v NRW-FAIR
UNIVERSITAT ree Netzwerk

Improved parameterisations of pion form

factors including inelastic effects

9th Plenary Workshop of the Muon g — 2 Theory Initiative

Leon A. Heuser, G. Chanturia, C. Hanhart, M. Hoferichter, B. Kubis



vation: premise

o Tension in the 27 data
= no prescription for data-driven af}vp’ LO Aliberti et al., 2025
o Differences in datasets are almost exclusively contained in
inelastic contributions Stoffer et al., 2023
o Inelastic effects are combined as a multiplicative factor in the
current dispersive treatment Leplumey et al., 2025
e No unified fits available for multi-channel treatments
N. N. Achasov et al., 2013

T, mOw, A, KK, mnKK,nrm,. ..

inelastic

1/17



ivation: premise

e Tension in the 27 data
B . HVP,LO ,,. . Snos
— no prescription for data-driven a, Aliberti et al., 2025

o Differences in datasets are almost exclusively contained in
inelastic contributions Stoffer et al., 2023

o Inelastic effects are combined as a multiplicative factor in the
current dispersive treatment Leplumey et al., 2025

o No unified fits available for multi-channel treatments
N. N. Achasov et al., 2013

The goal:

o Model 2-pion production + inelastic contributions

o Fit to exclusive data from multiple channels simultaneously
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Framework



Two-potential model: why only resonances are not enough
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— P
I [BaBar 2012)

11 e Pole with channel enough for main

i features

e Precision not high enough

I [Babar 2012

e Non-resonant contributions improve

description

o Unitarity and analyticity necessary

o 300 1000 1500 2000 2500 3000
E [Mev

Chanturia, 2022
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Two-potential model: background interactions
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Two-potential model: resonance potential
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Application and results



Application: open channels (J =1, I =1)
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Application: data

7w 7 production: BaBar [Lees et al., 2012b],
KLOE [Anastasi et al., 2018]7 CMD-3 [Ignatov et al., 2024]

7w p-wave phase shift: Bern [Colangel()., 2004, Stoffer et al., 2023, ]

7w production: BaBar [Lees et al., 2017],
CMD-2 [Akhmetshin et al., 2003}, SND [MA N. Achasov et al., 2000, 2016]

w decay: NA60 [Arnaldi et al., 2009, 2016]
L1 production: BaBar [Lees et al., 2012a, 2017]
Kaon VFF from 7 decay: BaBar [Lees et al., 2018]

w7 production: BaBar [Aubert et al., 2007,
CMD-2 [Akhmctshin et al., 2000], SND [Aulohonko et al., 2015]

KK production: BaBar [Aubert et al., 2008]
Radiative decay widths for ¥V — P~: PDG [Takahashi et al., 2026]

ay spectral function from 7 decay: ALEPH [Davier et al., 2014]
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Application: challenges and strategies
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— must be careful with local minima
= both gradient-based and global minimization routines
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= both gradient-based and global minimization routines
¢ Risk of overfitting
= lowest number of resonances (p, p’, p’’)
¢ Asymptotic behaviour not built in
= must be imposed: punishing factors and post-processing
o Narrow (unphysical) resonances occur as fit artefacts
= must be filtered out in the post-processing step
e Data quality not uniform
= must be compensated for during fitting
e Pion VFF sensitive to phase shifts, w parameters
— individual input for different datasets
¢ Need to correct for bias

= d’Agostini procedure (see e.g. Ball et al., 2010)
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Application: different fit configurations

Fit Background Weights Cov. matrices

Fit #1 full equal decorrelated next slides
Fit #2 diagonal equal decorrelated backup
Fit #3 full unequal decorrelated backup
Fit #4 full equal correlated backup
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Application: data

[FY| [ Octe=an [UD]
1 304
10 /\ 102 30
\ 20
10714 10° -
101 -
\\
E — |
1~
102 - T 1072 - + 0 - -
1 2 3 0 1 2 1.0 15 2.0 25
" I A" )
14 hi 1
I3
24 i ]’} 24
I -
-1 Y
10 7 g
0 04
T T T T T T T T T T
1.0 12 14 1.6 1 L5 2.0 2.5 3.0 15 2.0 2.5
Pion p-wave phase shift [frp(0)] Oa,
7 .
wn® q 10 4 i
/24 o 5 %
KK A =
0 04—
T T T T T T T T T
0.5 1.0 15 2 4 050 075 100 125 150

9 /17



Results: model performance
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Results: contributions to the global y? (fit #1)
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The 7 data sets have different number of points
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Results: resampled contributions to y* (fit #1)
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Sample same amount of points for each 77 data and calculate x2
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Results: resampled contributions to y* (fit #1)

0.16 4 h et —
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Results: 77 pulls below 1 GeV (fit #1)
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Pull(Fy) = (Fiiv,i — Faata,i) /AF;
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Results: quantification of differences

+ Need no. of effective degrees of freedom of each |FY|<*
— use bootstrapping procedure
— generate pseudo data around fit and refit

e Peak of X2 distribution is at Negr

0.30 4

o Use fit from center of ellipses 0251

NBaBar = 270 Ncuvp-3 = 172 Nkxroe = 193 ™

0.24 4

0.224

1., (resampled)

72 0.204

0.18
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Results: quantification of differences

+ Need no. of effective degrees of freedom of each |FY|<*
— use bootstrapping procedure
— generate pseudo data around fit and refit
e Peak of X2 distribution is at Negr 13 . T o
CMD-3
o Use fit from center of ellipses KLOE
Npapar = 270 Nocmp-3 = 172 Nxror = 193
BaBar CMD-3 KLOE °
0.020 - peske2624 | 0,025 —— peakmear | 0025 —= peake1849
" oo oo 30 35 10 15 50 55
0.005 0.005 0.005 Vhoral (original)

= p-value/significance calculation to be done
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Conclusions




Summary

o Global fits performed to data from multiple channels
e Dispersive constraints imposed through wm-specific phases
e Two-potential formalism ensures unitarity and analyticity

e To be submitted to arXiv soon!

Qualitative:

o Differences between BaBar and CMD-3 small, KLOE noticeably

worse

o All fits have positive pulls

Quantitative:
o Proper significance calculation to be done
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Two-potential model: vertex structures
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Application: semistable channels

Spectral function for an unstable state A via dressed propagator
— fix parameters g, My like in Heuser et al., 2024 via pole position

, 1
0a(q®) = ——Tm (Ga(¢")) , where Ga(q®) = ¢ — M2 + ?11,(¢%)
A 1

Imaginary part of the self-energy 1145 with A being a (broad)

resonance

(v/5-Ma)* 2 2 a2Ne2/. 2 ap2 2
ImHAB:/ dgap(s, qa, M5)§~(s, ¢4, Mg)oa(qa)

Sthr,decay

(Vo= y)* 2 2 2 272y 2 2 as2
ImH‘n’ﬂ"ﬂ(s) = (2012 dqp Up(Qp)p(S’ qvan)§VVP(57 qp’M'r])
2Mr
(Vs—Mg)?

Tl e (5) = / A% o (3 )(5, s ME)E (5, e, M)
(Mz+Mkg)?



Application: 47 and the a; spectral function

ay problematic:
ap pole might be model dependent + three-body effects
— use T-decay data for a; and fit gg, pr, My,

12 4 I ALEPH data [Davier et al., 2014]

ay spectral function




Application: 47 and the a; spectral functi

ay ™ problematic:
difference between interference effects in 27°7 7~ and 2(7+77) not

accounted for within the model
— fit multiplicative factor to ratio of corresponding cross sections

2

rvyols) = % (1 +exp ! (“bz)s)>

— Data (interp.) [Lees et al., 2012a, 2017]
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Application: 47 and the a; spectral function
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Results: w parameters from 2-pion data

S _
FY(s)=(1+ ks, IR DAS
¥ = (14 o s ) FEO

o I, fixed from 37 Hoferichter et al., 2023
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Results: fit #2 (diagonal background)
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Results: fit #2 (diagonal background)
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Results: fit #2 (diagonal background)
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Results: fit #2 (diagonal background)
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Results: fit #3 (exaggerated 77)




Results: fit #4 (correlation included)
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Results:

fit #4 (correlation included)

Best-case BaBar fit

2 =316.3

Best-case CMD-3 fit, \? =

Best-case KLOE fit, 2 = 268.24
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Data from Ignatov et al., 2024
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Covariance matrices: KLOE
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