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(rescaled) di!erence:1

aµ→e → aµ ↑
m2

µ

m2
e

ae. (1)

The mass-ratio rescaling ensures that the high-energy ef-
fects are canceling out.

In future, given the appropriately improved knowledge
of ae, and the fine-structure constant ω (to sever the QED
contribution), the quantity aµ→e is all that will be left to
compute. In the meantime, this quantity may play the
role of a natural ‘window quantity’, which isolates the
sub-GeV range of hadronic contributions. The existing
discrepancies in aHVP

µ
are expected to stay for aHVP

µ→e
, be-

cause the largest discrepancies between data sets arise at
rather low energies, around the ε(775) resonance.

At the same time, this quantity is less sensitive to
short-distance uncertainties which may be helpful sort
out the current discrepancy between lattice and data-
driven, seen in the 1st column of Table I. As evidenced
from the data-driven entry in Table I, both the absolute
value of the HVP contribution, and importantly of its er-
ror, is significantly (↓ 85%) reduced for aµ→e compared
to aµ.

It is di”cult to say whether the large lattice error for
aHVP

e
, seen in the table, can be improved by an order

of magnitude to approach the data-driven value in pre-
cision. But certainly a direct calculation of aHVP

µ→e
could

easily achieve a much better precision (see Sec. II for
more details).

One may also envision calculations of aµ→e within an
e!ective-field theory (EFT), such as chiral perturbation
theory (ϑPT). For an individual lepton aω, ϑPT has no
predictive power because an unknown low-energy con-
stant enters already at leading order (see the discussion
in Ref. [3]). However, it cancels out from aµ→e, thus al-
lowing for a parameter-free prediction. In Sec. IV, we
obtain the one for the ϖ0ϱ contribution, which has been
a subject of controversy for some time.

Currently, the aµ→e quantity is mostly of a method-
ological interest along the lines of e!orts to resolve ten-
sions between data-driven and lattice values for the HVP

1
Alternatively, one can use:

ae→µ → ae ↑
m2

e

m2
µ

aµ,

which may be advantageous when looking at the entire aω, not
just the hadronic contributions. Also, ae→µ is positive-definite

whereas aµ→e = ↑(mµ/me)
2ae→µ is negative, which may be an-

other reason for preferring the former. As long as the mass-ratio

uncertainty is negligible, using one or the other is equivalent.

LO HVP aµ
(
10→10

)
ae

(
10→14

)
aµ→e

(
10→10

)

lattice QCD 713.2(6.1) [6] 189.3(8.2) [8] ↑96.1(29.0)

data-driven 692.8(2.4) [9] 186.10(66) [9] ↑102.8(4)

discrepancy 20.4(6.6) 3.2(8.2) 6.7(29.0)

TABLE I: HVP contribution to aµ, ae, and aµ→e

combination from lattice QCD and data-driven
approach. The uncertainty of aµ→e is computed
assuming 100% correlation between aµ and ae

calculations.

contributions. In the future, however, both ae and ω
measurements can be improved to the point of making
aµ→e an important probe of New Physics scenarios. If
experimental accuracy is not a limiting factor but the
treatment of the strong interactions is, then it is likely
that the constraining power of aµ→e is going to be greater
than that of aµ and ae separately, precisely due to strong
cancellations of the hadronic e!ects in aµ→e and reduced
error on calculation of this quantity. We show that in
this, distant future perspective, certain classed of be-
yond the SM (BSM) scenarios can be constrained. In
particular, we argue that aµ→e may provide a deeper
reach into the parameter space of sub-GeV New Physics
than aµ or ae considered separately. We illustrate this
in Sec. V using the Dark Photon contribution. More
broadly, any flavour non-universal BSM, that deviates
from aBSM

µ
/aBSM

e
= m2

µ
/m2

e
can be constrained this way.

II. HVP CONTRIBUTION TO aµ→e

Let us quickly review the properties of aµ→e for the
HVP contribution to lepton g↑2, seen in Fig. 1. Plugging

ϱ

ς ς

ϱ ϱ

FIG. 1: The leading-order HVP contribution to (g↑ 2)ω.

the dispersion relation for vacuum polarization #(q2) into
this diagram, one obtains a familiar expression in terms

2607.07658 [physics.atom-ph]
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How long to search for the resonance?
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Figure 8

Experimental values and theoretical predictions for the 1S and 2S hfs in H and µH.

The main source of uncertainty here is the 2� recoil contribution �recoil(H). Adding the

2� recoil contribution �recoil(µH) to Eq. 46, we obtain a prediction for the full 2�-exchange

and hVP contributions to the hfs in µH:

E
2�+hVP

1S-hfs
(µH) = −1.159(2)meV, E

2�+hVP

2S-hfs
(µH) = −0.1448(2)meV. 47.

With this, we arrive at a complete prediction of the hfs in µH:

E1S-hfs(µH) = 182.634(8)meV, E2S-hfs(µH) = 22.8130(9)meV, 48.

where we have also included an uncertainty due to possible scaling violation of �pol at the

level of 2% (assuming a very generous size for this contribution, �pol(µH) = 400ppm). Our

result is shown in Fig. 8, together with the existing µH 2S hfs measurement. The theory

predictions based on the empirical hfs in H, Eq. 48, are up to a factor 5 better than results

that do not use the H hfs.

Note that all theory predictions shown in Fig. 8 are in agreement, even though the

data-driven dispersive evaluations and the B�PT prediction disagree in the polarizability

contribution (cf. Fig. 6, Table 4). This is because most works use the experimental H

hfs to refine their prediction for the total 2�-exchange e↵ect. Hence the discrepancy in

polarizability is compensated by slightly di↵erent Zemach radii.

In future, reversing the above procedure to obtain a prediction of the hadronic con-

tributions to the 1S hfs in H from a measurement of the 1S hfs in µH, might allow for a

benchmark test of the H hfs theory. This, however, would also require further improvements

for the recoil corrections from 2� exchange, as well as for the uncertainty from missing con-

tributions in the µH theory. Note that a better benchmark test (� ∼ 2×10−9) of bound-state
QED for a hyperfine transitions can be achieved for the muonium hfs, which the MuSEUM

experiment (114) aims to measure with � ∼ 2×10−9 relative accuracy. To test the muonium

hfs on this level, the MuMass experiment (115, 116) has to determine the mµ�me ratio to

better than � ∼ 1 × 10−9 from the 1S-2S transition in muonium.

5. Bound-state QED tests of simple atomic and molecular systems

The simplicity of two- and three-body atomic-molecular systems combined with the preci-

sion of laser spectroscopy permit unique confrontations between theory and experiments.

The predictive power of bound-state QED, however, depends on the knowledge of funda-

mental constants such as the masses of the involved particles, ↵, R∞, and nuclear properties

such as the nuclear charge radii or magnetic moments.

www.annualreviews.org • Nucleon structure in and out of muonic hydrogen 21
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Figure 10: (a) Simulation of the resonance search in which a time 1.4t4� is spent
at each frequency point. ⌫ denotes the laser frequency, ⌫0 the resonance frequency.
(b) Ranking of the frequency points in correspondence of the resonance. For 97.43%
of the cases the simulated pseudo-data have a maximum in correspondence of the
resonance. For 1.84% of the cases the second largest point is in correspondence of
the resonance and so on.

the maximum of the simulated pseudo-data has been found in correspondence of the resonance
(see Fig. 10 (b)). As can be seen from the same figure, the probability that the second highest
point is at the position of the resonance is of about 1.84% and the probability that the third
highest point is at the position of the resonance is 0.39%. Summing up these probabilities
we obtain 99.66% which basically corresponds to the probabability of identifying the position
of the resonance by adding some statistics to three frequency points at maximum. On top
of this we have also investigated what is the probability that in the correspondence of the
resonance there are two adjacent frequency points whose sum deviates more than 4� from
background. Considering also this search criteria we obtain that with 99.93% we are able to
correctly identify the resonance position. Hence, we confirm that the above described simple
procedure to search for the resonance with 100 MHz steps and by accumulating statistics at
each frequency point for a time of 1.4t4� is adequate.

The maximal time needed to search for the resonance (using the simple procedure de-
scribed above) can be estimated to be 400⇥(1.4t4�+ t��change)

1
"uptime

= 820300 miniutes corre-
sponding to 8.2 weeks. For this estimate we have used conservative values for the experimental
performance: an uptime (including accelerator) of "uptime = 70%, a time t��change = 1 h to
change the laser frequency, a laser pulse energy of 1 mJ, a laser bandwidth of 100 MHz, a
cavity reflectivity of 99.2%, a muon rate of 500 1/s, "Au = 0.7, "Au-false = 0.09, a target thick-
ness of 1.2 mm, and scan range of 40 GHz. Moreover we assumed that all µp atoms have
100 eV initial kinetic energy. Most probably the resonance can be found much faster if a sig-
nificant deviation from background is found earlier and by adapting our search strategy (i.e.
accumulating more statistics on points with significant deviations from background).

We have also simulated 105 pseudo-measurements of the HFS resonance after its discovery,
assuming that two weeks of beamtime can be used to measure the resonance (this time does
not include the time needed to change the laser wavelength and the time when the setup or
the accelerator are not operative). A simulation of a resonance measurement for conservative
assumptions is shown in Fig. 11a. Figure 11b shows a similar simulation for slightly less

19

8 weeks of beam time

  Procedure to search for the resonance

0.16 meV (40 GHz) search range

Simulation of resonance search
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Muonic-Hydrogen Spectroscopy
1S Hyperfine Splitting
Measurements of the μH ground-state HFS 
planned by two independent collaborations:

• CREMA coll. aims at  accuracy                         
[talks by Randolf Pohl and Siddharth 
Rajamohanan]

10−7

               CREMA, Nature 466 (2010) 213 - 216
               CREMA, Science 339 (2013) 417–420

• First run by FAMU coll. in 2023/2024                              
[poster by Eugenio Fasci]  

      FAMU, EPJ A 61 (2025) 12, 284

Theory predictions for HFS in μH are driven 
by 1S HFS in H                                 
[poster by Andrzej Maroń and talk by K. Pachucki] 
A. Maroń, M. Pańtak and K. Pachucki, 2604.06930                  
[talk by V. Pascalutsa]                                            
A. Antognini, FH, V. Pascalutsa, Ann. Rev. Nucl. Part. 72 (2022)

anticipated 
experimental accuracy
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FIG. 1. One-photon-exchange (OPE) and two-photon-exchange (TPE) potentials with nuclear finite-size and VP corrections:
(a) OPE with electromagnetic form factors, (b) OPE in pointlike nucleus limit with leptonic VP, (c) OPE in pointlike nucleus
limit with hVP, (d) TPE with electromagnetic form factors, (e) TPE with leptonic VP, and (f) TPE with hVP. The crossed
and time-reversed graphs are not shown.

II. FORMALISM

The theoretical description of a hydrogen-like atom in the Standard Model is organized as a systematic expansion
around the two-body Coulomb problem. At leading order, the spectrum is that of a lepton bound in the Coulomb
field of a pointlike nucleus with charge Ze. The Coulomb energies E

C depend on the principal quantum number n

and are degenerate for di!erent values of the orbital (total) angular momentum number l (j). The fine and hyperfine
structure follow from the Dirac equation and the leading magnetic (spin-spin) interaction. Successive corrections are
ordered in powers of the fine-structure constant ω and the lepton-to-nucleus mass ratio m/M , and may be grouped
as

Enlj = E
C + εE

QED + εE
recoil + εE

fs + εE
pol + . . . , (1)

where εE
QED collects the radiative corrections (lepton self-energy and VP), εErecoil the relativistic corrections asso-

ciated with the finite nuclear mass, εEfs the nuclear finite-size e!ects, and εE
pol the nuclear polarizability entering

through two-photon exchange; the ellipsis stands for weak and higher-order terms. Comprehensive accounts of this
expansion for electronic and muonic atoms can be found in [4, 14, 21, 22].

To O(Z5
ω
5), the corrections in Eq. (1) can be computed via one- and two-photon-exchange diagrams, such as the

ones depicted in Fig. 1. The finite-size e!ects, encoded in graphs (a) and (d), serve as a template for the VP e!ects
[graphs (b), (c), (e) and (f)] that we treat by close analogy below. The hVP corrections involving the polarizability
e!ects are very small and will not be considered here.

The finite-size e!ects are parametrized by the elastic electromagnetic FFs of the nucleus. For a spin-1/2 nucleus,
these are the Sachs electric and magnetic FFs: GE(Q2) and GM (Q2), taken as functions of the space-like photon
virtuality Q

2 = →q
2 ↑ 0 (q the photon momentum), normalized as GE(0) = 1 and GM (0) = 1 + ϑ, with ϑ the

anomalous magnetic moment. In hydrogen-like systems, their leading O(Z4
ω
4) e!ect is characterized by the root-

mean-square (rms) charge radius, r2E = →6G→
E(0), contribution to the Lamb shift [from the one-photon exchange

graph (a)]. At subleading O(Z5
ω
5), the Zemach and Friar radii [from the two-photon exchange graph (d)] enter

the finite-size corrections to the Lamb shift and the HFS, given in the respective subsections below. Subtractions in
the integrals defining these radii through the two-photon exchange, see Eqs. (8) and (18) below, prevent the double-
counting of the pointlike and the leading O(Z4

ω
4) finite-size contributions and, in practice, render these integrals

infrared convergent. Alternatively, the Zemach and Friar radii result from graph (a) treated to second order in
Schrödinger perturbation theory.

The VP of the exchanged photon is dominated by its leptonic (QED) part but also receives a hadronic contribution—
the hVP. In what follows we evaluate the hVP e!ect on the Lamb shift and the HFS, treating the nuclear finite-size
e!ects on the same footing and observing their interplay with the recoil corrections.

We begin with the Lorentz- and gauge-invariant VP tensor

”µω(q) =
(
g
µω
q
2 → q

µ
q
ω
)
”(q2), (2)

A Hyperfine Splitting 4

with !(q2) a scalar function, which satisfies the once-subtracted dispersion relation:

!(q2) =
q
2

ω
lim

ω→0+

↑̂

s0

ds

s

Im!(s)

s→ q2 → iε
, (3)

where s0 is the lowest particle-production threshold (e.g., s0 = 4m2

ε for a leptonic VP, with mε the lepton mass; or
s0 = 4m2

ϑ, where mϑ is the charged pion mass, for the hVP). While the leptonic VP contributions are computed
perturbatively in QED, the hVP contribution is essentially non-perturbative. Lattice QCD and the data-driven
dispersive approach are currently the two best methods to compute it; we use the latter. This means we operate with
the R ratio, which represents an empirical cross-section of e+e↓ annihilation into hadrons:

R(s) =
3s

4ωϑ2
ϖ(e+e↓ ↑ ϱ

↔ ↑ hadrons) , (4)

where s denotes the squared center-of-mass energy of the lepton pair. To an excellent approximation, the hVP is then
determined by means of an optical theorem,

Im!hVP(s) = →ϑ

3
R(s), (5)

substituted in the above dispersion relation. Note that we are not factoring out e2 or ϑ/ω from the VP amplitudes,
contrary to other frequently used conventions.

Below, we provide expressions for the dominant VP contributions to the HFS and Lamb shift, shown in Fig. 1 (b),
(c), (e) and (f), taking into account the nuclear finite size. Our results are written in terms of Im!, but in case of
the hVP, we use (5) with the empirical parametrizations for the R ratio.

A. Hyperfine Splitting

The leading, non-recoil finite-size e”ect in the HFS is the Zemach correction,

E
fs

nS-HFS
= → 2

Zϑmr

n3
EF rZ , (6)

with mr = mM/(m+M) the system’s reduced mass, the Fermi energy given by1

EF =
8

3

(Zϑ)4m3

r

mM
(1 + ς) , (7)

and the Zemach radius:

rZ = → 4

ω

↑̂

0

dQ

Q2

(
GE(Q2)GM (Q2)

1 + ς
→ 1

)
. (8)

The master formula for the O(Z5
ϑ
6) VP contribution to the HFS, overlayed with recoil and finite-size e”ects, takes

the following form:

E
fs-VP

nS-HFS
= →EF

2Zϑ

ω2n3

mM

M2 →m2

↑̂

t0

dt

t
W (t) Im!(t), (9)

1 Note that our choice di!ers from the common definition for Mu, see the discussion in [1].

W(t) ∼ ∫
∞

0

dQ2

t + Q2
𝒲[GE(Q2), GM(Q2), Q2]

TWO-PHOTON EXCHANGE

4
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TABLE I. The hVP contribution to the ground-state
hyperfine splitting in Mu. Results previously reported
in the literature are shown in the top block. Our results
correspond to Eq. (14), i.e., include the recoil correc-
tions. The uncertainty of our result is solely due to the
uncertainty of the employed parametrization of R(t).

Mu [kHz]

Previous calculations:
Sapirstein et al. [25] 0.22(3)
Faustov et al. [53] 0.239 7(70)
Czarnecki et al. [54] 0.233(3)
Nomura and Teubner [55] 0.232 68(144)
Keshavarzi et al. [56] 0.232 04(82)
Karshenboim and Shelyuto [1] 0.236(5)

This work 0.233 3(11)

(i.e., their “systematic scatter”). These correspond to the “BaBar-KLOE” systematic uncertainty associated to the
tension between these measurements [31], and the uncertainties introduced in [38] to conservatively account for the
e!ect of CMD3 on the average, or even the e!ect of experiments with reduced coverage of the energy range. In [38],
these uncertainties were accounted for in a hybrid approach based on lattice QCD and dispersive integrals, yielding a
theoretical prediction in excellent agreement with the experimental measurement of aµ [37], while being also in good
agreement with and more precise than the combination of lattice QCD results for a

hVP

µ from [35]. However, taking
into account the systematic scatter in a stand-alone data-driven analysis is not enough to eliminate the discrepancy
between the experimental and theoretical values of aµ (which is presumed to be due to the hVP contribution). To
overcome that obstacle, one would have to inflate the uncertainty of ahVP

µ by an additional factor of 2.44.

To facilitate a comparison of the DHMZ evaluation with older parametrizations of R(t), we start from the hVP
contribution to the ground-state HFS in Mu. Table I demonstrates that our results coincide with other existing
evaluations within uncertainties. However, our quoted uncertainty stems exclusively from the standard experimental
errors encoded in the parametrization of R(t) (which nevertheless includes the local uncertainty enhancement on the
basis of the ω

2
/ndof) and does not yet account for the systematic tensions discussed above. To estimate the full

uncertainty of our data-driven dispersive evaluation, we follow the same procedure as introduced in [20, 38] for the
evaluation of ahVP

µ . As explained above, a way to reconcile the di!erent experiments is to interpret the systematic
scatter between them as another systematic uncertainty. Applying the same procedure here first increases the quoted
error for Mu by a factor of 2.54 (obtained by adding in quadrature the R(t) uncertainty and the e!ect of the systematic
scatter). This intermediate error is then scaled by the aforementioned factor of 2.44 to account for the aµ discrepancy.
Using the same factor of 2.44 for all the contributions considered here is justified by the shape of their W (t) being
very similar to Ka(t), as shown in Fig. 3. Note that [1] used a similar procedure to evaluate their uncertainty shown
in Table I, neglecting the scatter between di!erent e+e→ experiments but taking into account the discrepancy between
the (average) theoretical and experimentally measured values of aµ.

V. RESULTS AND DISCUSSION

In this section, we present our results for the combined hVP and finite-size corrections to the spectra of (µ)H and
(µ)3He+. The results for the ground-state HFS and Lamb shift are summarized in Tables II and III, respectively.
Further details regarding the HFS and Lamb shift contributions, evaluated in the di!erent limits discussed in Sec. III,
are provided in Tables A1 and A2 of Appendix A. These tables also include a comparison with an evaluation based
on the alphaQED23 parametrization of R(t) [57, 58].

The finite-size e!ects in H and µH are calculated using the proton elastic FFs determined in [26] from a z-expansion
fit to electron-proton scattering, which imposes the precise proton charge radius extracted from the µH Lamb shift
[59, 60]. The fit parameters’ covariances are employed to obtain the related error estimates, which are added in
quadrature with the uncertainty coming from the R ratio, the latter being the dominant one.

Current experimental precision: 0.051 kHz

5
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TABLE II. The hVP contribution to the ground-state hyperfine splitting in H, 3He+, µH, and
µ
3He+. Results previously reported in the literature are shown in the top block. The uncer-

tainty of the pointlike result is solely due to the uncertainty of the employed parametrization
of R(t). For the finite-size result, the uncertainties stemming from R(t) and from the elastic
FFs are added in quadrature (see text).

H [kHz] 3He+ [kHz] µH [µeV] µ
3He+ [µeV]

Previous calculations:
Karshenboim [65]

finite size 0.04(1)
pointlike 0.19(8)

Faustov and Martynenko [9] 3.561 0
Borie [66] 4.8(8) →72.8

This work:
finite size (10) 0.086 0(4) →0.476(17) 2.153(11) →15.19(57)
pointlike (13) 0.273 6(12) →1.860(10) 7.04(3) →61.0(3)

The proton finite-size e!ects, such as the O(Z5
ω
5) Zemach radius and recoil corrections, bring in an additional

large model dependence due to the proton FF parametrization. For example, the present state-of-the-art [61], based
on a dispersion-theoretical analyses of the proton FFs [62, 63], leads to a ↑ 3.7% larger energy correction of the HFS
in (µ)H than the parametrization of Borah et al. [14, 26] that we use here. On this basis, we assign a 4% model
uncertainty to our calculations in (µ)H involving the FFs. This uncertainty is not included in the tables below. It is
customary to reduce the hadronic uncertainties in the prediction of the µH HFS by employing the experimental value
of the ground-state HFS in H, known to ppt precision [8], and relying only on a theoretical prediction of the scaled
di!erence of hadronic corrections in H and µH [4–6].

For 3He+ ions, we use the empirical charge and magnetic FFs of the helion given in [28]. As an alternative, we
use the FFs obtained in [64] in a chiral e!ective theory framework and parametrize them using a sum of Gaussians
analogously to [28]. Here, we take the average of and the scatter between the results obtained with the two FF
parametrizations as our result and error estimate. The scatter is then added in quadrature to the uncertainty coming
from the DHMZ parametrization of R(t). In both 3He+ and µ

3He+, the latter uncertainty is negligibly small in
comparison with the scatter between the two FF parametrizations.

In Table II, we show our results for the hVP contribution to the ground-state HFS in (µ)H and (µ)3He+, compared
with the results in the literature. As specified above, our uncertainties correspond to the DHMZ parametrization of
R(t) and the nuclear FFs, added in quadrature (except for the model dependence of the proton FFs). Accounting
for the experimental scatter in the e

+
e
→ data would give an extra factor of 2.51 for (µ)H and 1.06 for (µ)3He+, the

latter closer to unity because the uncertainty due to the helion FFs is the dominant one. The extra inflation factor is
2.42 and 1.25 for (µ)H and (µ)3He+, respectively. Taking into account the additional model dependence of the proton
FFs, the FF uncertainty would also dominate in the case of (µ)H.

To control hadronic uncertainties, it is crucial to account for their correlations across various correction terms.
For example, the recoil and Zemach radius e!ects generate contributions to the HFS of opposite sign; consequently,
the uncertainty of their sum is smaller than that of the pure Zemach radius contribution. Similarly, the F

2

2
(Q2)

contribution to W (t), discussed below Eq. (13), cancels when combined with a data-driven dispersive evaluation of
the mixed hVP and proton polarizability correction.

One notices that our results both for H and µH, as well as µ3He+, are at variance with the previous evaluations, while
being significantly more precise (where the comparison of uncertainties is possible). To comment on this, we note that
the results of [66] are based on the non-recoil result for µVP, n3

E
µVP

nS-HFS
= 3/4EF ω(Zω), using EhVP

nS-HFS
= 0.66EµVP

nS-HFS

[67] (it appears that [66] uses a slightly di!erent prefactor ↓ 0.667). While the numerical prefactor underestimates
the ratio between the hVP and µVP contributions, the non-recoil limit without the finite-size e!ects gives a much
bigger integral (as illustrated in Sec. III). This explains the discrepancy between our results for µH and µ

3He+ and
those of [66].

For µH there is also a calculation of [9], which gives a smaller result than [66], although still a bigger one than the
result of this work. Here we note that our Eq. (10) reproduces the result of [9] with the following caveat: Eq. (12)
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DATASET DISCREPANCIES: MUON
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FIG. 6: Full Standard-Model predictions implied by the LO-HVP entries in Table I, compared with the
experimental world average.
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DATASET DISCREPANCIES: ELECTRON

12

→60 →40 →20 0 20 40 60 80 100 120

CMD-3

ω data + IB

BaBar

CMD-2

SND20

SND

BESIII

KLOE

ω(Rb) Exp. average ω(Cs)

aSM

e → aexp

e (10→14)
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Combined quantity (presently a diagnostic tool?):

2

(rescaled) di!erence:1

aµ→e → aµ ↑
m2

µ

m2
e

ae. (1)

The mass-ratio rescaling ensures that the high-energy ef-
fects are canceling out.

In future, given the appropriately improved knowledge
of ae, and the fine-structure constant ω (to sever the QED
contribution), the quantity aµ→e is all that will be left to
compute. In the meantime, this quantity may play the
role of a natural ‘window quantity’, which isolates the
sub-GeV range of hadronic contributions. The existing
discrepancies in aHVP

µ
are expected to stay for aHVP

µ→e
, be-

cause the largest discrepancies between data sets arise at
rather low energies, around the ε(775) resonance.

At the same time, this quantity is less sensitive to
short-distance uncertainties which may be helpful sort
out the current discrepancy between lattice and data-
driven, seen in the 1st column of Table I. As evidenced
from the data-driven entry in Table I, both the absolute
value of the HVP contribution, and importantly of its er-
ror, is significantly (↓ 85%) reduced for aµ→e compared
to aµ.

It is di”cult to say whether the large lattice error for
aHVP

e
, seen in the table, can be improved by an order

of magnitude to approach the data-driven value in pre-
cision. But certainly a direct calculation of aHVP

µ→e
could

easily achieve a much better precision (see Sec. II for
more details).

One may also envision calculations of aµ→e within an
e!ective-field theory (EFT), such as chiral perturbation
theory (ϑPT). For an individual lepton aω, ϑPT has no
predictive power because an unknown low-energy con-
stant enters already at leading order (see the discussion
in Ref. [3]). However, it cancels out from aµ→e, thus al-
lowing for a parameter-free prediction. In Sec. IV, we
obtain the one for the ϖ0ϱ contribution, which has been
a subject of controversy for some time.

Currently, the aµ→e quantity is mostly of a method-
ological interest along the lines of e!orts to resolve ten-
sions between data-driven and lattice values for the HVP

1
Alternatively, one can use:

ae→µ → ae ↑
m2

e

m2
µ

aµ,

which may be advantageous when looking at the entire aω, not
just the hadronic contributions. Also, ae→µ is positive-definite

whereas aµ→e = ↑(mµ/me)
2ae→µ is negative, which may be an-

other reason for preferring the former. As long as the mass-ratio

uncertainty is negligible, using one or the other is equivalent.

LO HVP aµ
(
10→10

)
ae

(
10→14

)
aµ→e

(
10→10

)

lattice QCD 713.2(6.1) [6] 189.3(8.2) [8] ↑96.1(29.0)

data-driven 692.8(2.4) [9] 186.10(66) [9] ↑102.8(4)

discrepancy 20.4(6.6) 3.2(8.2) 6.7(29.0)

TABLE I: HVP contribution to aµ, ae, and aµ→e

combination from lattice QCD and data-driven
approach. The uncertainty of aµ→e is computed
assuming 100% correlation between aµ and ae

calculations.

contributions. In the future, however, both ae and ω
measurements can be improved to the point of making
aµ→e an important probe of New Physics scenarios. If
experimental accuracy is not a limiting factor but the
treatment of the strong interactions is, then it is likely
that the constraining power of aµ→e is going to be greater
than that of aµ and ae separately, precisely due to strong
cancellations of the hadronic e!ects in aµ→e and reduced
error on calculation of this quantity. We show that in
this, distant future perspective, certain classed of be-
yond the SM (BSM) scenarios can be constrained. In
particular, we argue that aµ→e may provide a deeper
reach into the parameter space of sub-GeV New Physics
than aµ or ae considered separately. We illustrate this
in Sec. V using the Dark Photon contribution. More
broadly, any flavour non-universal BSM, that deviates
from aBSM

µ
/aBSM

e
= m2

µ
/m2

e
can be constrained this way.

II. HVP CONTRIBUTION TO aµ→e

Let us quickly review the properties of aµ→e for the
HVP contribution to lepton g↑2, seen in Fig. 1. Plugging

ϱ

ς ς

ϱ ϱ

FIG. 1: The leading-order HVP contribution to (g↑ 2)ω.

the dispersion relation for vacuum polarization #(q2) into
this diagram, one obtains a familiar expression in terms
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of its imaginary part [10–13]:

aHVP

ω
=

ω

ε2

→̂

s0
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Im!(s)

s
Kω(s) , (2)

with the kernel function given by

Kω(s) =
1

s

1ˆ
0

dx
m2

ω
x2(1→ x)

1→ x+ x2(m2

ω
/s)

. (3)

The integral over x can easily be done (see Appendix A),
but is usually retained for compactness of the expres-
sions.

In case of HVP, the lowest energy s0 is associated with
a pion-production threshold. Hence, for the electron, we
may — to an excellent approximation — take the limit
m2

e
/s ↑ 0 and obtain:

aHVP

e
↓=

ωm2

e

3ε
!↑(0) ↔ ω

3ε2
m2

e

→̂

s0

ds
Im!(s)

s2
. (4)

This expression makes explicit that the high-energy con-
tributions scale with the square of the lepton mass.
Therefore, they are expected to cancel in aµ↓e, intro-
duced in Eq. (1). Indeed, this quantity obeys an analo-
gous representation, but with the kernel

Kµ↓e(s) = Kµ(s)→
m2

µ

m2
e

Ke(s)

↓= → 1

s2

1ˆ
0

dx
m4

µ
x4

1→ x+ x2(m2
µ
/s)

, (5)

which contains an additional power of 1/s, thereby sup-
pressing the high-energy region. In Fig. 2. we plot the
ratio of µ→ e over µ kernels, which illustrates this point.

The dispersive representation is, of course, mainly rel-
evant to the data-driven approach, but analogous argu-
ments can be made for representations employed in lat-
tice QCD. For example, in the time-momentum represen-
tation of Bernecker and Meyer [14], the short-time contri-
butions are suppressed; the leading t4 behavior, at small
t, is canceled and the expansion begins with t6 log t. This,
in principle, makes the calculation of aµ↓e less prone to
systematics (e.g., discritization errors) than that of aµ
and ae separately. It will be interesting to see this real-
ized in practice.

FIG. 2: The absolute value of kernel ratio
Kµ↓e(s)/Kµ(s).

III. AN ILLUSTRATION FOR ω+ω→ CHANNEL

The largest part of the HVP contribution in the data-
drive approach comes from the ε+ε↓ channel. It is also
one of the most controversial, where several e+e↓ ↑
ε+ε↓ datasets have substantial disagreements [6].
On the theory side, this contribution can roughly be

understood using vector-meson-dominance (VMD) type
of model, where the photon couples to the pion via the ϑ-
meson. The corresponding HVP contribution is depicted
in Fig. 3, leading to the well-known generic expression
for the spectral function:

Im!εε(s) =
ω

12

(
1→ 4m2

ε

s

) 3
2

|Fε(s)|2ϖ(s→ 4m2

ε
),(6)

which is the one-loop scalar-QED expression (cf., [15],
multiplied (two times) with the pion electromagnetic
form factor, Fε(q2). In the VMD picture, the latter e”ect
is essentially described the ϑ-meson exchange, as seen in
Fig. 3.

= + + · · ·

FIG. 3: In two-pion contribution to HVP. The blobs
represent the VMD form factor of the pion, and dashed
lines are pion propagators. The double line represents

ϑ-meson propagator.

Using the specific model of Ref. [16], we obtain the
results listed in Table II, where they can be compared
to a state-of-art data-driven evaluation [9]. Figure 7)
shows the corresponding integrands, illustrating the large
cancellation between the muon and rescaled electron g→

Kμ−e ∼
Kℓ

s
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High-energy contributions 
are strongly suppressed
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COMMON WINDOW: 0.600–0.8832 GeV
All three kernels preserve the experimental ordering

KLOE and BESIII are low; CMD-3 is high; BaBar and τ lie between
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The tensions survive the change of kernel 8
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PRELIMINARY

Dataset replacements against data-driven benchmarks

3

Data input, references, and native interval [GeV] aHVP

µ → 1010 aHVP

e → 1014 ↑aHVP

µ→e → 1010

Dataset evaluations

KLOE [7, 8, 11] (0.316, 0.975) 690.5 ± 5.3 (70.9%) 185.7 ± 1.6 (72.8%) 103.3 ± 1.4 (85.3%)
BESIII [9] (0.600, 0.900) 691.9 ± 3.7 (53.2%) 186.0 ± 1.0 (53.3%) 103.2 ± 0.6 (53.9%)
SND [12] (0.390, 0.970) 691.3 ± 6.8 (68.6%) 185.7 ± 1.9 (69.9%) 102.8 ± 1.3 (78.8%)
SND20 [13] (0.525, 0.883) 695.6 ± 3.7 (58.8%) 187.0 ± 1.0 (59.3%) 103.7 ± 0.6 (62.5%)
CMD-2 [14–16] (0.370↑0.520; 0.600↑1.380) 694.1 ± 3.8 (64.9%) 186.5 ± 1.0 (65.8%) 103.1 ± 0.6 (72.2%)
BaBar [6] (0.300, 1.800) 700.1 ± 3.9 (73.4%) 188.2 ± 1.1 (75.1%) 104.4 ± 0.7 (87.2%)
ω data + IB [4] (0.360, 1.775) 703.7 ± 3.5 (72.1%) 189.1 ± 1.0 (73.5%) 104.8 ± 0.8 (83.1%)
CMD-3 [5] (0.327, 1.199) 711.9 ± 4.3 (73.1%) 191.4 ± 1.2 (74.8%) 106.5 ± 0.7 (85.9%)

Data-driven benchmarks

DHMZ [17] 693.8 ± 4.0 186.4 ± 1.1 103.2 ± 0.6
KNT [18] 692.78 ± 2.42 186.08 ± 0.66 102.77 ± 0.40a

alphaQEDc26 [19, 20] 697.17 ± 4.18 187.1 ± 1.1 102.74 ± 0.52a

WP20 [2] 693.1 ± 4.0 — —
Lattice benchmarks

BMW [21] 711.1 ± 18.9 189.3 ± 6.2 98.2 ± 7.4a

ETMC [22] 692.1 ± 16.3 185.8 ± 4.2 102.3 ± 1.7a

BMW [3, 23] 707.2 ± 5.5 — —
Mainz/CLS [3, 24] 724.5 ± 7.1 — —
RBC/UKQCD [3] 729.4 ± 13.0 — —
WP25 [3] 713.2 ± 6.1 — —

Hybrid

BMW/DMZ [25] 715.1 ± 3.4 — —

a Derived from the previous two columns assuming full
correlation.

TABLE I: Coverage-matched full HVP moments and selected benchmarks. The first column gives the native
integration interval; percentages give the fraction supplied directly by the inserted dataset and exclude the common

threshold fill-in.

Data input, references, and native interval [GeV] aHVP,ωω
µ → 1010 aHVP,ωω

e → 1014 ↑aHVP,ωω
µ→e → 1010

KLOE [7, 8, 11] (0.316, 0.975) 504.5 ± 5.2 (97.1%) 139.1 ± 1.5 (97.2%) 90.3 ± 1.4 (97.6%)
BESIII [9] (0.600, 0.900) 505.9 ± 3.7 (72.8%) 139.4 ± 1.0 (71.1%) 90.1 ± 0.6 (61.7%)
SND [12] (0.390, 0.970) 505.3 ± 6.7 (93.8%) 139.2 ± 1.9 (93.3%) 89.8 ± 1.3 (90.2%)
SND20 [13] (0.525, 0.883) 509.6 ± 3.7 (80.3%) 140.4 ± 1.0 (79.0%) 90.7 ± 0.6 (71.5%)
CMD-2 [14–16] (0.370↑0.520; 0.600↑1.380) 508.1 ± 3.8 (88.6%) 139.9 ± 1.0 (87.7%) 90.0 ± 0.7 (82.7%)
BaBar [6] (0.300, 1.800) 514.1 ± 3.8 (99.9%) 141.6 ± 1.1 (99.9%) 91.4 ± 0.7 (99.7%)
ω data + IB [4] (0.360, 1.775) 517.7 ± 3.4 (98.0%) 142.5 ± 1.0 (97.6%) 91.7 ± 0.8 (94.9%)
CMD-3 [5] (0.327, 1.199) 525.9 ± 4.2 (98.9%) 144.8 ± 1.2 (98.8%) 93.4 ± 0.7 (98.0%)

TABLE II: Coverage-completed ωω contributions from threshold to 1.8 GeV. Parentheses give the fraction supplied
directly by the dataset; only ωω fill-in is used.

Correction [GeV] εaµ [10→10] εae [10→14] εaµ→e [10→10]
ϑ0–ϖ mixing (0.63, 0.96) +5.1 ± 0.5 +1.33 ± 0.13 ↑0.58 ± 0.06

TABLE III: ε0–ϑ correction projected onto the three
HVP moments.

between a replaced interval and its complement. We as-
sume full correlation when forming the reference fill-in
and treat the inserted experimental interval as indepen-
dent,

ϖfill,i =
∣∣∣ϖfull

ref → ϖIi
ref

∣∣∣ , (9a)
(
ϖfull
i

)2
= ϖ2

fill,i +
(
ϖIi
i

)2
. (9b)

The reference uncertainty over Ii is inferred in quadra-
ture from the tabulated disjoint subdivisions of the full
ωω interval. In comparisons and combinations of di!erent
replacement rows, their fill-in errors are likewise treated

as fully correlated, while the experimental interval errors
are taken to be independent.

The same input also shows that the muon and elec-
tron moments are very strongly correlated. For the indi-
vidual inputs over their full experimental coverages, the
e!ective correlation coe”cient lies in the typical range
0.997 ↭ εµe < 1.000; in the common window it nar-
rows to 0.9998 ↭ εµe < 1.0000, while the DHMZ-19 full
sum gives εµe = 0.9993. This near-unit correlation is
expected because the two moments are integrals of the
same cross-section data with similar leading kernel be-
havior. It is numerically indispensable: setting εµe = 0
would give ϖ(aHVP

µ↑e ) ↑ 6.1↓10↑10 for the DHMZ-19 sum,
almost an order of magnitude larger than the correctly
propagated value 0.6↓10↑10. Correlations should there-
fore be propagated directly whenever the uncertainty of
aHVP
µ↑e is reconstructed from the separate muon and elec-

tron results.
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COVERAGE-MATCHED

Dataset replacements against data-driven benchmarks

14

aμᴴⱽᴾ × 10¹⁰

685 695 705 715

aₑᴴⱽᴾ × 10¹⁴

184 187 190 193

−aμ−eᴴⱽᴾ × 10¹⁰

101 103 105 107

benchmarks
DHMZ-19
KNT-19
alphaQEDc26

WP20 — —

Dataset replacements

KLOE
BESIII
SND
SND20
CMD-2
BaBar
τ + IB
CMD-3

Published 
benchmark

Dataset 
replacementEach dataset replaces the common reference only over its native interval; outside it the reference is unchanged. 17



PUBLISHED BENCHMARKS

Data-driven and lattice HVP benchmarks

Data driven

Collaboration aμ [10⁻¹⁰] aₑ [10⁻¹⁴] −aμ−e [10⁻¹⁰]

DHMZ-19 693.8 ± 4.0 186.4 ± 1.1 103.2 ± 0.6

KNT-19 692.78 ± 
2.42

186.08 ± 
0.66

102.77 ± 
0.40*

alphaQEDc26
697.17 ± 

4.18 187.1 ± 1.1
102.74 ± 

0.52*

WP20 693.1 ± 4.0 — —

Lattice QCD

Collaboration aμ [10⁻¹⁰] aₑ [10⁻¹⁴] −aμ−e [10⁻¹⁰]

BMW-17 711 ± 19 189 ± 6 98 ± 7*

ETMC-19 692 ± 16 186 ± 4 102 ± 2*

BMW-20 707.2 ± 5.5 — —

Mainz/CLS 724.5 ± 7.1 — —

RBC/UKQCD 729 ± 13 — —

WP25 713.2 ± 6.1 — —

* Derived from the preceding two columns assuming full correlation.

A direct lattice calculation of the combined moment is missing

18



 EFFECTIVE-FIELD-THEORY (EFT) PREDICTIONS 
FOR aμ−e

•  contributions via light-by-light 

•   contr. (isospin breaking)

π0, η, η′￼

π0γ

5

Source aω
+
ω
→

µ
(10→10) aω

+
ω
→

e
(10→14) aω

+
ω
→

µ→e
(10→10)

VMD model [16] 508.6 140.0 →90.0

KNT eval. [9] 503.46(1.91) 138.59(54) →89.1(4)a

a
Obtained from previous two columns assuming 100%

correlation.

TABLE II: The ω+ω→-channel contribution in a VMD model compared with a state-of-art data-driven evaluation.

aHad,LbL

µ

(
↑10→10

)
aHad,LbL

e

(
↑10→14

)
aHad,LbL

µ→e

(
↑10→10

)

10.2(8) [17, 18] 3.51(23) [19] →4.82(19)

TABLE III: LbL contributions to the muon and
electron anomalous magnetic moment and the derived

(µ→ e) using (1).

ω0

ω0

FIG. 7: ω0 contribution to light-by-light (left) and
isospin-breaking HVP (right).

to eletron, and an even weaker suppression when com-
pared to muon. The low-energy enchancement is not as
prominent as HVP but still strong.

An alternative approach to calculating the anoma-
lous magnetic moment is using Schwinger’s sum rule
(SSR) [20–22]:

aε =
m2

ε

ω2ε

↑̂

ϑ0

dϑ

(
ϖl

LT
(ϑ, Q2)

Q

)

Q2=0

, (8)

where ϖLT(ϑ, Q2) denotes the longitudinal-transverse to-
tal polarized photon–absorption cross section, corre-
sponding to a virtual photon of energy ϑ scattering o!
a target lepton l with space-like momentum transfer Q2

and aε. The numerical results of SSR method agrees with
that of the conventional dispersive method.

V. ULTIMATE SENSITIVITY TO NEW

PHYSICS

One of the reasons the g → 2 of the muon attracted
so much attention is its potential sensitivity to the BSM
e!ects from e.g. , loop diagrams with exchange of new
particles. Clearly, any test of New Physics is limited
by the experimental accuracy of measurements and by
aHVP

µ
. In this subsection we argue that aµ→e provide

a deeper reach into a parameter space of new physics
compared to aµ or ae separately. It is clear, however,
that such test has additional limitation. In particular,
flavour universal new physics, parametrized by a contact
dimension 5 operator,

Luniversal =
1

”2

∑

l=e,µ

mlϱ̄lϖµϑFµϑϱl, (9)

gives corrections to al proportional to the square of the
mass, #al ↓ m2

l
”→2, and cancels out of the aµ→e.

Flavour universality, however, does not have to hold
exactly. In supersymmetric models, for example, the
masses of first and second generations of sleptons (su-
perpartners of electrons and muons) do not have to be
equal, resulting in a di!erent value of loop integrals,
which translates to two di!erent e!ective values of ” for
the muon and electron. In this case, the New Physics
correction to aµ→e can be written as

aBSM

µ→e
= m2

µ

(
1

”2
µ

→ 1

”2
e

)
. (10)

A new gauge symmetry based on anomaly-free combina-
tions of the Standard Model charges, such as di!erence
between specific flavours, e.g. Lµ → Lϖ , will also pro-
vide non-universal contributions to al. It is clear from
the preceding discussion that the ultimate sensitivity to
”→2

µ
→”→2

e
in Eq. (10) can be better than to ”→2

µ
and ”→2

e

separately.

Next we address the universally coupled New Physics,
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OUTLOOK

Dispersive data-driven

•Binned ππ spectra

•Full covariance 
matrices

•Nested and 
cumulative windows

Lattice QCD

•Direct a(μ−e)

•Long-distance tail

•Finite-volume and 
isospin tests

Low-energy EFT

•Threshold and ρ-region 
control

•Isospin-breaking 
corrections

•Energy-dependent 
shape tests

Compare the same infrared observable across methods

5σ tension survives


85% smaller errors
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