not modified by logarithmic corrections8. In the continuum

8We thank D. Nogradi and A. Ramos for discussions on lattice artefacts of gradient flows.
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Putting together
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Number of fits 12672
Fits with P > 0.1 74%
Median 172.84
Total error 0.42 0.24%
Statistical error 0.34 0.20%
Systematic error 0.25 0.14%
Pseudoscalar fits 0.15 0.09%
Finite volume XPT 0.03 0.02%
Type of flow (Ze/Wi) 0.14 0.08%
Lattice spacing cut 0.04 0.02%
Fit polynomial order 0.11 0.06%
Log corrections � 0.07 0.04%

Table S5: Gradient-flow scale w0 in attometers using the pion decay constant as input. Results are
given in the isospin-symmetric point of the FLAG scheme and in the infinite volume limit. The continuum
extrapolations are shown for two definitions of the gradient flow, Wilson and Zeuthen. More details on
the plot conventions can be found in the first part of Section S6.
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Determination of the gradient-flow scale w0
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Figure S9: Renormalized second derivative of [w0Fud] with respect to the sea electromagnetic charge,
which is called G parameter in the text. We multiply by the physical charge squared and normalize by the
isospin symmetric value of [w0Fud], such that we can interpret the quantity as a relative correction. The
left panel shows the continuum, the right panel the infinite volume extrapolation.

extrapolation plots, we show results with both discretizations. The di↵erence between the results of these
two flows becomes part of our systematic error.

To facilitate the comparison with other lattice collaborations, we present the isospin-symmetric results
in the FLAG scheme, as defined above. The continuum-extrapolated result at the isospin-symmetric point
of FLAG is

[w0]qcd,FLAG = 0.17284(34)(25)[42] fm . (S32)

We also show a histogram and error budget for these isospin-symmetric fits. The largest source of
systematic error comes from the variation in the pseudoscalar fit range, closely followed by the variations
in the type of the gradient flow (Wilson vs Zeuthen) and in the functional form used for the continuum
extrapolation.

We also investigate the impact of the new a = 0.048 fm ensembles. Without these ensembles, we
obtain 0.17279(37)(40)[54] fm, implying an uncertainty reduction of 1 � 0.00042/0.00054 = 22%. This
improvement comes mainly from a better control of the uncertainties related to the fit form and from a
reduction of the di↵erence between the results obtained from the Wilson and Zeuthen flows: the finest
lattice spacing improves the reliability of the continuum extrapolation.

For the sea-sea contribution, we have to determine the G parameter of Equation (S26). Here we
assume a linear dependence in a2 for the 4stout ensembles; for the single 4hex ensemble we either
assume the same artefacts as for the 4stout or no artefacts at all. The di↵erence of these two cases
becomes part of the systematic error. We also assume a volume dependence, linear in 1/L2. Note, a 1/L
behaviour is excluded, since it must be structure independent. Some of these fits are shown in Figure S9.
The left panel shows the continuum extrapolation, the right panel the infinite-volume extrapolation. We
plot the G parameter multiplied by the physical value of the electric charge squared and divided by the
isospin-symmetric value of w0Fud. We can read o↵ from the plot that the sea-sea contribution in the
continuum is about 0.1% of the isospin-symmetric value, with an error of ±0.1%. From the SU(3) flavour
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w/o a = 0.048 fm

as
[w0Fud]qcd+qed = [w0Fud]qcd++ + [w0Fud]qed,vv . (S27)

The QCD++ contribution is obtained via

[w0Fud]qcd++ = A + B [F�2
ud M2

ud]qcd++ + C [F�2
ud (M2

us + M2
ds � M2

ud)/2]qcd++ + Fe2 + Ge2 , (S28)

where the A, B, C, F, G parameters are determined as described above, and the QCD++ values of the
pion, kaon masses and decay constant are taken from Equations (S21), (S22) and (S23). For the valence-
valence QED part, we use Equation (S20). It can be rewritten as

[w0Fud]qed,vv

[w0Fud]qcd
= (1 + �R⇡)1/2 � 1 , (S29)

because w0 is defined in terms of purely gluonic quantities and is therefore free of valence-valence QED
contributions.

Adding the QCD++ and valence-valence QED contributions, we get the physical value

[w0Fud]qcd+qed = [w0Fud]qcd++ + ((1 + �R⇡)1/2 � 1)[w0Fud]qcd ⇡ [w0Fud]qcd++(1 + �R⇡)1/2 , (S30)

where we drop terms that are higher order in e2. Finally, dividing by the physical value of Fud, and using
Equation (S23), we arrive at the physical value of w0 itself

[w0]qcd+qed = [w0Fud]qcd++/[Fud]qcd++ , (S31)

which is the main result of this subsection.
The parameterization in Equation (S24) can also be used to present results in a di↵erent scheme, e.g.

the Edinburgh consensus scheme, which has now also been adopted by FLAG [100]. It is defined by

[Mud]qcd,FLAG = 135.0 MeV ,

[12(Mus + Mds)]qcd,FLAG = 494.6 MeV ,

[Fud]qcd,FLAG = 130.5 MeV .

Substituting these values into Equation (S24) with E, F and G set to zero and dividing by [Fud]qcd,FLAG

gives us [w0]qcd,FLAG. The QED part in this scheme, [w0]qed,FLAG, can be computed by subtracting the
QCD part from the full physical value.

S3.5 Determination of w0 using the pion decay rate - results

Here we discuss in detail the fit procedure, which gives [w0]qcd+qed. We start with the isospin-symmetric
fits of Equation (S25), then we explain the fits to the sea-sea contribution, Equation (S26).

The isospin-symmetric fits determine the parameters A, B and C. For the A parameter we allow for
polynomials of a2 at most cubic order. Additionally, we allow for modifying the a2 term by an ↵�

s (a)
factor, where ↵s(a) is the strong coupling at the scale of the lattice spacing and the exponent � is taken
from the set {0.0, 0.5, 1.0, 1.5, 2.0, 2.5}. With this variation, we address the uncertainties related to the
a priori unknown logarithmic corrections of the a2 dependence (see Reference [109] and the discussion in
Section S5.1). The B and C parameters correspond to the mass dependences in the light and strange
quarks. Here we allow for a polynomial that is either constant or linear in a2. We drop the coarsest lattice
spacing, � = 3.7000, entirely from the analysis. The fit results are shown in Table S5.

In these fits we use two di↵erent definitions for the gradient-flow: the first is the original prescription
of Lüscher [110], for the second we take the Zeuthen-flow [111], which is free from O(a2) artefacts.
These e↵ects are classical, and therefore are not modified by logarithmic corrections8. In the continuum

8We thank D. Nogradi and A. Ramos for discussions on lattice artefacts of gradient flows.
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Figure S9: Renormalized second derivative of [w0Fud] with respect to the sea electromagnetic charge,
which is called G parameter in the text. We multiply by the physical charge squared and normalize by the
isospin symmetric value of [w0Fud], such that we can interpret the quantity as a relative correction. The
left panel shows the continuum, the right panel the infinite volume extrapolation.

extrapolation plots, we show results with both discretizations. The di↵erence between the results of these
two flows becomes part of our systematic error.

To facilitate the comparison with other lattice collaborations, we present the isospin-symmetric results
in the FLAG scheme, as defined above. The continuum-extrapolated result at the isospin-symmetric point
of FLAG is

[w0]qcd,FLAG = 0.17284(34)(25)[42] fm . (S32)

We also show a histogram and error budget for these isospin-symmetric fits. The largest source of
systematic error comes from the variation in the pseudoscalar fit range, closely followed by the variations
in the type of the gradient flow (Wilson vs Zeuthen) and in the functional form used for the continuum
extrapolation.

We also investigate the impact of the new a = 0.048 fm ensembles. Without these ensembles, we
obtain 0.17279(37)(40)[54] fm, implying an uncertainty reduction of 1 � 0.00042/0.00054 = 22%. This
improvement comes mainly from a better control of the uncertainties related to the fit form and from a
reduction of the di↵erence between the results obtained from the Wilson and Zeuthen flows: the finest
lattice spacing improves the reliability of the continuum extrapolation.

For the sea-sea contribution, we have to determine the G parameter of Equation (S26). Here we
assume a linear dependence in a2 for the 4stout ensembles; for the single 4hex ensemble we either
assume the same artefacts as for the 4stout or no artefacts at all. The di↵erence of these two cases
becomes part of the systematic error. We also assume a volume dependence, linear in 1/L2. Note, a 1/L
behaviour is excluded, since it must be structure independent. Some of these fits are shown in Figure S9.
The left panel shows the continuum extrapolation, the right panel the infinite-volume extrapolation. We
plot the G parameter multiplied by the physical value of the electric charge squared and divided by the
isospin-symmetric value of w0Fud. We can read o↵ from the plot that the sea-sea contribution in the
continuum is about 0.1% of the isospin-symmetric value, with an error of ±0.1%. From the SU(3) flavour
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Figure S9: Renormalized second derivative of [w0Fud] with respect to the sea electromagnetic charge,
which is called G parameter in the text. We multiply by the physical charge squared and normalize by the
isospin symmetric value of [w0Fud], such that we can interpret the quantity as a relative correction. The
left panel shows the continuum, the right panel the infinite volume extrapolation.

extrapolation plots, we show results with both discretizations. The di↵erence between the results of these
two flows becomes part of our systematic error.

To facilitate the comparison with other lattice collaborations, we present the isospin-symmetric results
in the FLAG scheme, as defined above. The continuum-extrapolated result at the isospin-symmetric point
of FLAG is

[w0]qcd,FLAG = 0.17284(34)(25)[42] fm . (S32)

We also show a histogram and error budget for these isospin-symmetric fits. The largest source of
systematic error comes from the variation in the pseudoscalar fit range, closely followed by the variations
in the type of the gradient flow (Wilson vs Zeuthen) and in the functional form used for the continuum
extrapolation.

We also investigate the impact of the new a = 0.048 fm ensembles. Without these ensembles, we
obtain 0.17279(37)(40)[54] fm, implying an uncertainty reduction of 1 � 0.00042/0.00054 = 22%. This
improvement comes mainly from a better control of the uncertainties related to the fit form and from a
reduction of the di↵erence between the results obtained from the Wilson and Zeuthen flows: the finest
lattice spacing improves the reliability of the continuum extrapolation.

For the sea-sea contribution, we have to determine the G parameter of Equation (S26). Here we
assume a linear dependence in a2 for the 4stout ensembles; for the single 4hex ensemble we either
assume the same artefacts as for the 4stout or no artefacts at all. The di↵erence of these two cases
becomes part of the systematic error. We also assume a volume dependence, linear in 1/L2. Note, a 1/L
behaviour is excluded, since it must be structure independent. Some of these fits are shown in Figure
S9. The left panel shows the continuum extrapolation, the right panel the infinite-volume extrapolation.
We plot the G parameter multiplied by the physical value of the electric charge squared and divided by
the isospin-symmetric value of w0Fud. We can read o↵ from the plot that the sea-sea contribution in the
continuum is about 0.1% of the isospin-symmetric value, with an error of ±0.1%. From the SU(3) flavour

22

Sea-sea Contribution
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They have been estimated using the following ensembles and QEDL.
action — a [fm] L/a ◊ T/a tag ams ms/ml #confs

4stout 3.7000 0.1315 24 ◊ 48 volume/24 0.057291 27.899 904
48 ◊ 64 volume/48 0.057291 27.899 904

3.7753 0.1116 56 ◊ 84 dir00 0.047615 27.843 510
dir01 0.048567 28.400 726
dir02 0.046186 26.469 300
dir03 0.049520 27.852 887

3.8400 0.0952 64 ◊ 96 dir00 0.043194 28.500 1110
dir02b 0.043194 30.205 1072
dir04 0.040750 28.007 1036
dir05 0.039130 26.893 1035

4hex 0.7300 0.1120 56 ◊ 84 phys2/56 0.06061 33.728 1305
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suppression, we estimate the sea-valence contribution to be about 20% of the sea-sea contribution, i.e.
about 0.02% of the isospin-symmetric value. This is consistent with our partially-quenched XPT estimate,
which is �0.01%. It is therefore reasonable to assume that the sea-valence contribution is negligible at
the current level of precision.

We can now put together the results of the above fits as required by Equation (S31) to get

[w0]qcd+qed = 0.17264(36)(33)[48] fm , (S33)

which is our final result for the gradient flow scale in QCD plus QED. It has a relative precision of 2.8 per
mille. The first error is statistical, the second is systematic, the third is these two added in quadrature.
The systematic error can be split up as

(33) = (27)qcd(18)qvv(9)qss(6)Vud
(3)exp , (S34)

where the first error contains the systematic error of the isospin-symmetric fits, the second arises from
the uncertainty of the valence-valence electromagnetic e↵ects from the work of [96], the third is the
uncertainty of the electromagnetic sea e↵ects, the fourth comes from the uncertainty of Vud and the last
from the uncertainty of the other experimental inputs, see Equation (S19). Finally, we can also give the
electromagnetic part of w0 in the FLAG scheme, for which we subtract Equation (S32) from (S33) to get

[w0]qed,FLAG = �0.00027(10)(23)[25] fm . (S35)

While the QCD and QED parts are scheme dependent, their sum can be directly compared to our gradient
flow scale determination using the Omega baryon as input. This is done in Section S4.

S4 Physical point and isospin decomposition

In our computations, we parameterize the quark-mass and electromagnetic-coupling dependence of the
observables using the gradient-flow-based w0 scale and the connected up, down, and strange pseudoscalar
meson masses Muu, Mdd and Mss. These masses are computed by taking into account only the quark-
connected contributions to the corresponding two-point functions, as in Ref. [112], and are rigorously
defined in a partially-quenched theory. Concretely, the parameterization of an observable Y is given as

Y = A + B w2
0M̂

2 + C w2
0M

2
ss + D w2

0�M2 + E e2
v + F eves + G e2

s , (S36)

where ev and es are the electromagnetic couplings of the valence and sea quarks. We use M̂ to denote
the average M̂2 ⌘ 1

2 (M2
uu + M2

dd) and �M2 to denote the di↵erence �M2 ⌘ M2
dd � M2

uu, which is a
measure of strong isospin breaking. We called these kinds of parameterizations “Type-II” fits in our 2020
work. In this section, we first determine the physical point, then we decompose the Y observable into
di↵erent isospin components.

S4.1 Physical point

Our basis observables, w0, M̂ , Mss, �M , cannot be measured experimentally. Still, they have a well-
defined continuum limit so that a physical value can be associated with each of them. These values can
be computed in the full theory, i.e. QCD plus QED, where four experimentally measured hadron masses
are set to their physical values.

According to leading-order partially-quenched chiral perturbation theory coupled to photons [98], the
physical value of M̂ is equal to the neutral pion mass, i.e.

[M̂ ]qcd+qed = 134.9768(5) MeV . (S37)
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Conclusions and future perspectives
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Kaon mass decomposition

[K+]qed �[K+]sib [K0]qed [K0]sib
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Figure S11: Decomposition of the neutral and charged kaon masses. Red squares stand for the BMW
scheme, which is based on the observables {Muu, Mdd, Mss, w0}; blue triangles for the GRS scheme, based
on quark masses and strong coupling constant taken from [96]. Orange circles are obtained by computing
the electromagnetic self-energies using the Cottingham-formula [116].

Note that they are computed in the electro-quenched approximation, whereas our results also include sea-
valence electromagnetic e↵ects. Sea-sea electromagnetic e↵ects are absent in mass isospin splittings. The
neglected sea-valence e↵ects in Ref. [108] should be small, due to SU(3) flavour suppression. It is possible
to compute the electromagnetic self-energies of hadrons using the Cottingham formula [118]. For kaons,
this was done in Ref. [116]. We also show these results in the Figure. We find good agreement between
the di↵erent decompositions.

S5 Analysis procedure

S5.1 Fit functions

To obtain the physical isospin-symmetric values of di↵erent hadronic vacuum polarization windows we
perform global fits to the lattice spacing and quark mass dependence of these observables.

Näıvely, we expect the leading discretization errors to scale like a2. In general, however, this is modified
by the anomalous dimensions of operators in the Symanzik e↵ective theory, to become a sum of terms
proportional to a2↵�

s (a) with di↵erent values of the exponent � [109], where ↵s(a) is the strong coupling
at the scale of the lattice spacing. The set of values of � is not yet known for our lattice action and
observables. (For the case of unrooted staggered fermions with di↵erent number of flavours results have
been presented in [119].) Also the prefactors appearing in these terms can be very di↵erent. Getting a
stable fit with multiple a2 terms having di↵erent �’s is di�cult with the currently available lattice spacings.
Instead, we perform fits with a single a2↵�

s (a) term at a time and vary the � subsequently to address the
uncertainty related to these logarithmic corrections9. In particular, we use the following function

A(a) = A0 + A2 · (a/w0)
2↵�

s (a) + A4 · (a/w0)
4 + A6 · (a/w0)

6 (S42)

9We thank R. Sommer for a discussion on possible fit forms.
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5.3 Kaon two–point functions

By repeating the analysis performed for the pions in the case of kaon two–point functions, we obtain the
following result for the LIB corrections to MK+

�MK+ = + [mu � m0
ud
]@t � euese

2@t � e2
u
e2@t

+

+ eue2
X

f

ef@t � [mcr

u
� mcr

0 ]@t + [mcr

s
� mcr

0 ]@t

+ ese
2
X

f

ef@t � e2
s
e2@t

+
+ [ms � m0

s
]@t

+ [isosymmetric vac. pol.] , (67)

where the strange quark propagator is drawn in red and the sea quark propagators in blue (with di↵erent
lines). The leading corrections to MK0 are given by

�MK0 = + [md � m0
ud
]@t � edese

2@t � e2
d
e2@t

+

+ ede
2
X

f

ef@t � [mcr

d
� mcr

0 ]@t + [mcr

s
� mcr

0 ]@t

+ ese
2
X

f

ef@t � e2
s
e2@t

+
+ [ms � m0

s
]@t

+ [isosymmetric vac. pol.] . (68)
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Gauge ensembles
� a [fm] L/a ⇥ T/a tag ams ms/ml #confs

3.7000 0.1315 48 ⇥ 64 dir00 0.057291 27.899 904
3.7500 0.1191 56 ⇥ 96 dir00 0.049593 28.038 315

dir01 0.049593 26.939 516
dir02 0.051617 29.183 504
dir03 0.051617 28.038 522
dir05 0.055666 28.083 215

3.7753 0.1116 56 ⇥ 84 dir00 0.047615 27.843 510
dir01 0.048567 28.400 505
dir02 0.046186 26.469 507
dir03 0.049520 27.852 385

3.8400 0.0952 64 ⇥ 96 dir00 0.043194 28.500 510
dir02b 0.043194 30.205 436
dir04 0.040750 28.007 1503
dir05 0.039130 26.893 500

3.9200 0.0787 80 ⇥ 128 dir02 0.032440 27.679 506
dir04 0.034240 27.502 512
dir01b 0.032000 26.512 1001
dir02b 0.032440 27.679 327
dir03b 0.033286 27.738 1450
dir04b 0.034240 27.502 500

4.0126 0.0640 96 ⇥ 144 phys1 0.026500 27.634 446
phys2 0.026500 27.124 551
phys1b 0.026500 27.634 2248
phys2b 0.026500 27.124 1000
phys3 0.027318 27.263 985
phys4 0.027318 28.695 1750

4.1479 0.0483 128 ⇥ 192 phys1 0.019370 27.630 2792
phys2 0.019951 27.104 2225

Table S1: List of the ensembles used in this work, with gauge coupling, lattice spacing, lattice size,
ensemble tag, strange-quark mass, mass ratio of strange and light quarks and number of configurations.
The numbers are rounded to the accuracy provided by the number of displayed digits.
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