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Refs. [4, 19] Ref. [18] Refs. [50, 59] Our estimate

Phase space �7.88 �7.52 – �7.7(2)
S EW �12.21(15) �12.16(15) – �12.2(1.3)
GEM �1.92(90) �1.67+0.60

�1.39 – �2.0(1.4)
FSR 4.67(47) 4.62(46) 4.42(4) 4.5(3)
⇢–! mixing 4.0(4) 2.87(8) 3.79(19) 3.9(3)

�M⇢ 0.20(+27
�19)(9) 1.95+1.56

�1.55 –
��⇢(�M⇡) 4.09(0)(7) 3.37 –

FV
⇡

f+ (w/o ⇢–!) ��⇢(⇡⇡�) �5.91(59)(48) �6.66(73) – �1.5(4.7)
��⇢(g⇢⇡⇡) – – –

Total �1.62(65)(63) �1.34+1.72
�1.71 –

Sum �14.9(1.9) �15.20+2.26
�2.63 – �15.0(5.1)

Table 1: Summary of the di↵erent classes of IB corrections contributing to �aHVP, LO
µ [⇡⇡, ⌧] (in units of 10�10). For Refs. [4, 19], the second errors

due to the di↵erence between the GS and Kühn–Santamaria models are added linearly to the quadratic sum of all other uncertainties. For Ref. [18],
the total uncertainty includes an estimate of the systematic uncertainty arising from using di↵erent dispersive parameterizations. An additional 2%
uncertainty is added linearly to account for the di↵erence between the result based on the dispersive and the GS parameterizations. The entries in
the last column are discussed in the main text.

in the context of � decays, the current result S ⇡⇡EW = 1.0233(3) is based on a particular definition of “scheme-
independent” NLL Wilson coe�cient [60] that e↵ectively factors out the scheme dependence of O(↵) and
assumes it to be reabsorbed in the low-energy constants (LECs) entering the long-distance correction GEM(s).
Since currently we have no control over the scheme dependence in GEM(s), we should add this perturbative
scheme-dependence uncertainty to S EW. Taking the ambiguity in the decay rate to be ↵(m⌧)/⇡ ' 0.24% leads
to S ⇡⇡EW = 1.0233(3)(24), which entails an additional uncertainty of 1.3 ⇥ 10�10 in �aHVP, LO

µ [⇡⇡, ⌧], adopted in
Table 1. Note that if we had assumed an O(↵/⇡) uncertainty at the level of the Wilson coe�cient, the impact on
S EW would double, leading to an ambiguity in �aHVP, LO

µ [⇡⇡, ⌧] of 2.5 ⇥ 10�10.

• Structure-dependent virtual corrections in GEM: Combining the results from Refs. [4, 19] and Ref. [18]
leads to the GEM-induced correction �aHVP, LO

µ [⇡⇡, ⌧] = �2.0(1.0) ⇥ 10�10. As discussed in Ref. [18], existing
results for GEM(s) do not include the e↵ect of hadronic structure dependence in the virtual photon corrections
to ⌧ ! ⇡⇡⌫⌧—pions are treated as point-like objects. In Ref. [27] it was argued that the e↵ect of the missing
structure-dependent loops can be estimated by analogy with the single-meson decay modes ⌧! P⌫⌧ (P = ⇡,K),
for which structure e↵ects have been studied [28, 29]. There is, however, one class of diagrams that may lead to
a substantial di↵erence between the corrections to ⌧ ! ⇡⌫⌧ and ⌧ ! ⇡⇡⌫⌧. Before integrating out the W, these
take the form of box diagrams, in which two gauge bosons (� and W) are exchanged between the lepton and
pion lines (after integrating out the W boson this reduces to the diagram in Fig. 1 (a)). In the case of ⌧ ! ⇡⌫⌧,
the weak current involves just the pion decay constant, while in the case of ⌧ ! ⇡⇡⌫⌧ the weak ⇡⇡ form factor
appears and the box diagram involves the interplay of weak and electromagnetic form factors. In Refs. [40, 41]
it was shown that such diagrams are sensitive to structure-dependent corrections, as the remainder after the
cancellation of IR divergences can be strongly enhanced by the ⇢ resonance. In fact, the measurement of the
forward–backward asymmetry by CMD-3 [61, 62] showed that these e↵ects were critical to explain the data,
substantially increasing the size of the asymmetry in the ⇢ peak (reference to elsewhere in WP 2). A similar
e↵ect could also be present in the virtual corrections to the ⌧ decay, whose size depends on the strength of the
IR enhancement and the interplay with the kernel function in the aµ integral, as currently under investigation
(see Sec. 0.1.2). Given the large numerical impact observed in the e+e� case, it is prudent to assign to GEM
an additional uncertainty, that is currently hard to estimate. As a reference point, we assign to the structure-
dependent virtual photon corrections a similar uncertainty as the one emerging from the structure-dependent real
photon corrections, leading to the GEM-induced correction �aHVP, LO

µ [⇡⇡, ⌧] = �2.0(1.0)real(1.0)virtual ⇥ 10�10 =

7

Motivation:  rad. corr.  to 𝜏→ππν𝜏 and HVP

Ref. [111] Ref. [112] Ref. [9] This work

Phase space →7.88 →7.52 →7.7(2) →7.74(5)

Sωω
EW →12.21(15) →12.16(15) →12.2(1.3) →12.2(1.3)

Gfull
EM →1.92(90) (→1.67)+0.60

→1.39 →2.0(1.4) →5.4(5)

Sum →22.01(91) (→21.35)+0.62
→1.40 →21.9(1.9) →25.3(1.4)

Full – – – →24.8(1.4)

ãµ 510.3(3.0) 510.9+2.9
→3.1 510.3(3.4) 509.5(2.7)

Table 3: Comparison to previous work, following the notation of Table 2. Our results
have been supplemented by the SD error from Ref. [9], which then dominates the final
uncertainty, as well as an estimate of higher intermediate states in the virtual contribution.

which can be interpreted as the first step towards aHVP, LO
µ [ωω, ε ], prior to considering

corrections in the matrix elements |F V
ω (s)/f+(s)| = 1 + O(e2) and adding IB corrections

specific for e+e→.
First, Table 2 shows that the di!erences for the resulting IB corrections among the fits

are small, which simply reflects the fact that the IB corrections are required with much less
relative precision than the full integral. However, even at this level of precision we observe
that a linearization of the IB corrections should be avoided, since the threshold-enhanced
O(e4) terms do become relevant. This observation also emphasizes the importance of a
stable numerical implementation down to the two-pion threshold, to fully capture these
corrections. Considering the changes among the di!erent GEM(s) variants, the numerically
largest contribution arises from the radiation o! ε and ω, around →3.0 ↑ 10→10, while
the additional contribution due to resonance diagrams only induces an additional shift of
→0.2 units. This shift, in fact, is less than half the size of the uncertainty propagated
from the resonance couplings, most notably FA, which dominates the overall uncertainty
budget for GEM(s). In view of this substantial uncertainty already of the leading resonance
contributions, which are motivated via ChPT resonance saturation, together with the overall
small impact of resonance contributions on !aHVP, LO

µ [ωω, ε ], we do not see a justification
for including yet higher resonance multiplets.

By comparing results for our full dispersive and the ChPT version of the box diagram,
we find that structure-dependent virtual corrections amount to about →2.0↑10→10, yielding
the second largest contribution after bremsstrahlung o! ε and ω.4 Accordingly, one could
worry about the possible impact of higher intermediate states in the hadronic matrix ele-
ment, via resonance left-hand cuts or rescattering corrections. Given the experience from

4The separation of real and virtual contributions is of course scale dependent, but the di!erences of
dispersive and ChPT results for the box diagram, to quantify structure-dependent virtual contributions,
and of Grad

EM and GLow
EM , to quantify radiation o! ω and ε, are well defined.
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• WP-2025 assigned ±α/π uncertainty to           due to uncontrolled scheme dependence [induced by γ5 and 
evanescent operators] that should be canceled by corrections to the long-distance matrix element (GEM)

• After the dispersive improvement of GEM, this is the largest uncertainty in radiative corrections

where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
ε
ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV

∣∣∣
LL(ϱ) ↘ +3 · 10↗4

∆gV

∣∣∣
LL(ϱϱs)

↘ ↗1.6 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ ↗1.0 · 10↗4

∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)

∆gV

∣∣∣
LL(ϱ) ↘ +1.7 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.

S
εε
EW = S EW(mς) ↗ ∆S

e

EW ≃ 1 + ∆S̄
εε
EW

S EW(µ) =
[
C

LL
↽ (µ)

]2
↑ 1 +

2ϱ
ε

log
MZ

µ

GEM(s) = G0(s) + ∆Ḡ

∆Ḡ = ↗4εϱ

X̄ϑ(mϖ) ↗

1
4ε2 log

m
2
ς

m2
ϖ


 X̄ϑ(mϖ) = 14 ↔ 10↗3

GEM(s) = G0(s)

Γe =
G

2
F

m
5
ς

192ε3 ↔ (1 + ∆S
e
EW) (31)

3.2. ς→ εεφς

The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S

εε
EWGEM(s),

KΓ(s) =
Γe|Vud |

2

2m2
ς

(
1 ↗

s

m2
ς

)2(
1 +

2s

m2
ς

)
, (32)

where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
(
1,

M
2
ε

s
,

M
2
ε0

s

)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
EW =

[
1 + ∆S̃ EW(µω)

]2
↗ ∆S

e

EW ≃ 1 + ∆S
εε
EW (34)

∆S
e

EW =
ϱ

2ε

(25
4
↗ ε2
)
.

1 + ∆S̃ EW(µω) = C
NLLs
↽ (µ, a)

[
1 ↗ 2εϱXϑ(µ, µω, a)

]

∆

S
εε
EWGEM(s)


NEW- OLD

= ∆S
εε
EW ↗ (∆S̄

εε
EW + ∆Ḡ)

Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m

2
ς/M

2
W
↑ 5 ↔

10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]

GEM(s)
∣∣∣
Xϑ(µω)=0 = GEM(s)

∣∣∣
Xϑ(µω)=X̄ϑ(µω)

+ e
2
X̄ϑ(µω). (35)
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10�10 [18]). We note that the quoted references did not include isospin breaking in the ⇢⇡⇡ coupling. The origin
and possible size of this correction is discussed in Section 0.1.4.

These corrections were evaluated using a number of di↵erent parameterizations in Ref. [18], taking inputs for the
IB in the ⇢masses and widths consistent with Ref. [4] and the PDG [35]. Based on analyticity tests, the dispersive form
factor based on Ref. [36] is taken as the reference result. The central value is obtained from the dispersive result in the
case where it has a conformal polynomial of fourth degree (constrained to comply with P-wave behaviour) accounting
for inelasticities. This yields �aHVP, LO

µ [⇡⇡, ⌧] = (+1.53+1.74
�1.73)⇥10�10 for the form factors correction [18]. The sum of all

IB corrections entering Eq. (1) gives �aHVP, LO
µ [⇡⇡, ⌧] = (�15.20+1.90

�2.27)⇥10�10. The associated systematic uncertainties
are estimated from the di↵erences among the various dispersive results, and adding linearly a 2% uncertainty to
account for the small di↵erence with respect to the GS value, leading to �aHVP, LO

µ [⇡⇡, ⌧] = (�15.20+2.26
�2.63)⇥ 10�10 [18].

Finally, we comment on ⇢–� mixing. First, we note that for a proper treatment of the ⇢ one just needs to correctly
describe the resonant behavior of pion form factors, either of the weak or the electromagnetic currents. The constraint
FV
⇡ (0) = 1, which is respected in any theoretically sound approach, completely settles the issue of a possible ⇢–
� mixing. This is obviously the case in a dispersive approach, but also holds in any Lagrangian framework that
couples hadrons to external sources representing the currents (this is the case in chiral perturbation theory, resonance
chiral theory, and any resonance model made consistent with chiral symmetry). The ⇢–� mixing issue may arise
in intermediate steps of calculations within a given Lagrangian model. For example, in Ref. [37] the e↵ect of such
a mixing was studied within the hidden local symmetry model. In QFT the mixing of two fields can be addressed
through a field redefinition. Since physical results should not depend on the field parameterization and given that the
⇢ meson is not an asymptotic state, performing the field redefinition that diagonalizes the ⇢–� quadratic terms is a
possible, but far from necessary choice. In most approaches it turned out to be more convenient not to perform this
diagonalization. However, if one performs the redefinition, the re-defined ‘⇢’ field couples to all charged particles, and
the resulting ⇢ee and ⇢µµ couplings should be taken into account, given that they a↵ect the leptonic QED cross section
used to normalize �(e+e� ! ⇡+⇡�). This e↵ect and its interplay with higher order corrections was not discussed in
Ref. [37]. Moreover, the large mixing corrections at

p
s � M⇢ and the large slope at

p
s ⌧ M⇢, leading to sizable

numerical e↵ects in Ref. [37], seem to arise from the fact that the pion form factor adopted does not incorporate the
basic short-distance asymptotic conditions imposed by QCD (i.e. vanishing at high momentum transfer), a constraint
whose relevance even at low energy has been thoroughly discussed in Ref. [24].

0.1.2. The dispersive approach
To first order in isospin breaking the photon-inclusive di↵erential decay rate for ⌧�(l1)! ⇡�(q1)⇡0(q2)⌫⌧(l2)[�(k)]

is given by [2, 3]
d�⇡⇡[�]

ds
= S ⇡⇡EW K�(s) �3

⇡±⇡0 (s)
��� f+(s)

���2 GEM(s) , (6)

where s = (q1 + q2)2 and f+(s) is the ⇡�⇡0 form factor. GEM(s) the electromagnetic correction factor defined as:

GEM(s) =

R tmax(s)
tmin(s) dt D(s, t)

⇥
1 + 2 f loop

elm (s, t) + grad(s, t)
⇤

R tmax(s)
tmin(s) dt D(s, t)

, (7)

with Mandelstam variable t = (l1 � q1)2, tmin,max(s) its lower, upper phase-space borders, and

D(s, t) =
m2
⌧

2
(m2
⌧ � s) + 2M2

⇡M2
⇡0 � 2t(m2

⌧ � s + M2
⇡ + M2

⇡0 ) + 2t2 . (8)

The functions f loop
elm (s, t) and grad(s, t) in Eq. (7) account for virtual and real corrections, respectively. While previously

these functions were calculated in (resonance) ChPT [2, 3, 15, 18], in this section we outline progress in a dispersive
approach [38]. First, the approximation of only taking into account intermediate hadronic states up to two pions is
justified phenomenologically: in the energy region and in the channel of interest inelastic e↵ects are known to be
small. Radiative corrections to them are therefore considered to be negligible. In this approximation the contribution
to f loop

elm in the dispersive framework is depicted in Fig. 1(a), where the light-blue blobs denote the pion vector form
factor (VFF).
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• Semileptonic charged-current processes beyond leading logarithms 

• Generalities 

• Match ‘LEFT’ (= V-A Theory + QED + QCD) to χPT for pion processes

• Applications 

• Pion beta decay  (π+→π0e+νe)

• 𝜏˗→π˗π0ν𝜏  and implications for tau-based HVP  

3
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Based on  VC,  M. Hoferichter, N. Valori,  Phys. Rev. Lett. 137 (2026) 5, 051902   [e-Print:2602.11253] 



Semileptonic charged-current processes   
beyond leading logarithms 
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•  Process-dependent matrix elements of Oβ   

•  𝜏→ππν𝜏,  π+→π0e+νe,  n & nuclear β decays

•  Needed to NLL accuracy [O(ααS)], in the same 
scheme as Wilson Coefficient 

Semileptonic CC processes beyond leading logs

• Universal Wilson coefficient Cβ(μ)   

•  Same for all quark and lepton flavors 

•  Known to NLL in a class of perturbative 
schemes (MS-bar + NDA (γ5) + 
evanescent op.  choice)  &  RI-MOM  

logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
nent part of the LEFT Lagrangian with n f active quark flavors
in the convention

LLEFT = →2
↑

2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (2)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

↓ Oω

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (3)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(φ) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑφϑϖϑωPL ↔ ϑφϑϖϑωPL = 4
(
4 → a↼

)
ϑϖPL ↔ ϑϖPL + E(a), (4)

where d = 4 → 2↼ is the dimensional regulator, and naive di-
mensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ↗ MW,Z [26, 35]

C
(5)
ω (µ, a) = 1 +

φ

↽
log

MZ

µ
+
φ

4↽
B(a) →

φφs

4↽2 log
MZ

µ

+
φφs

(4↽)2 Bs(a) →
φφs

4↽2
1

s
2
W

(
c

2
W

s
2
W

log
MW

MZ

+ 1
)

+ O
(
φ2,φφ2

s

)
, (5)

where B(a) = a

3 → 4 and Bs(a) = 41
6 →

14
9 a parameterize the

scheme dependence, and sW , cW are the sine and cosine of

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.

the weak mixing angle. The effective coupling C
( f )
ω (µ, a) can

be evolved down to the hadronic scale using the RG equa-
tions (RGE). As discussed in Appendix C, the solution is
known to next-to-leading-logarithmic (NLL)

[
O
(
φn+1 logn MZ

µ

)]

and NLLs

[
O
(
φφn+1

s
logn MZ

µ

)]
accuracy. The final result for

the decay amplitude is written in the three-flavor theory in
terms of a scheme-independent Wilson coefficient C̄

( f )
ω (µ) ↓

C
( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity J f (µ, a) that

naturally appears in the solution of the RGE to NLL, see Ap-
pendix C for details.

2.2. Matching to ChPT

Starting from Eq. (1), to achieve NLL (and NLLs) ac-
curacy one needs to compute the matrix element of Oω ↓

ēLϑϖϱeL ūLϑϖdL between the appropriate external states to O(φ)
(and O(φφs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
C

( f )
ω (µ, a). In the EFT approach, one computes ↘ f |Oω|i≃ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ε ⇐ ↽↽ϱε, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ⇀,
and on the evanescent scheme parameter a. The relevant linear
combination of the Xi [83] and Ki [84] reads

Xς(µ⇀, µ, a) ↓
(
X

r

6 → 4K
r

12 +
4
3

X
r

1

)
(µ⇀, µ, a). (6)
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lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
nent part of the LEFT Lagrangian with n f active quark flavors
in the convention

LLEFT = →2
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2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)
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dL (3)

Cω(µ, a) ↔ ↗ f |Oω|i↘(µ, a)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(φ) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑφϑϖϑωPL ≃ ϑφϑϖϑωPL = 4
(
4 → a↼

)
ϑϖPL ≃ ϑϖPL + E(a) (4)

d = 4 → 2↼

where d = 4 → 2↼ is the dimensional regulator, and naive
dimensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ⇐ MW,Z [26, 35]

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.
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where

B(a) =
a

3
→ 4 Bs(a) =

41
6
→

14
9

a

parameterize the scheme dependence, and sW , cW are the
sine and cosine of the weak mixing angle. The effective cou-
pling C

( f )
ω (µ, a) can be evolved down to the hadronic scale us-

ing the RG equations (RGE). As discussed in Appendix C,
the solution is known to next-to-leading-logarithmic (NLL)[
O
(
εn+1 logn MZ

µ

)]
and NLLs

[
O
(
εεn+1

s
logn MZ

µ

)]
accuracy. The

final result for the decay amplitude is written in the three-flavor
theory in terms of a scheme-independent Wilson coefficient
C̄

( f )
ω (µ) ↑ C

( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity

J f (µ, a) that naturally appears in the solution of the RGE to
NLL, see Appendix C for details.

2.2. Matching to ChPT

Starting from Eq. (1), to achieve NLL (and NLLs) ac-
curacy one needs to compute the matrix element of Oω ↑

ēLϑϖϱeL ūLϑϖdL between the appropriate external states to O(ε)
(and O(εεs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
C

( f )
ω (µ, a). In the EFT approach, one computes ↓ f |Oω|i↔ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ς ↗ φφϱς, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ↼,
and on the evanescent scheme parameter a. The relevant linear
combination of the Xi [83] and Ki [84] reads
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Matching LEFT with three quark flavors and ChPT, we find
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where ↭̄V(3)
φ (µ0) represents the non-perturbative matrix ele-

ments, ε↼(µ↼) denotes the fine-structure constant in ChPT [26],

while the couplings on the right-hand side refer to MS.2
Combining Wilson coefficient and matrix element, we define
the scheme-independent short-distance correction to the vector
(Fermi) transitions3

g
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With appropriate replacement of the external states in the
transition-dependent nonperturbative matrix element ↭̄V (µ0),
this correction universally applies to the Fermi component of
all ω decays. The dependence on µ0 cancels between ↭̄V

φ (µ0)
and the explicit logarithms, up to terms beyond NLLs accuracy;
the dependence on µ cancels between the scheme-independent
Wilson coefficient C̄

(3)
ω (µ) (defined in Appendix C) and the ex-

plicit logarithms; finally the dependence on µ↼ cancels once one
combines g

φ
V

(µ↼) with the chiral loops. Beyond one-loop order,
the RG for X↽(µ↼, µ, a) needs to be formulated at the level of
g
φ
V

(µ↼) to account for the evolution of ε↼(µ↼), leading to
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where
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Q
2
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µ↼ → m↽

)
+

1
4

∑

φ

Q
2
φnφ⇀
(
µ↼ → Mφ) (10)

counts the number of active spin-1/2 (↽) and spin-0 (φ) de-
grees of freedom weighted by their charges Q↽,φ. To obtain the
O(ε2

↼) term in Eq. (9) we used universality of the corresponding
anomalous dimension [29, 85], which allows us to also resum
NLL in the low-energy theory. At one-loop order the depen-
dence of ε↼ on µ↼ can be ignored, and ϑ̃0 reproduces the RG
relation obtained using ChPT beta functions [83, 84]

µ↼
⇁

⇁µ↼
X↽(µ↼, µ, a) =

3
8φ2 . (11)

2.3. Nonperturbative matrix element

Following Ref. [26], the nonperturbative input is collected in

↭̄V

φ (µ0) = →ie
2
∫

d
4
q

(2φ)4
ϱ2 + Q

2

Q4

2The scale in ε(3)
s is chosen following Ref. [35]. Replacing ε(3)

s (µ) ↗
ε(3)

s (µ0) would ensure exact analytic cancellation of µ0 [26].
3The usual S EW correction corresponds to 1 + 2∆S̃ EW(µ↼). The tilde is

introduced to indicate that now we include nonperturbative contributions.
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lation of the structure-dependent corrections has only recently
become available [80, 81].
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ϖ
dL (3)

Cω(µ, a) ↔ ↗ f |Oω|i↘(µ, a)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C
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ω (µ, a) = 1 + O(φ) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1
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1 Introduction

1.1 General View

The basic starting point for any serious phenomenology of weak decays of hadrons is the

effective weak Hamiltonian which has the following generic structure

Heff =
GF√

2

∑

i

V i
CKMCi(µ)Qi . (1.1)

Here GF is the Fermi constant and Qi are the relevant local operators which govern the

decays in question. The Cabibbo-Kobayashi-Maskawa factors V i
CKM [1, 2] and the Wilson

Coefficients Ci [3, 4] describe the strength with which a given operator enters the Hamiltonian.

In the simplest case of the β-decay, Heff takes the familiar form

H(β)
eff =

GF√
2

cos θc[ūγµ(1 − γ5)d ⊗ ēγµ(1 − γ5)νe] , (1.2)

where Vud has been expressed in terms of the Cabibbo angle. In this particular case the Wilson

Coefficient is equal unity and the local operator, the object between the square brackets, is

given by a product of two V −A currents. This local operator is represented by the diagram

(b) in fig. 1. Equation (1.2) represents the Fermi theory for β-decays as formulated by

W

d u

ν e

(a)

d u

ν e

(b)

Figure 1: β-decay at the quark level in the full (a) and effective (b) theory.

Sudarshan and Marshak [5] and Feynman and Gell-Mann [6] forty years ago, except that

in (1.2) the quark language has been used and following Cabibbo a small departure of Vud

from unity has been incorporated. In this context the basic formula (1.1) can be regarded

as a generalization of the Fermi Theory to include all known quarks and leptons as well as

their strong and electroweak interactions as summarized by the Standard Model. It should

be stressed that the formulation of weak decays in terms of effective Hamiltonians is very

suitable for the inclusion of new physics effects. We will discuss this issue briefly in these

lectures.
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1

freedom. In the case at hand the effective theory is constructed by integrating out the W field

only. The matching procedure which gives the values of C1 and C2 proceeds in three steps

[61]. The explicit three steps presented below are sufficient for the subsequent summation of

the leading logarithms or equvalently for the leading term of the RG improved perturbation

theory. We will generalize these steps in the next section in order to be able to include also

the NLO term in this expansion.

Here we go:

Step 1: Calculation of Afull

The current-current diagrams of fig. 15 (a)–(c) and their symmetric counterparts, give for

the full amplitude Afull to O(αs) (mi = 0, p2 < 0):

Afull =
GF√

2
V ∗

csVud

[(

1 + 2CF
αs

4π
(
1

ε
+ ln

µ2

−p2
)

)

S2 +
3

N

αs

4π
ln

M2
W

−p2
S2

−3
αs

4π
ln

M2
W

−p2
S1

]
(5.23)

Here:

S1 ≡ 〈Q1〉tree = (s̄αcβ)V −A(ūβdα)V −A (5.24)

S2 ≡ 〈Q2〉tree = (s̄αcα)V −A(ūβdβ)V −A (5.25)

are just the tree level matrix elements of Q1 and Q2. A few comments should be made.

• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-

plied by ”i”). Correspondingly operator matrix elements are amputated Green functions

with operator insertion. Thus gluonic self energy corrections on external legs are not

included.

W

g

(a)

Wg

(b)

W g

(c)

Figure 15: One-loop current-current diagrams in the full theory.

• For simplicity we have chosen all external momenta p to be equal and set all quark

masses to zero. As we will see below this choice has no impact on the coefficients Ci.
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1 Introduction
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GF√
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V i
CKMCi(µ)Qi . (1.1)

Here GF is the Fermi constant and Qi are the relevant local operators which govern the

decays in question. The Cabibbo-Kobayashi-Maskawa factors V i
CKM [1, 2] and the Wilson

Coefficients Ci [3, 4] describe the strength with which a given operator enters the Hamiltonian.

In the simplest case of the β-decay, Heff takes the familiar form

H(β)
eff =

GF√
2

cos θc[ūγµ(1 − γ5)d ⊗ ēγµ(1 − γ5)νe] , (1.2)

where Vud has been expressed in terms of the Cabibbo angle. In this particular case the Wilson

Coefficient is equal unity and the local operator, the object between the square brackets, is

given by a product of two V −A currents. This local operator is represented by the diagram

(b) in fig. 1. Equation (1.2) represents the Fermi theory for β-decays as formulated by
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Figure 1: β-decay at the quark level in the full (a) and effective (b) theory.
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be stressed that the formulation of weak decays in terms of effective Hamiltonians is very

suitable for the inclusion of new physics effects. We will discuss this issue briefly in these

lectures.

1

freedom. In the case at hand the effective theory is constructed by integrating out the W field

only. The matching procedure which gives the values of C1 and C2 proceeds in three steps

[61]. The explicit three steps presented below are sufficient for the subsequent summation of

the leading logarithms or equvalently for the leading term of the RG improved perturbation

theory. We will generalize these steps in the next section in order to be able to include also

the NLO term in this expansion.

Here we go:

Step 1: Calculation of Afull

The current-current diagrams of fig. 15 (a)–(c) and their symmetric counterparts, give for

the full amplitude Afull to O(αs) (mi = 0, p2 < 0):

Afull =
GF√

2
V ∗

csVud

[(

1 + 2CF
αs

4π
(
1

ε
+ ln

µ2

−p2
)

)

S2 +
3

N

αs

4π
ln

M2
W

−p2
S2

−3
αs

4π
ln

M2
W

−p2
S1

]
(5.23)

Here:

S1 ≡ 〈Q1〉tree = (s̄αcβ)V −A(ūβdα)V −A (5.24)

S2 ≡ 〈Q2〉tree = (s̄αcα)V −A(ūβdβ)V −A (5.25)

are just the tree level matrix elements of Q1 and Q2. A few comments should be made.

• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-

plied by ”i”). Correspondingly operator matrix elements are amputated Green functions

with operator insertion. Thus gluonic self energy corrections on external legs are not

included.

W

g

(a)

Wg

(b)

W g

(c)

Figure 15: One-loop current-current diagrams in the full theory.

• For simplicity we have chosen all external momenta p to be equal and set all quark

masses to zero. As we will see below this choice has no impact on the coefficients Ci.
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tion of the corresponding long-range radiative corrections,
which due to the small phase space for pion ω decay can
proceed in ChPT [62], while for ε decays a full calculation
of the structure-dependent corrections has only recently
become available [82, 83].
Renormalization group and matrix elements—We use

EFT methods to e!ciently compute ω decay rates in the
SM beyond the LL approximation. Integrating out the
weak gauge bosons, the Higgs boson, and the top quark,
we write the pertinent part of the LEFT Lagrangian with
nf active quark flavors in the convention

LLEFT = →2
↑
2GF ēLϑωµL ϖ̄µLϑ

ω
ϖeL (1)

→ 2
↑
2GFVud C

(f)

ε
(µ, a) ēLϑωϖeL ūLϑ

ω
dL + h.c.,

i.e., the Fermi constant GF is defined in muon decay [84],

and a Wilson coe!cient C(f)

ε
(µ, a) = 1 +O(ϱ) describes

the semi-leptonic operator in the nf -flavor theory. It
depends on the LEFT scale µ in the MS scheme as well
as the scheme chosen for the evanescent operator, defined
by E(a)1

ϑ
ϑ
ϑ
ω
ϑ
ε
PL ↓ ϑϑϑωϑεPL = 4

(
4→ aς

)
ϑ
ω
PL ↓ ϑωPL +E(a),

(2)
where d = 4→ 2ς is the dimensional regulator, and naive
dimensional regularization for ϑ5 is used. In these conven-
tions one finds for the Wilson coe!cient in the five-flavor
theory at µ ↔ MW,Z [10, 26, 35, 85–87]

C
(5)

ε
(µ, a) = 1 +

ϱ

φ
log

MZ

µ
+

ϱ

4φ
B(a)→

ϱϱs

4φ2
log

MZ

µ

+
ϱϱs

(4φ)2
Bs(a)→

ϱϱs

4φ2

1

s2
W

(
c
2

W

s2
W

log
MW

MZ

+ 1

)

+O
(
ϱ
2
,ϱϱ

2

s

)
, (3)

whereB(a) = a

3
→4 andBs(a) =

41

6
→

14

9
a parameterize the

scheme dependence, and sW , cW are the sine and cosine of

the weak mixing angle. The e”ective coupling C
(f)

ε
(µ, a)

can be evolved down to the hadronic scale using the
RG equations (RGE). The solution is known to next-to-
leading-logarithmic (NLL)

[
O
(
ϱ
n+1 logn MZ

µ

)]
[26] and

NLLs

[
O
(
ϱϱ

n+1
s

logn MZ
µ

)]
[35] accuracy [88]. The final

result for the decay amplitude is written in the three-
flavor theory in terms of a scheme-independent Wilson

coe!cient C̄(f)

ε
(µ) ↗ C

(f)

ε
(µ, a)/Jf (µ, a) defined in terms

of the quantity Jf (µ, a) that naturally appears in the
solution of the RGE to NLL [88].

Matching to ChPT—Starting from Eq. (1), to achieve
NLL (and NLLs) accuracy one needs to compute the

1 We use here the evanescent scheme parameter a as defined in
Ref. [35], which is related to the conventions of Ref. [26] by
a = 2a[26] + 3.

matrix element of Oε ↗ ēLϑωϖeL ūLϑ
ω
dL between the ap-

propriate external states to O(ϱ) (and O(ϱϱs)), including
finite, nonlogarithmically enhanced terms, whose scheme

dependence will cancel the one in C
(f)

ε
(µ, a). In the EFT

approach, one computes ↘f |Oε |i≃ in ChPT, the low-energy
EFT in which the degrees of freedom are mesons and
baryons, along with light particles involved in the elec-
troweak interactions (photons, charged leptons, and neu-
trinos). Through tree-level and loop amplitudes, ChPT
captures the infrared (IR) physics to a given order in the
low-energy expansion, while encoding the short-distance
and nonperturbative e”ects of hard virtual photons in
appropriate LECs. We next provide a representation of
the LECs contributing to pion ω decay and ε ⇐ φφϖϖ ,
capturing the short-distance contributions to NLL and
NLLs accuracy as well as nonperturbative e”ects origi-
nating at the hadronic scale. Next, we present the main
results, while more details of the derivation are discussed
in the End Matter.
In the spirit of EFT, we factorize the dependence on

the LEFT Wilson coe!cient from the chiral LECs [26], as
a result of which these LECs carry a dependence on both
scales µ and µϱ, and on the evanescent scheme parameter
a. The relevant linear combination of the Xi [113] and
Ki [114] reads

Xς(µϱ, µ, a) ↗

(
X

r

6
→ 4Kr

12
+

4

3
X

r

1

)
(µϱ, µ, a). (4)

Matching LEFT with three quark flavors and ChPT, and
using the results from Refs. [26, 35] for the O(ϱ) and
O(ϱϱs) terms, respectively, we find

→ 2φϱϱ(µϱ)Xς(µϱ, µ, a) ↗ ↭̄V (3)

φ
(µ0)

→
ϱ
(3)(µ)

4φ

(
5

4
+

3

2
log

µ
2
ϱ

µ2
0

+B(a) + 2 log
µ
2
0

µ2

)

+
ϱϱ

(3)

s (µ)

(4φ)2

(
→Bs(a) + 2→ 2 log

µ
2

µ2
0

)
, (5)

where ↭̄V (3)

φ (µ0) represents the nonperturbative matrix
element, ϱϱ(µϱ) denotes the fine-structure constant in
ChPT [26], while the couplings on the right-hand side
refer to MS.2 Combining Wilson coe!cient and matrix
element, we define the scheme-independent short-distance
correction to the vector (Fermi) transitions3

g
φ

V
(µϱ) ↗ 1 +#S̃EW(µϱ) ↗ C̄

(3)

ε
(µ)

[
1 + ↭̄V (3)

φ
(µ0)

2 The scale in ω
(3)
s is chosen following Ref. [35]. Replacing

ω
(3)
s (µ) → ω

(3)
s (µ0) would ensure exact analytic cancellation

of µ0 [26].
3 The usual SEW correction corresponds to 1 + 2!S̃EW(µω). The
tilde is introduced to indicate that now we include nonperturba-
tive contributions.
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Wilson coefficient to NLL

logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
nent part of the LEFT Lagrangian with n f active quark flavors
in the convention

LLEFT = →2
↑

2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (2)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

↓ Oω

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (3)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(φ) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑφϑϖϑωPL ↔ ϑφϑϖϑωPL = 4
(
4 → a↼

)
ϑϖPL ↔ ϑϖPL + E(a), (4)

where d = 4 → 2↼ is the dimensional regulator, and naive di-
mensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ↗ MW,Z [26, 35]

C
(5)
ω (µ, a) = 1 +

φ

↽
log

MZ

µ
+
φ

4↽
B(a) →

φφs

4↽2 log
MZ

µ

+
φφs

(4↽)2 Bs(a) →
φφs

4↽2
1

s
2
W

(
c

2
W

s
2
W

log
MW

MZ

+ 1
)

+ O
(
φ2,φφ2

s

)
, (5)

where B(a) = a

3 → 4 and Bs(a) = 41
6 →

14
9 a parameterize the

scheme dependence, and sW , cW are the sine and cosine of

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.

the weak mixing angle. The effective coupling C
( f )
ω (µ, a) can

be evolved down to the hadronic scale using the RG equa-
tions (RGE). As discussed in Appendix C, the solution is
known to next-to-leading-logarithmic (NLL)

[
O
(
φn+1 logn MZ

µ

)]

and NLLs

[
O
(
φφn+1

s
logn MZ

µ

)]
accuracy. The final result for

the decay amplitude is written in the three-flavor theory in
terms of a scheme-independent Wilson coefficient C̄

( f )
ω (µ) ↓

C
( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity J f (µ, a) that

naturally appears in the solution of the RGE to NLL, see Ap-
pendix C for details.

2.2. Matching to ChPT

Starting from Eq. (1), to achieve NLL (and NLLs) ac-
curacy one needs to compute the matrix element of Oω ↓

ēLϑϖϱeL ūLϑϖdL between the appropriate external states to O(φ)
(and O(φφs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
C

( f )
ω (µ, a). In the EFT approach, one computes ↘ f |Oω|i≃ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ε ⇐ ↽↽ϱε, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ⇀,
and on the evanescent scheme parameter a. The relevant linear
combination of the Xi [83] and Ki [84] reads

Xς(µ⇀, µ, a) ↓
(
X

r

6 → 4K
r

12 +
4
3

X
r

1

)
(µ⇀, µ, a). (6)

Matching LEFT with three quark flavors and ChPT, we find
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)
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s (µ)
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µ2
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0

)
, (7)

where ↭̄V(3)
↽ (µ0) represents the non-perturbative matrix ele-

ments, φ⇀(µ⇀) denotes the fine-structure constant in ChPT [26],
while the couplings on the right-hand side refer to MS.2
Combining Wilson coefficient and matrix element, we define

2The scale in φ(3)
s is chosen following Ref. [35]. Replacing φ(3)

s (µ) ⇐
φ(3)

s (µ0) would ensure exact analytic cancellation of µ0 [26].
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2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ
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i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(φ) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑφϑϖϑωPL ≃ ϑφϑϖϑωPL = 4
(
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)
ϑϖPL ≃ ϑϖPL + E(a) (4)
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where d = 4 → 2↼ is the dimensional regulator, and naive
dimensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ⇐ MW,Z [26, 35]

1We use here the evanescent scheme parameter a as defined in Ref. [35],
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1 Introduction

1.1 General View

The basic starting point for any serious phenomenology of weak decays of hadrons is the

effective weak Hamiltonian which has the following generic structure

Heff =
GF√

2

∑

i

V i
CKMCi(µ)Qi . (1.1)

Here GF is the Fermi constant and Qi are the relevant local operators which govern the

decays in question. The Cabibbo-Kobayashi-Maskawa factors V i
CKM [1, 2] and the Wilson

Coefficients Ci [3, 4] describe the strength with which a given operator enters the Hamiltonian.

In the simplest case of the β-decay, Heff takes the familiar form

H(β)
eff =

GF√
2

cos θc[ūγµ(1 − γ5)d ⊗ ēγµ(1 − γ5)νe] , (1.2)

where Vud has been expressed in terms of the Cabibbo angle. In this particular case the Wilson

Coefficient is equal unity and the local operator, the object between the square brackets, is

given by a product of two V −A currents. This local operator is represented by the diagram
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1

freedom. In the case at hand the effective theory is constructed by integrating out the W field

only. The matching procedure which gives the values of C1 and C2 proceeds in three steps

[61]. The explicit three steps presented below are sufficient for the subsequent summation of

the leading logarithms or equvalently for the leading term of the RG improved perturbation

theory. We will generalize these steps in the next section in order to be able to include also

the NLO term in this expansion.

Here we go:

Step 1: Calculation of Afull

The current-current diagrams of fig. 15 (a)–(c) and their symmetric counterparts, give for

the full amplitude Afull to O(αs) (mi = 0, p2 < 0):

Afull =
GF√

2
V ∗

csVud

[(

1 + 2CF
αs

4π
(
1

ε
+ ln

µ2

−p2
)

)

S2 +
3

N

αs

4π
ln

M2
W

−p2
S2

−3
αs

4π
ln

M2
W

−p2
S1

]
(5.23)

Here:

S1 ≡ 〈Q1〉tree = (s̄αcβ)V −A(ūβdα)V −A (5.24)

S2 ≡ 〈Q2〉tree = (s̄αcα)V −A(ūβdβ)V −A (5.25)

are just the tree level matrix elements of Q1 and Q2. A few comments should be made.

• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-

plied by ”i”). Correspondingly operator matrix elements are amputated Green functions

with operator insertion. Thus gluonic self energy corrections on external legs are not

included.

W

g

(a)

Wg

(b)

W g

(c)

Figure 15: One-loop current-current diagrams in the full theory.

• For simplicity we have chosen all external momenta p to be equal and set all quark

masses to zero. As we will see below this choice has no impact on the coefficients Ci.
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Process-dependent matrix element

logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
nent part of the LEFT Lagrangian with n f active quark flavors
in the convention

LLEFT = →2
↑

2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (2)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

↓ Oω

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (3)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(φ) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑφϑϖϑωPL ↔ ϑφϑϖϑωPL = 4
(
4 → a↼

)
ϑϖPL ↔ ϑϖPL + E(a), (4)

where d = 4 → 2↼ is the dimensional regulator, and naive di-
mensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ↗ MW,Z [26, 35]

C
(5)
ω (µ, a) = 1 +

φ

↽
log

MZ

µ
+
φ

4↽
B(a) →

φφs

4↽2 log
MZ

µ

+
φφs

(4↽)2 Bs(a) →
φφs

4↽2
1

s
2
W

(
c

2
W

s
2
W

log
MW

MZ

+ 1
)

+ O
(
φ2,φφ2

s

)
, (5)

where B(a) = a

3 → 4 and Bs(a) = 41
6 →

14
9 a parameterize the

scheme dependence, and sW , cW are the sine and cosine of

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.

the weak mixing angle. The effective coupling C
( f )
ω (µ, a) can

be evolved down to the hadronic scale using the RG equa-
tions (RGE). As discussed in Appendix C, the solution is
known to next-to-leading-logarithmic (NLL)

[
O
(
φn+1 logn MZ

µ

)]

and NLLs

[
O
(
φφn+1

s
logn MZ

µ

)]
accuracy. The final result for

the decay amplitude is written in the three-flavor theory in
terms of a scheme-independent Wilson coefficient C̄

( f )
ω (µ) ↓

C
( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity J f (µ, a) that

naturally appears in the solution of the RGE to NLL, see Ap-
pendix C for details.

2.2. Matching to ChPT

Starting from Eq. (1), to achieve NLL (and NLLs) ac-
curacy one needs to compute the matrix element of Oω ↓

ēLϑϖϱeL ūLϑϖdL between the appropriate external states to O(φ)
(and O(φφs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
C

( f )
ω (µ, a). In the EFT approach, one computes ↘ f |Oω|i≃ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ε ⇐ ↽↽ϱε, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ⇀,
and on the evanescent scheme parameter a. The relevant linear
combination of the Xi [83] and Ki [84] reads

Xς(µ⇀, µ, a) ↓
(
X

r

6 → 4K
r

12 +
4
3

X
r

1

)
(µ⇀, µ, a). (6)

Matching LEFT with three quark flavors and ChPT, we find

→ 2↽φ⇀(µ⇀)Xς(µ⇀, µ, a) ↓ ↭̄V(3)
↽ (µ0)

→
φ(3)(µ)

4↽

(5
4
+

3
2

log
µ2
⇀

µ2
0
+ B(a) + 2 log

µ2
0

µ2

)

+
φφ(3)

s (µ)
(4↽)2

(
→ Bs(a) + 2 → 2 log

µ2

µ2
0

)
, (7)

where ↭̄V(3)
↽ (µ0) represents the non-perturbative matrix ele-

ments, φ⇀(µ⇀) denotes the fine-structure constant in ChPT [26],
while the couplings on the right-hand side refer to MS.2
Combining Wilson coefficient and matrix element, we define

2The scale in φ(3)
s is chosen following Ref. [35]. Replacing φ(3)

s (µ) ⇐
φ(3)

s (µ0) would ensure exact analytic cancellation of µ0 [26].

2

scattering” region of the �W box in the literature) that amounts to a net +0.007% in �R; (iv) finally,
di↵erent choices in the factorization between electroweak and mN/me logarithms compared to Refs. [7, 37]
account for the remaining mismatch.

Using �f,R from Eqs. (6)-(5), respectively, in the master formula (4), we can extract Vud. This requires
experimental input for the neutron lifetime ⌧n and the ratio � of axial to vector couplings. Using the
PDG [56, 57] averages for the experimental input, we obtain

V
n, PDG
ud

= 0.97430(2)�f (13)�R(82)�(28)⌧n [88]total. (7)

Both ⌧n and � carry an inflated error due to scale factors. Following Ref. [7], if we instead use the most
precise neutron lifetime measurement ⌧n = 877.75(36) s from UCN⌧@LANL [58] and the determination
of � from the most precise measurement of the beta asymmetry in polarized neutron decay by PERKEO-
III [59, 60], we obtain a very competitive extraction of Vud from neutron decay:

V
n, best
ud

= 0.97402(2)�f (13)�R(35)�(20)⌧n [42]total, (8)

with an uncertainty approaching the currently quoted error �Vud = 31 ⇥ 10�5 from 0+ ! 0+ nuclear
beta decays [6]. Compared to the baseline correction of Refs. [1–5, 7, 49], the positive shift of +0.061%
in �R and the negative shift of �0.035% in �f partially compensate, producing a smaller positive shift
of +0.026% in the correction to the rate. This one, in turn, provides a negative shift in Vud, �Vud '

�13⇥ 10�5, compared to the results quoted in Ref. [7].
In the remainder of this paper, we provide details on the derivation of the results presented above.

3 Step I: matching the Standard Model to LEFT

In this Section, we perform the matching of the Standard Model to the LEFT at one-loop level and
present the RGE that control the e↵ective couplings in the LEFT between the electroweak and QCD
scales. We then introduce spurions and external sources in the LEFT to describe the electromagnetic
and weak interactions of quarks [46, 61], which is particularly useful in the matching of LEFT to chiral
perturbation theory, to be described in subsequent sections. Throughout, we regulate the UV divergences
in dimensional regularization, working in d = 4� 2✏ spacetime dimensions.

3.1 Wilson coe�cient and RGE

The part of the LEFT Lagrangian relevant for muon and � decays just below the weak scale reads

LFermi = �
GF
p
2
Vud C�(µ) ¯̀�↵(1� �5)⌫` ū�

↵(1� �5)d+ ... (9)

hf | |ii

hf | |ii

LLEFT = �2
p
2GF ēL�⇢µL ⌫̄µL�

⇢
⌫eL � 2

p
2GFVud C

r

�(a, µ) ēL�⇢⌫eL ūL�
⇢
dL + h.c.+ ... . (10)

Here µ denotes the MS renormalization scale and

GF =
⇡↵ (µ) g (µ)

p
2M2

W
(µ) s2

W
(µ)

, (11)

is the scale-independent Fermi constant, that is extracted from precise measurements of the muon life-
time [62–65], expressed in terms of MS Standard Model parameters (with s

2
W

= 1 � M
2
W
/M

2
Z
). The

function g (µ) can be found in Ref. [66] and reduces to g (µ) = 1 at tree level. The e↵ective coupling
multiplying the semileptonic operator that mediates � decays involves the same GF as the pure-leptonic
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Matrix elements to O(α)

Figure B.2: Diagrams contributing to the O(ω) corrections to ε decays in LEFT.
Double lines represent hadronic states, single lines leptons, and wavy lines
photons. The weak and electromagnetic current insertions are represented by
hatched circles.

the universal IR singularity, irrespective of hadron spin:

V
IR
µϑ (k) = →h f (p f )|Vµ(0)|hi(pi)↑

vϑ

v · k
+ O(k0), (B.4)

where vϑ is the four-velocity of the charged hadron involved
in the ε decay. We have written this in a form that makes it
clear that the hadron mass (or spin) does not play any role in
these leading corrections. The loops evaluated with the univer-
sal term in V

IR
µϑ (k) are UV divergent and the finite parts defined

in MS, when combined with the leading Low contribution to
real photon emission, lead to the usual Sirlin function [6] up to
a constant term. The terms of O(k0) lead to corrections propor-
tional to |pe|/Mhad, usually neglected.10

The treatment of the contributions from the axial-vector
weak current and isoscalar electromagnetic current (Aµϑ) is
more subtle, as this term involves evanescent structures (as
seen from Eq. (B.3)) and receives O(ωs) corrections [10, 35].
In order to make contact with nonperturbative input from lat-
tice QCD or dispersive calculations, in the context of neutron
decay Refs. [26, 35] introduced an intermediate renormaliza-
tion scheme that subtracts the large-momentum part of the pho-
ton loop integral involving Aµϑ, controlled by the OPE. This
amounts to replacing the last two lines in Eq. (B.3) with the UV
convergent quantity

↓
2GFVudC

(3)
ε ϖ
ϑωµϱ

J
lept
ϱ e

2
∫

d
4
k

(2ς)4

kω
[
Aµϑ(k) ↔ A

OPE
µϑ (k, µ0)

]

(k2 + iϖ)2(k̃2 ↔ m2
e
+ iϖ)

,

in which the Dirac algebra has been performed in d = 4 di-
mensions. This scheme also introduces the arbitrary scale µ0 in
the OPE subtraction [26], which serves as a factorization scale
and regulates IR divergences. The crucial final step is to con-
nect this finite operator to the MS operator, which requires an
additional finite and evanescent-scheme dependent renormal-
ization. This scheme-matching conversion was worked out to
O(ω) in Ref. [26] and to O(ωωs) in Ref. [35], to which we refer
for further details.

Having studied the amplitude in LEFT, we are now ready to
match to ChPT. Based on the above discussion, one can see that
the ChPT amplitude (for any process, such as pion or neutron
decay) coincides with the first two lines of Eq. (B.3), up to cor-
rections of order |pe|/Mhad, irrelevant at the order at which we

10They are kept in the full relativistic loop function in the ChPT analysis of
pion ε decay [62].

work. In fact, the machinery of ChPT builds up Vµϑ in terms
of low-lying states, thus capturing the leading IR behavior, and
incorporates the Ward identities, so that the ChPT loops must
respect the form of Eq. (B.3).11 If one used the same regu-
larization and subtraction scheme in LEFT and ChPT ampli-
tudes, the first two lines of Eq. (B.3) would be identical in the
two theories and contribute nothing to the matching. Since
indeed one uses different dimensional-regularization scales in
the two theories (µ and µφ) and the two minimal-subtraction
schemes differ by a constant (MS versus MSφ), there is a (triv-
ial) contribution to the matching from the IR loops. In the
case of neutron decay this contribution to the matching leads to
↔X6/2+2(V1+V2)↔g9 = (3/2)/(4ς)2(1↔log(µ2

φ/µ
2)) [26]. Sim-

ilarly, in the case of pion decay we obtain ↔X̂6/2↔2(X̂2↔K12) =
(3/2)/(4ς)2(1↔ log(µ2

φ/µ
2)). On the other hand, the integrals in-

volving the axial-vector current (usually referred to as the “↼W
box” contribution, even though at low energy after integrating
out the W boson the box reduces to a triangle diagram) are not
dominated by IR scales and in fact there is no corresponding
term in the ChPT loops—they correspond to local operators
in ChPT. Therefore, the Aµϑ terms in Eq. (B.3) contribute to
the matching both a finite nonperturbative term and a scheme-
dependent perturbative term. In the case of neutron decay the
↼W box contribution is encoded in the combination of LECs
2(V3 +V4) (see Eq. (73) of Ref. [26]), while for pion decay it is
encoded by the combination ↔(2/3)(X1 + X̂1) (see Eq. (A.3)).

The arguments sketched above lead to the universal form for
the matching condition in Eq. (6) and the universal shift to the
decay rate given in Eq. (16), which agree with the previous re-
sults obtained in the specific case of neutron decay [26, 35, 95].

Appendix C. Renormalization group to NLL

The Wilson coefficient C
( f )
ε and the QED and QCD couplings

satisfy the following RGE:

µ
dC

( f )
ε

dµ
= ↼(ω,ωs) C

( f )
ε ,

µ
dω( f )

dµ
= ↔2ω( f )

[
ε( f )

0
ω( f )

4ς
+ ε( f )

1

(ω( f )

4ς

)2]
,

µ
dω( f )

s

dµ
= ↔2ω( f )

s

[
ε( f )

0s

ω( f )
s

4ς
+ ε( f )

1s

(ω( f )
s

4ς

)2]
, (C.1)

with [10, 26, 35, 121]

↼(ω,ωs) = ↼0
ω(µ)
4ς
+↼( f )

1
ω2(µ)
(4ς)2 +↼̃0

ωωs(µ)
(4ς)2 +↼̃

( f )
1
ωω2

s
(µ)

(4ς)3 , (C.2)

and

↼0 = ↔4, ↼( f )
1 =

8
9

Q2 (a ↔ 2),

11In the case of neutron decay, the second term in the first line of Eq. (B.3)
and part of the second line correspond to the vertex correction (triangle dia-
gram). The proton wavefunction renormalization is included in the V

ω
ω term in

the second line. Similar arguments apply to pion ε decay. In that case, more
diagrams appear in ChPT due to a ↼W tadpole needed to satisfy the Ward iden-
tities. When everything is expressed in terms of Vµϑ, the expressions match.
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Figure 2: Diagrams that contribute to �VW in HBChPT are shown. Single lines denote electrons and
neutrinos. The remaining notations are the same as in Fig. 1. In this case, the sources inject zero
momentum. The first two diagrams originate from the LO ⇡N Lagrangian L

p

⇡N
, the last diagram denotes

contributions from L
e
2
p

⇡N`
. Diagrams with the sources coupling to pions do not contribute at this order.

To highlight the UV structure of Eq. (47), we add and subtract the high-energy limit of the hadronic
tensor provided by the operator product expansion (OPE)
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where for the OPE of the relevant currents we use results from Refs. [83, 84], adapted to include the
appropriate color factors [35]. Since our calculation is only accurate at leading logarithm in O(↵↵s),
the O(↵s) correction to the OPE is computed in d = 4. Note that in Eq. (49) we have introduced an
arbitrary scale µ0 to regulate infrared divergences that appear when evaluating the convolution integrals
with TOPE. Performing the relevant integrations, we obtain
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where T denotes the subtracted hadronic tensor, T = T � TOPE. T depends on µ0 in such a way that the
final results are µ0-independent. Finally, note that we are dropping terms of O(↵↵s) that appear without
logarithmic enhancements, because they are beyond the accuracy of our calculation.

Equating Eqs. (45) and (46), we obtain a representation for g9:
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Alternatively, to control the infrared region and see a cancellation of the infrared divergences, we can
introduce the combination T̃ = T �TIR, where TIR is the leading infrared contribution gµ⌫T

µ⌫

IR = i/ (v · q)
and obtain
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4.3 Electroweak coupling constants

We follow the same strategy for the determination of the electroweak coupling constants. In this case, the
operators V1 and V2 receive contributions from the isovector component of the electromagnetic charges,
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To highlight the UV structure of Eq. (47), we add and subtract the high-energy limit of the hadronic
tensor provided by the operator product expansion (OPE)
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where for the OPE of the relevant currents we use results from Refs. [83, 84], adapted to include the
appropriate color factors [35]. Since our calculation is only accurate at leading logarithm in O(↵↵s),
the O(↵s) correction to the OPE is computed in d = 4. Note that in Eq. (49) we have introduced an
arbitrary scale µ0 to regulate infrared divergences that appear when evaluating the convolution integrals
with TOPE. Performing the relevant integrations, we obtain
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where T denotes the subtracted hadronic tensor, T = T � TOPE. T depends on µ0 in such a way that the
final results are µ0-independent. Finally, note that we are dropping terms of O(↵↵s) that appear without
logarithmic enhancements, because they are beyond the accuracy of our calculation.
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Alternatively, to control the infrared region and see a cancellation of the infrared divergences, we can
introduce the combination T̃ = T �TIR, where TIR is the leading infrared contribution gµ⌫T
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IR = i/ (v · q)
and obtain
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4.3 Electroweak coupling constants

We follow the same strategy for the determination of the electroweak coupling constants. In this case, the
operators V1 and V2 receive contributions from the isovector component of the electromagnetic charges,
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Figure 1: Diagrams that contribute to �V V in HBChPT are shown. Double, wiggly, and dashed lines
denote nucleons, photons, and pions, respectively. Dashed circles denote insertions of the sources qa,b

V
.

The arrows denote the flow of the momentum r inserted by the sources. The first three diagrams originate

from the leading-order ⇡ and ⇡N Lagrangians, Lp
2

⇡ , Le
2

⇡ , and L
p

⇡N
[44, 80, 82], which are presented in

Eq. (32). The last diagram denotes contributions from L
e
2
p

⇡N
and is proportional to g9.

where k and k
0 are the nucleon momenta, � and �

0 denote the nucleon spins, and i, j the nucleon isospins.
We take the nucleon to be at rest, k = k

0 = mNv and use the nonrelativistic normalization for heavy-
particle states hN (k0,�0

, j) |N (k,�, i)i = (2⇡)3�(3)(k � k0)�ij���
0
. W = �i lnZ denotes the generating

functional of the connected diagrams.
�V V needs to be computed in both HBChPT and LEFT, and, in both theories, it receives tree-level

and loop contributions. The contributions to �V V in HBChPT are illustrated in Fig. 1. The short-range

contributions are determined by LECs in the Le
2
p

⇡N
Lagrangian. g9 provides the only contribution to �V V .

The loops are determined by couplings in the leading-order (LO) pion and pion-nucleon Lagrangians. In
particular, the diagram with pion-mass splitting Z⇡ is symmetric in isospin, and vanishes once contracted
with the Levi-Civita tensor, so that the loop corrections are purely determined by the minimal coupling
of the photon to the nucleon. In arbitrary R⇠ gauge, we introduce the photon mass �� as an infrared
regulator and obtain
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g
r
9(µ�, µ) in the second line denotes the renormalized coupling, after subtraction of the 1/" pole in the
MS� scheme. For ⇠ = 1, the anomalous dimension of gr9(µ�, µ) agrees with the result of Ref. [80], so that
Eq. (45) is independent of the scale µ�.

In the LEFT, the same matrix element is given by
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Eq. (46) contains a tree-level term, proportional to the counterterm g23 that cancels the divergences
generated by loop diagrams. The loop contribution contains the hadronic tensor Tµ⌫

V V
(q, v), which can be

expressed in terms of the two-point correlation function of quark currents. Here, we use the definition [34]

T
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The gauge-dependent term in Eq. (46) is obtained using

qµT
µ⌫

V V
(q, v) = qµT

⌫µ

V V
(q, v) = iv

⌫
, (48)

which follows from the conservation of the vector current.
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Figure1:Diagramsthatcontributeto�VVinHBChPTareshown.Double,wiggly,anddashedlines
denotenucleons,photons,andpions,respectively.Dashedcirclesdenoteinsertionsofthesourcesq

a,b

V.
Thearrowsdenotetheflowofthemomentumrinsertedbythesources.Thefirstthreediagramsoriginate

fromtheleading-order⇡and⇡NLagrangians,L
p2

⇡,L
e2

⇡,andL
p

⇡N[44,80,82],whicharepresentedin

Eq.(32).ThelastdiagramdenotescontributionsfromL
e2p

⇡Nandisproportionaltog9.

wherekandk0arethenucleonmomenta,�and�0denotethenucleonspins,andi,jthenucleonisospins.
Wetakethenucleontobeatrest,k=k0=mNvandusethenonrelativisticnormalizationforheavy-
particlestateshN(k0,�0,j)|N(k,�,i)i=(2⇡)3�(3)(k�k0)�ij���0

.W=�ilnZdenotesthegenerating
functionaloftheconnecteddiagrams.

�VVneedstobecomputedinbothHBChPTandLEFT,and,inboththeories,itreceivestree-level
andloopcontributions.Thecontributionsto�VVinHBChPTareillustratedinFig.1.Theshort-range

contributionsaredeterminedbyLECsintheL
e2p

⇡NLagrangian.g9providestheonlycontributionto�VV.
Theloopsaredeterminedbycouplingsintheleading-order(LO)pionandpion-nucleonLagrangians.In
particular,thediagramwithpion-masssplittingZ⇡issymmetricinisospin,andvanishesoncecontracted
withtheLevi-Civitatensor,sothattheloopcorrectionsarepurelydeterminedbytheminimalcoupling
ofthephotontothenucleon.InarbitraryR⇠gauge,weintroducethephotonmass��asaninfrared
regulatorandobtain
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9(µ�,µ)inthesecondlinedenotestherenormalizedcoupling,aftersubtractionofthe1/"poleinthe
MS�scheme.For⇠=1,theanomalousdimensionofg
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Eq.(45)isindependentofthescaleµ�.
IntheLEFT,thesamematrixelementisgivenby

�VV|
LEFT

=e
2

 
�g23+

ˆd
d
q

(2⇡)
d

v·qgµ⌫T
µ⌫

VV(q,v)
�
q2��2

�

�2+
1�⇠

2

ˆid
d
q

(2⇡)
d

1
�
q2��2

�

��
q2�⇠�2

�

�
!
.(46)

Eq.(46)containsatree-levelterm,proportionaltothecountertermg23thatcancelsthedivergences
generatedbyloopdiagrams.TheloopcontributioncontainsthehadronictensorT

µ⌫

VV(q,v),whichcanbe
expressedintermsofthetwo-pointcorrelationfunctionofquarkcurrents.Here,weusethedefinition[34]
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whichfollowsfromtheconservationofthevectorcurrent.
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Figure 2: Diagrams that contribute to �VW in HBChPT are shown. Single lines denote electrons and
neutrinos. The remaining notations are the same as in Fig. 1. In this case, the sources inject zero
momentum. The first two diagrams originate from the LO ⇡N Lagrangian L

p

⇡N
, the last diagram denotes

contributions from L
e
2
p

⇡N`
. Diagrams with the sources coupling to pions do not contribute at this order.

To highlight the UV structure of Eq. (47), we add and subtract the high-energy limit of the hadronic
tensor provided by the operator product expansion (OPE)
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where for the OPE of the relevant currents we use results from Refs. [83, 84], adapted to include the
appropriate color factors [35]. Since our calculation is only accurate at leading logarithm in O(↵↵s),
the O(↵s) correction to the OPE is computed in d = 4. Note that in Eq. (49) we have introduced an
arbitrary scale µ0 to regulate infrared divergences that appear when evaluating the convolution integrals
with TOPE. Performing the relevant integrations, we obtain
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where T denotes the subtracted hadronic tensor, T = T � TOPE. T depends on µ0 in such a way that the
final results are µ0-independent. Finally, note that we are dropping terms of O(↵↵s) that appear without
logarithmic enhancements, because they are beyond the accuracy of our calculation.

Equating Eqs. (45) and (46), we obtain a representation for g9:
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Alternatively, to control the infrared region and see a cancellation of the infrared divergences, we can
introduce the combination T̃ = T �TIR, where TIR is the leading infrared contribution gµ⌫T

µ⌫

IR = i/ (v · q)
and obtain
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4.3 Electroweak coupling constants

We follow the same strategy for the determination of the electroweak coupling constants. In this case, the
operators V1 and V2 receive contributions from the isovector component of the electromagnetic charges,
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k

k

neutron decay (I = 1/2), pion decay (I = 1), and 0+ → 0+
nuclear decays (I = 1). Therefore, the mass splitting, the mo-
mentum transfer q = pi ↑ p f , and the electron endpoint energy
E0 are all quantities of first order in IB, O

(
ω, (mu ↑md)/ΛQCD

)
.

In terms of the correlators of the electromagnetic and weak vec-
tor or axial-vector currents (W = V, A),9

W
µε(k) = i

∫
d

d
x e
↑ik·x
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∣∣∣T
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µ(0)J

ε
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}∣∣∣hi(pi)
〉
,

(B.2)
including the O(ω) electromagnetic corrections de-
picted in Fig. B.2, the LEFT ϑ decay amplitude
A = ↑2

↓
2GFVudC

(3)
ϑ ↔ε̄eeh f |Oϑ|hi↗ can be written in Feynman

gauge as
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kωAµε(k)
(k2 + iϱ)2(k̃2 ↑ m2

e
+ iϱ)

, (B.3)

where k̃ = k + pe. Throughout, we use dimensional regulariza-
tion with anti-commuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V ↑ A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

εµ = kµV
µε = ↔h f |V

ε
|hi↗ + O(ω, q/Mhad)), the

term involving Vµε(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµε(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

ω
ω (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµε(k).

We next discuss the matrix element ↔ε̄eeh f |Oϑ|hi↗ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµε, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµε(k) ≃ 1/k, which

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k → ↑k

and an exponential e
i(p f ↑pi)·x due to translational invariance.

Figure B.2: Diagrams contributing to the O(ω) corrections to ϑ decays in LEFT.
Double lines represent hadronic states, single lines leptons, and wavy lines
photons. The weak and electromagnetic current insertions are represented by
hatched circles.

in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµε that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron ϑ decay [62, 90] use
slightly different forms for Vµε(k), which, however, all share
the universal IR singularity, irrespective of hadron spin:

V
IR
µε (k) = ↔h f (p f )|Vµ(0)|hi(pi)↗

vε

v · k
+ O(k0), (B.4)

where vε is the four-velocity of the charged hadron involved
in the ϑ decay. We have written this in a form that makes it
clear that the hadron mass (or spin) does not play any role in
these leading corrections. The loops evaluated with the univer-
sal term in V

IR
µε (k) are UV divergent and the finite parts defined

in MS, when combined with the leading Low contribution to
real photon emission, lead to the usual Sirlin function [6] up to
a constant term. The terms of O(k0) lead to corrections propor-
tional to |pe|/Mhad, usually neglected.10

The treatment of the contributions from the axial-vector
weak current and isoscalar electromagnetic current (Aµε) is
more subtle, as this term involves evanescent structures (as
seen from Eq. (B.3)) and receives O(ωs) corrections [10, 35].
In order to make contact with non-perturbative input from lat-
tice QCD or dispersive calculations, in the context of neutron
decay Refs. [26, 35] introduced an intermediate renormaliza-
tion scheme that subtracts the large-momentum part of the pho-
ton loop integral involving Aµε, controlled by the OPE. This
amounts to replacing the last two lines in Eq. (B.3)) with the
UV convergent quantity

↓
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εωµφ

J
lept
φ e
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e
+ iϱ)

,

in which the Dirac algebra has been performed in d = 4 di-
mensions This scheme also introduces the arbitrary scale µ0 in
the OPE subtraction [26], which serves as a factorization scale
and regulates IR divergences. The crucial final step is to con-
nect this finite operator to the MS operator, which requires an
additional finite and evanescent-scheme dependent renormal-
ization. This scheme-matching conversion was worked out to
O(ω) in Ref. [26] and to O(ωωs) in Ref. [35], to which we refer
for further details.

10They are kept in the full relativistic loop function in the ChPT analysis of
pion ϑ decay [62].
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hadron state
  (For example, π+, π0)

• M.E. depends on hadronic structure & needs to reabsorb the scheme dependence of W.C. — a constant 

• For 𝜏→ππν𝜏 ,  this can be achieved in the region of  √sππ  << GeV,  where χPT applies 
Dr

af
t

Dispersive calculation

⌧ ⌧
⌫⌧

⇡

⇡0

⇡
� W

Dominant correction from pion pole in →ωω0|jµemjωW |0↑

ε↓ reduces to ChPT for point-like form factors

Matching at low energies

f full
loop(s, t) = f disp

loop (s, t)→ f disp
loop (0, 0) + f ChPT

loop (0)

ε↓ ensures that IR structure and chiral logs are correct

Checked that limits match onto ChPT, including narrow-width limit and Mε ↓ ↔ for

UV divergence
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Process-dependent matrix element

logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
nent part of the LEFT Lagrangian with n f active quark flavors
in the convention

LLEFT = →2
↑

2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (2)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

↓ Oω

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (3)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(φ) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑφϑϖϑωPL ↔ ϑφϑϖϑωPL = 4
(
4 → a↼

)
ϑϖPL ↔ ϑϖPL + E(a), (4)

where d = 4 → 2↼ is the dimensional regulator, and naive di-
mensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ↗ MW,Z [26, 35]

C
(5)
ω (µ, a) = 1 +

φ

↽
log

MZ

µ
+
φ

4↽
B(a) →

φφs

4↽2 log
MZ

µ

+
φφs

(4↽)2 Bs(a) →
φφs

4↽2
1

s
2
W

(
c

2
W

s
2
W

log
MW

MZ

+ 1
)

+ O
(
φ2,φφ2

s

)
, (5)

where B(a) = a

3 → 4 and Bs(a) = 41
6 →

14
9 a parameterize the

scheme dependence, and sW , cW are the sine and cosine of

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.

the weak mixing angle. The effective coupling C
( f )
ω (µ, a) can

be evolved down to the hadronic scale using the RG equa-
tions (RGE). As discussed in Appendix C, the solution is
known to next-to-leading-logarithmic (NLL)

[
O
(
φn+1 logn MZ

µ

)]

and NLLs

[
O
(
φφn+1

s
logn MZ

µ

)]
accuracy. The final result for

the decay amplitude is written in the three-flavor theory in
terms of a scheme-independent Wilson coefficient C̄

( f )
ω (µ) ↓

C
( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity J f (µ, a) that

naturally appears in the solution of the RGE to NLL, see Ap-
pendix C for details.

2.2. Matching to ChPT

Starting from Eq. (1), to achieve NLL (and NLLs) ac-
curacy one needs to compute the matrix element of Oω ↓

ēLϑϖϱeL ūLϑϖdL between the appropriate external states to O(φ)
(and O(φφs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
C

( f )
ω (µ, a). In the EFT approach, one computes ↘ f |Oω|i≃ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ε ⇐ ↽↽ϱε, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ⇀,
and on the evanescent scheme parameter a. The relevant linear
combination of the Xi [83] and Ki [84] reads

Xς(µ⇀, µ, a) ↓
(
X

r

6 → 4K
r

12 +
4
3

X
r

1

)
(µ⇀, µ, a). (6)

Matching LEFT with three quark flavors and ChPT, we find

→ 2↽φ⇀(µ⇀)Xς(µ⇀, µ, a) ↓ ↭̄V(3)
↽ (µ0)

→
φ(3)(µ)

4↽

(5
4
+

3
2

log
µ2
⇀

µ2
0
+ B(a) + 2 log

µ2
0

µ2

)

+
φφ(3)

s (µ)
(4↽)2

(
→ Bs(a) + 2 → 2 log

µ2

µ2
0

)
, (7)

where ↭̄V(3)
↽ (µ0) represents the non-perturbative matrix ele-

ments, φ⇀(µ⇀) denotes the fine-structure constant in ChPT [26],
while the couplings on the right-hand side refer to MS.2
Combining Wilson coefficient and matrix element, we define

2The scale in φ(3)
s is chosen following Ref. [35]. Replacing φ(3)

s (µ) ⇐
φ(3)

s (µ0) would ensure exact analytic cancellation of µ0 [26].

2

scattering” region of the �W box in the literature) that amounts to a net +0.007% in �R; (iv) finally,
di↵erent choices in the factorization between electroweak and mN/me logarithms compared to Refs. [7, 37]
account for the remaining mismatch.

Using �f,R from Eqs. (6)-(5), respectively, in the master formula (4), we can extract Vud. This requires
experimental input for the neutron lifetime ⌧n and the ratio � of axial to vector couplings. Using the
PDG [56, 57] averages for the experimental input, we obtain

V
n, PDG
ud

= 0.97430(2)�f (13)�R(82)�(28)⌧n [88]total. (7)

Both ⌧n and � carry an inflated error due to scale factors. Following Ref. [7], if we instead use the most
precise neutron lifetime measurement ⌧n = 877.75(36) s from UCN⌧@LANL [58] and the determination
of � from the most precise measurement of the beta asymmetry in polarized neutron decay by PERKEO-
III [59, 60], we obtain a very competitive extraction of Vud from neutron decay:

V
n, best
ud

= 0.97402(2)�f (13)�R(35)�(20)⌧n [42]total, (8)

with an uncertainty approaching the currently quoted error �Vud = 31 ⇥ 10�5 from 0+ ! 0+ nuclear
beta decays [6]. Compared to the baseline correction of Refs. [1–5, 7, 49], the positive shift of +0.061%
in �R and the negative shift of �0.035% in �f partially compensate, producing a smaller positive shift
of +0.026% in the correction to the rate. This one, in turn, provides a negative shift in Vud, �Vud '

�13⇥ 10�5, compared to the results quoted in Ref. [7].
In the remainder of this paper, we provide details on the derivation of the results presented above.

3 Step I: matching the Standard Model to LEFT

In this Section, we perform the matching of the Standard Model to the LEFT at one-loop level and
present the RGE that control the e↵ective couplings in the LEFT between the electroweak and QCD
scales. We then introduce spurions and external sources in the LEFT to describe the electromagnetic
and weak interactions of quarks [46, 61], which is particularly useful in the matching of LEFT to chiral
perturbation theory, to be described in subsequent sections. Throughout, we regulate the UV divergences
in dimensional regularization, working in d = 4� 2✏ spacetime dimensions.

3.1 Wilson coe�cient and RGE

The part of the LEFT Lagrangian relevant for muon and � decays just below the weak scale reads

LFermi = �
GF
p
2
Vud C�(µ) ¯̀�↵(1� �5)⌫` ū�

↵(1� �5)d+ ... (9)

hf | |ii

hf | |ii

LLEFT = �2
p
2GF ēL�⇢µL ⌫̄µL�

⇢
⌫eL � 2

p
2GFVud C

r

�(a, µ) ēL�⇢⌫eL ūL�
⇢
dL + h.c.+ ... . (10)

Here µ denotes the MS renormalization scale and

GF =
⇡↵ (µ) g (µ)

p
2M2

W
(µ) s2

W
(µ)

, (11)

is the scale-independent Fermi constant, that is extracted from precise measurements of the muon life-
time [62–65], expressed in terms of MS Standard Model parameters (with s

2
W

= 1 � M
2
W
/M

2
Z
). The

function g (µ) can be found in Ref. [66] and reduces to g (µ) = 1 at tree level. The e↵ective coupling
multiplying the semileptonic operator that mediates � decays involves the same GF as the pure-leptonic

7

Matrix elements to O(α)

Figure B.2: Diagrams contributing to the O(ω) corrections to ε decays in LEFT.
Double lines represent hadronic states, single lines leptons, and wavy lines
photons. The weak and electromagnetic current insertions are represented by
hatched circles.

the universal IR singularity, irrespective of hadron spin:

V
IR
µϑ (k) = →h f (p f )|Vµ(0)|hi(pi)↑

vϑ

v · k
+ O(k0), (B.4)

where vϑ is the four-velocity of the charged hadron involved
in the ε decay. We have written this in a form that makes it
clear that the hadron mass (or spin) does not play any role in
these leading corrections. The loops evaluated with the univer-
sal term in V

IR
µϑ (k) are UV divergent and the finite parts defined

in MS, when combined with the leading Low contribution to
real photon emission, lead to the usual Sirlin function [6] up to
a constant term. The terms of O(k0) lead to corrections propor-
tional to |pe|/Mhad, usually neglected.10

The treatment of the contributions from the axial-vector
weak current and isoscalar electromagnetic current (Aµϑ) is
more subtle, as this term involves evanescent structures (as
seen from Eq. (B.3)) and receives O(ωs) corrections [10, 35].
In order to make contact with nonperturbative input from lat-
tice QCD or dispersive calculations, in the context of neutron
decay Refs. [26, 35] introduced an intermediate renormaliza-
tion scheme that subtracts the large-momentum part of the pho-
ton loop integral involving Aµϑ, controlled by the OPE. This
amounts to replacing the last two lines in Eq. (B.3) with the UV
convergent quantity

↓
2GFVudC

(3)
ε ϖ
ϑωµϱ

J
lept
ϱ e

2
∫

d
4
k

(2ς)4

kω
[
Aµϑ(k) ↔ A

OPE
µϑ (k, µ0)

]

(k2 + iϖ)2(k̃2 ↔ m2
e
+ iϖ)

,

in which the Dirac algebra has been performed in d = 4 di-
mensions. This scheme also introduces the arbitrary scale µ0 in
the OPE subtraction [26], which serves as a factorization scale
and regulates IR divergences. The crucial final step is to con-
nect this finite operator to the MS operator, which requires an
additional finite and evanescent-scheme dependent renormal-
ization. This scheme-matching conversion was worked out to
O(ω) in Ref. [26] and to O(ωωs) in Ref. [35], to which we refer
for further details.

Having studied the amplitude in LEFT, we are now ready to
match to ChPT. Based on the above discussion, one can see that
the ChPT amplitude (for any process, such as pion or neutron
decay) coincides with the first two lines of Eq. (B.3), up to cor-
rections of order |pe|/Mhad, irrelevant at the order at which we

10They are kept in the full relativistic loop function in the ChPT analysis of
pion ε decay [62].

work. In fact, the machinery of ChPT builds up Vµϑ in terms
of low-lying states, thus capturing the leading IR behavior, and
incorporates the Ward identities, so that the ChPT loops must
respect the form of Eq. (B.3).11 If one used the same regu-
larization and subtraction scheme in LEFT and ChPT ampli-
tudes, the first two lines of Eq. (B.3) would be identical in the
two theories and contribute nothing to the matching. Since
indeed one uses different dimensional-regularization scales in
the two theories (µ and µφ) and the two minimal-subtraction
schemes differ by a constant (MS versus MSφ), there is a (triv-
ial) contribution to the matching from the IR loops. In the
case of neutron decay this contribution to the matching leads to
↔X6/2+2(V1+V2)↔g9 = (3/2)/(4ς)2(1↔log(µ2

φ/µ
2)) [26]. Sim-

ilarly, in the case of pion decay we obtain ↔X̂6/2↔2(X̂2↔K12) =
(3/2)/(4ς)2(1↔ log(µ2

φ/µ
2)). On the other hand, the integrals in-

volving the axial-vector current (usually referred to as the “↼W
box” contribution, even though at low energy after integrating
out the W boson the box reduces to a triangle diagram) are not
dominated by IR scales and in fact there is no corresponding
term in the ChPT loops—they correspond to local operators
in ChPT. Therefore, the Aµϑ terms in Eq. (B.3) contribute to
the matching both a finite nonperturbative term and a scheme-
dependent perturbative term. In the case of neutron decay the
↼W box contribution is encoded in the combination of LECs
2(V3 +V4) (see Eq. (73) of Ref. [26]), while for pion decay it is
encoded by the combination ↔(2/3)(X1 + X̂1) (see Eq. (A.3)).

The arguments sketched above lead to the universal form for
the matching condition in Eq. (6) and the universal shift to the
decay rate given in Eq. (16), which agree with the previous re-
sults obtained in the specific case of neutron decay [26, 35, 95].

Appendix C. Renormalization group to NLL

The Wilson coefficient C
( f )
ε and the QED and QCD couplings

satisfy the following RGE:

µ
dC

( f )
ε

dµ
= ↼(ω,ωs) C

( f )
ε ,

µ
dω( f )

dµ
= ↔2ω( f )

[
ε( f )

0
ω( f )

4ς
+ ε( f )

1

(ω( f )

4ς

)2]
,

µ
dω( f )

s

dµ
= ↔2ω( f )

s

[
ε( f )

0s

ω( f )
s

4ς
+ ε( f )

1s

(ω( f )
s

4ς

)2]
, (C.1)

with [10, 26, 35, 121]

↼(ω,ωs) = ↼0
ω(µ)
4ς
+↼( f )

1
ω2(µ)
(4ς)2 +↼̃0

ωωs(µ)
(4ς)2 +↼̃

( f )
1
ωω2

s
(µ)

(4ς)3 , (C.2)

and

↼0 = ↔4, ↼( f )
1 =

8
9

Q2 (a ↔ 2),

11In the case of neutron decay, the second term in the first line of Eq. (B.3)
and part of the second line correspond to the vertex correction (triangle dia-
gram). The proton wavefunction renormalization is included in the V

ω
ω term in

the second line. Similar arguments apply to pion ε decay. In that case, more
diagrams appear in ChPT due to a ↼W tadpole needed to satisfy the Ward iden-
tities. When everything is expressed in terms of Vµϑ, the expressions match.
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Figure 2: Diagrams that contribute to �VW in HBChPT are shown. Single lines denote electrons and
neutrinos. The remaining notations are the same as in Fig. 1. In this case, the sources inject zero
momentum. The first two diagrams originate from the LO ⇡N Lagrangian L

p

⇡N
, the last diagram denotes

contributions from L
e
2
p

⇡N`
. Diagrams with the sources coupling to pions do not contribute at this order.

To highlight the UV structure of Eq. (47), we add and subtract the high-energy limit of the hadronic
tensor provided by the operator product expansion (OPE)

gµ⌫T
µ⌫

V V
(q, v)

��
OPE

=
iv · q

q2 � µ2
0

⇣
2� d+ 2

↵s

⇡

⌘
, (49)

where for the OPE of the relevant currents we use results from Refs. [83, 84], adapted to include the
appropriate color factors [35]. Since our calculation is only accurate at leading logarithm in O(↵↵s),
the O(↵s) correction to the OPE is computed in d = 4. Note that in Eq. (49) we have introduced an
arbitrary scale µ0 to regulate infrared divergences that appear when evaluating the convolution integrals
with TOPE. Performing the relevant integrations, we obtain

�V V |
LEFT =

e
2

(4⇡)2

✓
1

2

⇣
1�

↵s

⇡

⌘
ln

µ
2

µ2
0

+
1

4
�

1� ⇠

2

✓
ln

µ
2

�2
�

+ 1

◆
�

⇠

2
ln ⇠

+(4⇡)2
ˆ

d4q

(2⇡)4
v · q gµ⌫T

µ⌫

V V (q, v)
�
q2 � �2

�

�2

!
, (50)

where T denotes the subtracted hadronic tensor, T = T � TOPE. T depends on µ0 in such a way that the
final results are µ0-independent. Finally, note that we are dropping terms of O(↵↵s) that appear without
logarithmic enhancements, because they are beyond the accuracy of our calculation.

Equating Eqs. (45) and (46), we obtain a representation for g9:

g
r

9(µ�, µ) =

ˆ
d4q

(2⇡)4
v · q gµ⌫T

µ⌫

V V (q, v)
�
q2 � �2

�

�2

+
1

(4⇡)2

"
ln

µ
2
�

�2
�

+
1

2

⇣
1�

↵s

⇡

⌘
ln

µ
2

µ2
0

+
1� ⇠

2
ln

µ
2
�

µ2
�

5

4
+

⇠

2

#
. (51)

Alternatively, to control the infrared region and see a cancellation of the infrared divergences, we can
introduce the combination T̃ = T �TIR, where TIR is the leading infrared contribution gµ⌫T

µ⌫

IR = i/ (v · q)
and obtain

g
r

9(µ�, µ) =

ˆ
ddq

(2⇡)d
v · q gµ⌫ T̃

µ⌫

V V
(q, v)

(q2)2
+

1

(4⇡)2

"✓
1 +

1� ⇠

2

◆
ln

µ
2
�

µ2
�

3

2
+

⇠

2

#
. (52)

4.3 Electroweak coupling constants

We follow the same strategy for the determination of the electroweak coupling constants. In this case, the
operators V1 and V2 receive contributions from the isovector component of the electromagnetic charges,
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Figure 2: Diagrams that contribute to �VW in HBChPT are shown. Single lines denote electrons and
neutrinos. The remaining notations are the same as in Fig. 1. In this case, the sources inject zero
momentum. The first two diagrams originate from the LO ⇡N Lagrangian L

p
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, the last diagram denotes

contributions from L
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2
p
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. Diagrams with the sources coupling to pions do not contribute at this order.

To highlight the UV structure of Eq. (47), we add and subtract the high-energy limit of the hadronic
tensor provided by the operator product expansion (OPE)

gµ⌫T
µ⌫

V V
(q, v)

��
OPE

=
iv · q

q2 � µ2
0

⇣
2� d+ 2

↵s

⇡

⌘
, (49)

where for the OPE of the relevant currents we use results from Refs. [83, 84], adapted to include the
appropriate color factors [35]. Since our calculation is only accurate at leading logarithm in O(↵↵s),
the O(↵s) correction to the OPE is computed in d = 4. Note that in Eq. (49) we have introduced an
arbitrary scale µ0 to regulate infrared divergences that appear when evaluating the convolution integrals
with TOPE. Performing the relevant integrations, we obtain

�V V |
LEFT =

e
2

(4⇡)2

✓
1

2

⇣
1�

↵s

⇡

⌘
ln
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2

µ2
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+
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4
�
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✓
ln
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2

�2
�
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◆
�

⇠

2
ln ⇠

+(4⇡)2
ˆ

d4q

(2⇡)4
v · q gµ⌫T

µ⌫

V V (q, v)
�
q2 � �2

�

�2

!
, (50)

where T denotes the subtracted hadronic tensor, T = T � TOPE. T depends on µ0 in such a way that the
final results are µ0-independent. Finally, note that we are dropping terms of O(↵↵s) that appear without
logarithmic enhancements, because they are beyond the accuracy of our calculation.

Equating Eqs. (45) and (46), we obtain a representation for g9:

g
r

9(µ�, µ) =

ˆ
d4q

(2⇡)4
v · q gµ⌫T

µ⌫

V V (q, v)
�
q2 � �2

�

�2

+
1

(4⇡)2

"
ln

µ
2
�

�2
�

+
1

2

⇣
1�

↵s

⇡

⌘
ln

µ
2

µ2
0

+
1� ⇠

2
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µ
2
�

µ2
�

5

4
+

⇠

2

#
. (51)

Alternatively, to control the infrared region and see a cancellation of the infrared divergences, we can
introduce the combination T̃ = T �TIR, where TIR is the leading infrared contribution gµ⌫T

µ⌫

IR = i/ (v · q)
and obtain

g
r

9(µ�, µ) =

ˆ
ddq

(2⇡)d
v · q gµ⌫ T̃

µ⌫

V V
(q, v)

(q2)2
+

1

(4⇡)2

"✓
1 +

1� ⇠

2

◆
ln

µ
2
�

µ2
�

3

2
+

⇠

2

#
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4.3 Electroweak coupling constants

We follow the same strategy for the determination of the electroweak coupling constants. In this case, the
operators V1 and V2 receive contributions from the isovector component of the electromagnetic charges,
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Figure 1: Diagrams that contribute to �V V in HBChPT are shown. Double, wiggly, and dashed lines
denote nucleons, photons, and pions, respectively. Dashed circles denote insertions of the sources qa,b

V
.

The arrows denote the flow of the momentum r inserted by the sources. The first three diagrams originate

from the leading-order ⇡ and ⇡N Lagrangians, Lp
2

⇡ , Le
2

⇡ , and L
p

⇡N
[44, 80, 82], which are presented in

Eq. (32). The last diagram denotes contributions from L
e
2
p

⇡N
and is proportional to g9.

where k and k
0 are the nucleon momenta, � and �

0 denote the nucleon spins, and i, j the nucleon isospins.
We take the nucleon to be at rest, k = k

0 = mNv and use the nonrelativistic normalization for heavy-
particle states hN (k0,�0

, j) |N (k,�, i)i = (2⇡)3�(3)(k � k0)�ij���
0
. W = �i lnZ denotes the generating

functional of the connected diagrams.
�V V needs to be computed in both HBChPT and LEFT, and, in both theories, it receives tree-level

and loop contributions. The contributions to �V V in HBChPT are illustrated in Fig. 1. The short-range

contributions are determined by LECs in the Le
2
p

⇡N
Lagrangian. g9 provides the only contribution to �V V .

The loops are determined by couplings in the leading-order (LO) pion and pion-nucleon Lagrangians. In
particular, the diagram with pion-mass splitting Z⇡ is symmetric in isospin, and vanishes once contracted
with the Levi-Civita tensor, so that the loop corrections are purely determined by the minimal coupling
of the photon to the nucleon. In arbitrary R⇠ gauge, we introduce the photon mass �� as an infrared
regulator and obtain

�V V |
HB�PT = e

2

 
g9 +

ˆ
iddq

(2⇡)d
1

�
q2 � �2

�

�2 +
1� ⇠

2

ˆ
iddq

(2⇡)d
1�

q2 � �2
�

� �
q2 � ⇠�2

�

�
!

=
e
2

(4⇡)2

 
(4⇡)2gr9(µ�, µ)�

✓
1 +

1� ⇠

2

◆
ln

µ
2
�

�2
�

+ 1�
⇠

2
ln ⇠

!
. (45)

g
r
9(µ�, µ) in the second line denotes the renormalized coupling, after subtraction of the 1/" pole in the
MS� scheme. For ⇠ = 1, the anomalous dimension of gr9(µ�, µ) agrees with the result of Ref. [80], so that
Eq. (45) is independent of the scale µ�.

In the LEFT, the same matrix element is given by

�V V |
LEFT = e

2

 
�g23 +

ˆ
ddq

(2⇡)d
v · q gµ⌫T

µ⌫

V V
(q, v)

�
q2 � �2

�

�2 +
1� ⇠

2

ˆ
iddq

(2⇡)d
1�

q2 � �2
�

� �
q2 � ⇠�2

�

�
!
. (46)

Eq. (46) contains a tree-level term, proportional to the counterterm g23 that cancels the divergences
generated by loop diagrams. The loop contribution contains the hadronic tensor Tµ⌫

V V
(q, v), which can be

expressed in terms of the two-point correlation function of quark currents. Here, we use the definition [34]

T
µ⌫

V V (A) (q, v) =
"
abc

⌧
c

ij
�
�
0
�

12

i

4

ˆ
ddx eiq·xhN(k,�0

, j)|T
h
q�

µ
⌧
b
q (x) q�⌫ (�5) ⌧

a
q(0)

i
|N(k,�, i)i. (47)

The gauge-dependent term in Eq. (46) is obtained using

qµT
µ⌫

V V
(q, v) = qµT

⌫µ

V V
(q, v) = iv

⌫
, (48)

which follows from the conservation of the vector current.
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Figure1:Diagramsthatcontributeto�VVinHBChPTareshown.Double,wiggly,anddashedlines
denotenucleons,photons,andpions,respectively.Dashedcirclesdenoteinsertionsofthesourcesq

a,b

V.
Thearrowsdenotetheflowofthemomentumrinsertedbythesources.Thefirstthreediagramsoriginate

fromtheleading-order⇡and⇡NLagrangians,L
p2

⇡,L
e2

⇡,andL
p

⇡N[44,80,82],whicharepresentedin

Eq.(32).ThelastdiagramdenotescontributionsfromL
e2p

⇡Nandisproportionaltog9.

wherekandk0arethenucleonmomenta,�and�0denotethenucleonspins,andi,jthenucleonisospins.
Wetakethenucleontobeatrest,k=k0=mNvandusethenonrelativisticnormalizationforheavy-
particlestateshN(k0,�0,j)|N(k,�,i)i=(2⇡)3�(3)(k�k0)�ij���0

.W=�ilnZdenotesthegenerating
functionaloftheconnecteddiagrams.

�VVneedstobecomputedinbothHBChPTandLEFT,and,inboththeories,itreceivestree-level
andloopcontributions.Thecontributionsto�VVinHBChPTareillustratedinFig.1.Theshort-range

contributionsaredeterminedbyLECsintheL
e2p

⇡NLagrangian.g9providestheonlycontributionto�VV.
Theloopsaredeterminedbycouplingsintheleading-order(LO)pionandpion-nucleonLagrangians.In
particular,thediagramwithpion-masssplittingZ⇡issymmetricinisospin,andvanishesoncecontracted
withtheLevi-Civitatensor,sothattheloopcorrectionsarepurelydeterminedbytheminimalcoupling
ofthephotontothenucleon.InarbitraryR⇠gauge,weintroducethephotonmass��asaninfrared
regulatorandobtain

�VV|
HB�PT

=e
2

 
g9+

ˆid
d
q

(2⇡)
d

1
�
q2��2

�

�2+
1�⇠

2

ˆid
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2
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✓
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�2
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+1�
⇠

2
ln⇠

!
.(45)

g
r
9(µ�,µ)inthesecondlinedenotestherenormalizedcoupling,aftersubtractionofthe1/"poleinthe
MS�scheme.For⇠=1,theanomalousdimensionofg

r
9(µ�,µ)agreeswiththeresultofRef.[80],sothat

Eq.(45)isindependentofthescaleµ�.
IntheLEFT,thesamematrixelementisgivenby

�VV|
LEFT

=e
2

 
�g23+

ˆd
d
q

(2⇡)
d

v·qgµ⌫T
µ⌫

VV(q,v)
�
q2��2

�

�2+
1�⇠

2

ˆid
d
q

(2⇡)
d

1
�
q2��2

�

��
q2�⇠�2

�

�
!
.(46)

Eq.(46)containsatree-levelterm,proportionaltothecountertermg23thatcancelsthedivergences
generatedbyloopdiagrams.TheloopcontributioncontainsthehadronictensorT

µ⌫

VV(q,v),whichcanbe
expressedintermsofthetwo-pointcorrelationfunctionofquarkcurrents.Here,weusethedefinition[34]

T
µ⌫

VV(A)(q,v)=
"
abc

⌧
c

ij�
�0�

12

i

4

ˆ
d
d
xe

iq·xhN(k,�0,j)|T
h
q�

µ
⌧
b
q(x)q�

⌫
(�5)⌧

a
q(0)

i
|N(k,�,i)i.(47)

Thegauge-dependentterminEq.(46)isobtainedusing

qµT
µ⌫

VV(q,v)=qµT
⌫µ

VV(q,v)=iv
⌫
,(48)

whichfollowsfromtheconservationofthevectorcurrent.
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Figure 2: Diagrams that contribute to �VW in HBChPT are shown. Single lines denote electrons and
neutrinos. The remaining notations are the same as in Fig. 1. In this case, the sources inject zero
momentum. The first two diagrams originate from the LO ⇡N Lagrangian L

p

⇡N
, the last diagram denotes

contributions from L
e
2
p

⇡N`
. Diagrams with the sources coupling to pions do not contribute at this order.

To highlight the UV structure of Eq. (47), we add and subtract the high-energy limit of the hadronic
tensor provided by the operator product expansion (OPE)

gµ⌫T
µ⌫

V V
(q, v)

��
OPE

=
iv · q

q2 � µ2
0

⇣
2� d+ 2

↵s

⇡

⌘
, (49)

where for the OPE of the relevant currents we use results from Refs. [83, 84], adapted to include the
appropriate color factors [35]. Since our calculation is only accurate at leading logarithm in O(↵↵s),
the O(↵s) correction to the OPE is computed in d = 4. Note that in Eq. (49) we have introduced an
arbitrary scale µ0 to regulate infrared divergences that appear when evaluating the convolution integrals
with TOPE. Performing the relevant integrations, we obtain

�V V |
LEFT =

e
2

(4⇡)2

✓
1

2

⇣
1�

↵s

⇡

⌘
ln

µ
2

µ2
0

+
1

4
�

1� ⇠

2

✓
ln

µ
2

�2
�

+ 1

◆
�

⇠

2
ln ⇠

+(4⇡)2
ˆ

d4q

(2⇡)4
v · q gµ⌫T

µ⌫

V V (q, v)
�
q2 � �2

�

�2

!
, (50)

where T denotes the subtracted hadronic tensor, T = T � TOPE. T depends on µ0 in such a way that the
final results are µ0-independent. Finally, note that we are dropping terms of O(↵↵s) that appear without
logarithmic enhancements, because they are beyond the accuracy of our calculation.

Equating Eqs. (45) and (46), we obtain a representation for g9:

g
r

9(µ�, µ) =

ˆ
d4q

(2⇡)4
v · q gµ⌫T

µ⌫

V V (q, v)
�
q2 � �2

�

�2

+
1

(4⇡)2

"
ln

µ
2
�

�2
�

+
1

2

⇣
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↵s

⇡

⌘
ln

µ
2

µ2
0

+
1� ⇠

2
ln

µ
2
�

µ2
�

5

4
+

⇠

2

#
. (51)

Alternatively, to control the infrared region and see a cancellation of the infrared divergences, we can
introduce the combination T̃ = T �TIR, where TIR is the leading infrared contribution gµ⌫T

µ⌫

IR = i/ (v · q)
and obtain

g
r

9(µ�, µ) =

ˆ
ddq

(2⇡)d
v · q gµ⌫ T̃

µ⌫

V V
(q, v)

(q2)2
+

1

(4⇡)2

"✓
1 +

1� ⇠

2

◆
ln

µ
2
�

µ2
�

3

2
+

⇠

2

#
. (52)

4.3 Electroweak coupling constants

We follow the same strategy for the determination of the electroweak coupling constants. In this case, the
operators V1 and V2 receive contributions from the isovector component of the electromagnetic charges,
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JW

JEMJEM

eνe
_

eνe
_

eνe
_

k

k

neutron decay (I = 1/2), pion decay (I = 1), and 0+ → 0+
nuclear decays (I = 1). Therefore, the mass splitting, the mo-
mentum transfer q = pi ↑ p f , and the electron endpoint energy
E0 are all quantities of first order in IB, O

(
ω, (mu ↑md)/ΛQCD

)
.

In terms of the correlators of the electromagnetic and weak vec-
tor or axial-vector currents (W = V, A),9

W
µε(k) = i

∫
d

d
x e
↑ik·x
〈
h f (p f )

∣∣∣T
{
W
µ(0)J

ε
em(x)

}∣∣∣hi(pi)
〉
,

(B.2)
including the O(ω) electromagnetic corrections de-
picted in Fig. B.2, the LEFT ϑ decay amplitude
A = ↑2

↓
2GFVudC

(3)
ϑ ↔ε̄eeh f |Oϑ|hi↗ can be written in Feynman

gauge as

A = A0

[ √
Ze ↑ 2e

2
i

∫
d

d
k

(2ϖ)d

1
(k2 + iϱ)(k̃2 ↑ m2

e
+ iϱ)

]

+ 2i

↓
2GFVudC

(3)
ϑ J

µ
lept p

ε
e
e

2
∫

d
d
k

(2ϖ)d

Vµε(k) + V
ω
ω (k) kµkε/k2

(k2 + iϱ)(k̃2 ↑ m2
e
+ iϱ)

+
↓

2GFVudC
(3)
ϑ ū(pe)

ςεςωςµ ↑ ςµςωςε

2
PLv(pε)

↘ e
2
∫

d
d
k

(2ϖ)d

kωAµε(k)
(k2 + iϱ)2(k̃2 ↑ m2

e
+ iϱ)

, (B.3)

where k̃ = k + pe. Throughout, we use dimensional regulariza-
tion with anti-commuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V ↑ A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

εµ = kµV
µε = ↔h f |V

ε
|hi↗ + O(ω, q/Mhad)), the

term involving Vµε(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµε(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

ω
ω (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµε(k).

We next discuss the matrix element ↔ε̄eeh f |Oϑ|hi↗ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµε, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµε(k) ≃ 1/k, which

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k → ↑k

and an exponential e
i(p f ↑pi)·x due to translational invariance.

Figure B.2: Diagrams contributing to the O(ω) corrections to ϑ decays in LEFT.
Double lines represent hadronic states, single lines leptons, and wavy lines
photons. The weak and electromagnetic current insertions are represented by
hatched circles.

in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµε that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron ϑ decay [62, 90] use
slightly different forms for Vµε(k), which, however, all share
the universal IR singularity, irrespective of hadron spin:

V
IR
µε (k) = ↔h f (p f )|Vµ(0)|hi(pi)↗

vε

v · k
+ O(k0), (B.4)

where vε is the four-velocity of the charged hadron involved
in the ϑ decay. We have written this in a form that makes it
clear that the hadron mass (or spin) does not play any role in
these leading corrections. The loops evaluated with the univer-
sal term in V

IR
µε (k) are UV divergent and the finite parts defined

in MS, when combined with the leading Low contribution to
real photon emission, lead to the usual Sirlin function [6] up to
a constant term. The terms of O(k0) lead to corrections propor-
tional to |pe|/Mhad, usually neglected.10

The treatment of the contributions from the axial-vector
weak current and isoscalar electromagnetic current (Aµε) is
more subtle, as this term involves evanescent structures (as
seen from Eq. (B.3)) and receives O(ωs) corrections [10, 35].
In order to make contact with non-perturbative input from lat-
tice QCD or dispersive calculations, in the context of neutron
decay Refs. [26, 35] introduced an intermediate renormaliza-
tion scheme that subtracts the large-momentum part of the pho-
ton loop integral involving Aµε, controlled by the OPE. This
amounts to replacing the last two lines in Eq. (B.3)) with the
UV convergent quantity

↓
2GFVudC

(3)
ϑ ϱ
εωµφ

J
lept
φ e

2
∫

d
4
k

(2ϖ)4

kω
[
Aµε(k) ↑ A

OPE
µε (k, µ0)

]

(k2 + iϱ)2(k̃2 ↑ m2
e
+ iϱ)

,

in which the Dirac algebra has been performed in d = 4 di-
mensions This scheme also introduces the arbitrary scale µ0 in
the OPE subtraction [26], which serves as a factorization scale
and regulates IR divergences. The crucial final step is to con-
nect this finite operator to the MS operator, which requires an
additional finite and evanescent-scheme dependent renormal-
ization. This scheme-matching conversion was worked out to
O(ω) in Ref. [26] and to O(ωωs) in Ref. [35], to which we refer
for further details.

10They are kept in the full relativistic loop function in the ChPT analysis of
pion ϑ decay [62].
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In this framework, structure-dependence 

and scheme-dependence are both 
captured by chiral LECs



χPT for semi-leptonic processes involving π’s 

Combination of chiral LECs of O(e2p2)

logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
nent part of the LEFT Lagrangian with n f active quark flavors
in the convention

LLEFT = →2
↑

2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (2)

LφPT = i

↑
2GFVud g

↼
V

(µφ) ϱ̄ςLϑϖςL
(
↼0↽ϖ↼+ → ↼+↽ϖ↼0

)
+ ...

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

↓ Oω

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (3)

Cω(µ, a) ↔ ↗ f |Oω|i↘(µ, a)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(⇀) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑ⇀ϑϖϑωPL ≃ ϑ⇀ϑϖϑωPL = 4
(
4 → a⇁

)
ϑϖPL ≃ ϑϖPL + E(a) (4)

d = 4 → 2⇁

where d = 4 → 2⇁ is the dimensional regulator, and naive
dimensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ⇐ MW,Z [26, 35]

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.

C
(5)
ω (µ, a) = 1 +

⇀

↼
log

MZ

µ
+
⇀

4↼
B(a) →

⇀⇀s

4↼2 log
MZ

µ

+
⇀⇀s

(4↼)2 Bs(a) →
⇀⇀s

4↼2
1

s
2
W

(
c

2
W

s
2
W

log
MW

MZ

+ 1
)

+ O
(
⇀2,⇀⇀2

s

)
, (5)
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• gV at μχ~Λχ encodes the effect of hard photons:  

where

B(a) =
a

3
→ 4 Bs(a) =

41
6
→

14
9

a

parameterize the scheme dependence, and sW , cW are the
sine and cosine of the weak mixing angle. The effective cou-
pling C

( f )
ω (µ, a) can be evolved down to the hadronic scale us-

ing the RG equations (RGE). As discussed in Appendix C,
the solution is known to next-to-leading-logarithmic (NLL)[
O
(
εn+1 logn MZ

µ

)]
and NLLs

[
O
(
εεn+1

s
logn MZ

µ

)]
accuracy. The

final result for the decay amplitude is written in the three-flavor
theory in terms of a scheme-independent Wilson coefficient
C̄

( f )
ω (µ) ↑ C

( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity

J f (µ, a) that naturally appears in the solution of the RGE to
NLL, see Appendix C for details.

2.2. Matching to ChPT

Starting from Eq. (1), to achieve NLL (and NLLs) ac-
curacy one needs to compute the matrix element of Oω ↑

ēLϑϖϱeL ūLϑϖdL between the appropriate external states to O(ε)
(and O(εεs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
C

( f )
ω (µ, a). In the EFT approach, one computes ↓ f |Oω|i↔ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ς ↗ φφϱς, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ↼,
and on the evanescent scheme parameter a. The relevant linear
combination of the Xi [83] and Ki [84] reads

X↽(µ↼, µ, a) ↑
(
X

r

6 → 4K
r

12 +
4
3

X
r

1

)
(µ↼, µ, a). (6)

Matching LEFT with three quark flavors and ChPT, we find

→ 2φε↼(µ↼)X↽(µ↼, µ, a) ↑ ↭̄V(3)
φ (µ0)

→
ε(3)(µ)

4φ

(5
4
+

3
2

log
µ2
↼

µ2
0
+ B(a) + 2 log

µ2
0

µ2

)

+
εε(3)

s (µ)
(4φ)2

(
→ Bs(a) + 2 → 2 log

µ2

µ2
0

)
, (7)

where ↭̄V(3)
φ (µ0) represents the non-perturbative matrix ele-

ments, ε↼(µ↼) denotes the fine-structure constant in ChPT [26],

while the couplings on the right-hand side refer to MS.2
Combining Wilson coefficient and matrix element, we define
the scheme-independent short-distance correction to the vector
(Fermi) transitions3

g
φ
V

(µ↼) ↑ 1 + ∆S̃ EW(µ↼)

g
φ
V

(µ↼) ↑ C
(3)
ω (µ, a)

(
1 → 2φε↼(µ↼)X↽(µ↼, µ, a)

)

g
φ
V

(µ↼) ↑ 1 + ∆S̃ EW(µ↼) ↑ C̄
(3)
ω (µ)

[
1 + ↭̄V(3)

φ (µ0)

+
ε(3)(µ)

4φ

(17
6
→

3
2

log
µ2
↼

µ2
0
+ 2 log

µ2

µ2
0

)

+
εε(3)

s (µ)
(4φ)2

(
→

130
81
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With appropriate replacement of the external states in the
transition-dependent nonperturbative matrix element ↭̄V (µ0),
this correction universally applies to the Fermi component of
all ω decays. The dependence on µ0 cancels between ↭̄V

φ (µ0)
and the explicit logarithms, up to terms beyond NLLs accuracy;
the dependence on µ cancels between the scheme-independent
Wilson coefficient C̄

(3)
ω (µ) (defined in Appendix C) and the ex-

plicit logarithms; finally the dependence on µ↼ cancels once one
combines g

φ
V

(µ↼) with the chiral loops. Beyond one-loop order,
the RG for X↽(µ↼, µ, a) needs to be formulated at the level of
g
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(µ↼) to account for the evolution of ε↼(µ↼), leading to

µ↼
dg
φ
V

(µ↼)
dµ↼

= ϑ(ε↼)gV

φ (µ↼),

ϑ(ε↼) = ϑ̃0
ε↼
4φ
+ ϑ̃1

ε2
↼

(4φ)2 + O
(
ε3
↼

)
,

ϑ̃0 = →3, ϑ̃1 =
10ñ
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counts the number of active spin-1/2 (↽) and spin-0 (φ) de-
grees of freedom weighted by their charges Q↽,φ. To obtain the
O(ε2

↼) term in Eq. (9) we used universality of the corresponding
anomalous dimension [29, 85], which allows us to also resum
NLL in the low-energy theory. At one-loop order the depen-
dence of ε↼ on µ↼ can be ignored, and ϑ̃0 reproduces the RG
relation obtained using ChPT beta functions [83, 84]
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⇁µ↼
X↽(µ↼, µ, a) =

3
8φ2 . (11)

2The scale in ε(3)
s is chosen following Ref. [35]. Replacing ε(3)

s (µ) ↗
ε(3)

s (µ0) would ensure exact analytic cancellation of µ0 [26].
3The usual S EW correction corresponds to 1 + 2∆S̃ EW(µ↼). The tilde is

introduced to indicate that now we include nonperturbative contributions.

3

where

B(a) =
a

3
→ 4 Bs(a) =

41
6
→

14
9

a

parameterize the scheme dependence, and sW , cW are the
sine and cosine of the weak mixing angle. The effective cou-
pling C

( f )
ω (µ, a) can be evolved down to the hadronic scale us-

ing the RG equations (RGE). As discussed in Appendix C,
the solution is known to next-to-leading-logarithmic (NLL)[
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accuracy. The

final result for the decay amplitude is written in the three-flavor
theory in terms of a scheme-independent Wilson coefficient
C̄

( f )
ω (µ) ↑ C

( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity

J f (µ, a) that naturally appears in the solution of the RGE to
NLL, see Appendix C for details.

2.2. Matching to ChPT

Starting from Eq. (1), to achieve NLL (and NLLs) ac-
curacy one needs to compute the matrix element of Oω ↑

ēLϑϖϱeL ūLϑϖdL between the appropriate external states to O(ε)
(and O(εεs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
C

( f )
ω (µ, a). In the EFT approach, one computes ↓ f |Oω|i↔ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ς ↗ φφϱς, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ↼,
and on the evanescent scheme parameter a. The relevant linear
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Combination of chiral LECs of O(e2p2)

logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
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LLEFT = →2
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dL + h.c.
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ϖ
dL (2)

LφPT = i

↑
2GFVud g

↼
V
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ϖ
dL + h.c.
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dL (3)
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i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(⇀) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑ⇀ϑϖϑωPL ≃ ϑ⇀ϑϖϑωPL = 4
(
4 → a⇁

)
ϑϖPL ≃ ϑϖPL + E(a) (4)

d = 4 → 2⇁

where d = 4 → 2⇁ is the dimensional regulator, and naive
dimensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ⇐ MW,Z [26, 35]

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.
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⇀
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4↼2 log
MZ

µ

+
⇀⇀s
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4↼2
1

s
2
W

(
c

2
W

s
2
W

log
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MZ

+ 1
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⇀2,⇀⇀2

s

)
, (5)
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parameterize the scheme dependence, and sW , cW are the
sine and cosine of the weak mixing angle. The effective cou-
pling C

( f )
ω (µ, a) can be evolved down to the hadronic scale us-

ing the RG equations (RGE). As discussed in Appendix C,
the solution is known to next-to-leading-logarithmic (NLL)[
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final result for the decay amplitude is written in the three-flavor
theory in terms of a scheme-independent Wilson coefficient
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ω (µ, a)/J f (µ, a) defined in terms of the quantity

J f (µ, a) that naturally appears in the solution of the RGE to
NLL, see Appendix C for details.
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(and O(εεs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
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ω (µ, a). In the EFT approach, one computes ↓ f |Oω|i↔ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ς ↗ φφϱς, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ↼,
and on the evanescent scheme parameter a. The relevant linear
combination of the Xi [83] and Ki [84] reads
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φ (µ0) represents the non-perturbative matrix ele-

ments, ε↼(µ↼) denotes the fine-structure constant in ChPT [26],
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With appropriate replacement of the external states in the
transition-dependent nonperturbative matrix element ↭̄V (µ0),
this correction universally applies to the Fermi component of
all ω decays. The dependence on µ0 cancels between ↭̄V

φ (µ0)
and the explicit logarithms, up to terms beyond NLLs accuracy;
the dependence on µ cancels between the scheme-independent
Wilson coefficient C̄

(3)
ω (µ) (defined in Appendix C) and the ex-

plicit logarithms; finally the dependence on µ↼ cancels once one
combines g

φ
V

(µ↼) with the chiral loops. Beyond one-loop order,
the RG for X↽(µ↼, µ, a) needs to be formulated at the level of
g
φ
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(µ↼) to account for the evolution of ε↼(µ↼), leading to
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counts the number of active spin-1/2 (↽) and spin-0 (φ) de-
grees of freedom weighted by their charges Q↽,φ. To obtain the
O(ε2

↼) term in Eq. (9) we used universality of the corresponding
anomalous dimension [29, 85], which allows us to also resum
NLL in the low-energy theory. At one-loop order the depen-
dence of ε↼ on µ↼ can be ignored, and ϑ̃0 reproduces the RG
relation obtained using ChPT beta functions [83, 84]

µ↼
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⇁µ↼
X↽(µ↼, µ, a) =

3
8φ2 . (11)

2The scale in ε(3)
s is chosen following Ref. [35]. Replacing ε(3)

s (µ) ↗
ε(3)

s (µ0) would ensure exact analytic cancellation of µ0 [26].
3The usual S EW correction corresponds to 1 + 2∆S̃ EW(µ↼). The tilde is

introduced to indicate that now we include nonperturbative contributions.
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logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
nent part of the LEFT Lagrangian with n f active quark flavors
in the convention

LLEFT = →2
↑

2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (2)

LφPT = i

↑
2GFVud g

↼
V

(µφ) ϱ̄ςLϑϖςL
(
↼0↽ϖ↼+ → ↼+↽ϖ↼0

)
+ ...

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

↓ Oω

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (3)

Cω(µ, a) ↔ ↗ f |Oω|i↘(µ, a)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(⇀) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑ⇀ϑϖϑωPL ≃ ϑ⇀ϑϖϑωPL = 4
(
4 → a⇁

)
ϑϖPL ≃ ϑϖPL + E(a) (4)

d = 4 → 2⇁

where d = 4 → 2⇁ is the dimensional regulator, and naive
dimensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ⇐ MW,Z [26, 35]

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.

C
(5)
ω (µ, a) = 1 +

⇀

↼
log

MZ

µ
+
⇀

4↼
B(a) →

⇀⇀s

4↼2 log
MZ

µ

+
⇀⇀s

(4↼)2 Bs(a) →
⇀⇀s

4↼2
1

s
2
W

(
c

2
W

s
2
W

log
MW

MZ

+ 1
)

+ O
(
⇀2,⇀⇀2

s

)
, (5)
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• gV at μχ~Λχ encodes the effect of hard photons:  

• Get gV by matching Fermi theory to χPT, using lattice QCD input — simpler for π+→π0e+νe    

where

B(a) =
a

3
→ 4 Bs(a) =

41
6
→

14
9

a

parameterize the scheme dependence, and sW , cW are the
sine and cosine of the weak mixing angle. The effective cou-
pling C

( f )
ω (µ, a) can be evolved down to the hadronic scale us-

ing the RG equations (RGE). As discussed in Appendix C,
the solution is known to next-to-leading-logarithmic (NLL)[
O
(
εn+1 logn MZ

µ

)]
and NLLs

[
O
(
εεn+1

s
logn MZ

µ

)]
accuracy. The

final result for the decay amplitude is written in the three-flavor
theory in terms of a scheme-independent Wilson coefficient
C̄

( f )
ω (µ) ↑ C

( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity

J f (µ, a) that naturally appears in the solution of the RGE to
NLL, see Appendix C for details.

2.2. Matching to ChPT

Starting from Eq. (1), to achieve NLL (and NLLs) ac-
curacy one needs to compute the matrix element of Oω ↑

ēLϑϖϱeL ūLϑϖdL between the appropriate external states to O(ε)
(and O(εεs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
C

( f )
ω (µ, a). In the EFT approach, one computes ↓ f |Oω|i↔ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ς ↗ φφϱς, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ↼,
and on the evanescent scheme parameter a. The relevant linear
combination of the Xi [83] and Ki [84] reads

X↽(µ↼, µ, a) ↑
(
X

r

6 → 4K
r

12 +
4
3

X
r

1

)
(µ↼, µ, a). (6)

Matching LEFT with three quark flavors and ChPT, we find

→ 2φε↼(µ↼)X↽(µ↼, µ, a) ↑ ↭̄V(3)
φ (µ0)

→
ε(3)(µ)

4φ

(5
4
+

3
2

log
µ2
↼

µ2
0
+ B(a) + 2 log

µ2
0

µ2

)

+
εε(3)

s (µ)
(4φ)2

(
→ Bs(a) + 2 → 2 log

µ2

µ2
0

)
, (7)

where ↭̄V(3)
φ (µ0) represents the non-perturbative matrix ele-

ments, ε↼(µ↼) denotes the fine-structure constant in ChPT [26],

while the couplings on the right-hand side refer to MS.2
Combining Wilson coefficient and matrix element, we define
the scheme-independent short-distance correction to the vector
(Fermi) transitions3

g
φ
V

(µ↼) ↑ 1 + ∆S̃ EW(µ↼)

g
φ
V

(µ↼) ↑ C
(3)
ω (µ, a)

(
1 → 2φε↼(µ↼)X↽(µ↼, µ, a)

)

g
φ
V

(µ↼) ↑ 1 + ∆S̃ EW(µ↼) ↑ C̄
(3)
ω (µ)

[
1 + ↭̄V(3)

φ (µ0)

+
ε(3)(µ)

4φ

(17
6
→

3
2

log
µ2
↼

µ2
0
+ 2 log

µ2

µ2
0

)

+
εε(3)

s (µ)
(4φ)2

(
→

130
81
→ 2 log

µ2

µ2
0

)]
. (8)

With appropriate replacement of the external states in the
transition-dependent nonperturbative matrix element ↭̄V (µ0),
this correction universally applies to the Fermi component of
all ω decays. The dependence on µ0 cancels between ↭̄V

φ (µ0)
and the explicit logarithms, up to terms beyond NLLs accuracy;
the dependence on µ cancels between the scheme-independent
Wilson coefficient C̄

(3)
ω (µ) (defined in Appendix C) and the ex-

plicit logarithms; finally the dependence on µ↼ cancels once one
combines g

φ
V

(µ↼) with the chiral loops. Beyond one-loop order,
the RG for X↽(µ↼, µ, a) needs to be formulated at the level of
g
φ
V

(µ↼) to account for the evolution of ε↼(µ↼), leading to

µ↼
dg
φ
V

(µ↼)
dµ↼

= ϑ(ε↼)gV

φ (µ↼),

ϑ(ε↼) = ϑ̃0
ε↼
4φ
+ ϑ̃1

ε2
↼

(4φ)2 + O
(
ε3
↼

)
,

ϑ̃0 = →3, ϑ̃1 =
10ñ

3
+

5
2
→

8φ2

3
, (9)

where

ñ(µ↼) =
∑

↽=e,µ

Q
2
↽n↽⇀
(
µ↼ → m↽

)
+

1
4

∑

φ

Q
2
φnφ⇀
(
µ↼ → Mφ) (10)

counts the number of active spin-1/2 (↽) and spin-0 (φ) de-
grees of freedom weighted by their charges Q↽,φ. To obtain the
O(ε2

↼) term in Eq. (9) we used universality of the corresponding
anomalous dimension [29, 85], which allows us to also resum
NLL in the low-energy theory. At one-loop order the depen-
dence of ε↼ on µ↼ can be ignored, and ϑ̃0 reproduces the RG
relation obtained using ChPT beta functions [83, 84]

µ↼
⇁

⇁µ↼
X↽(µ↼, µ, a) =

3
8φ2 . (11)

2The scale in ε(3)
s is chosen following Ref. [35]. Replacing ε(3)

s (µ) ↗
ε(3)

s (µ0) would ensure exact analytic cancellation of µ0 [26].
3The usual S EW correction corresponds to 1 + 2∆S̃ EW(µ↼). The tilde is

introduced to indicate that now we include nonperturbative contributions.
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logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].
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LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (2)

LφPT = i

↑
2GFVud g

↼
V

(µφ) ϱ̄ςLϑϖςL
(
↼0↽ϖ↼+ → ↼+↽ϖ↼0

)
+ ...

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

↓ Oω

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (3)

Cω(µ, a) ↔ ↗ f |Oω|i↘(µ, a)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(⇀) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑ⇀ϑϖϑωPL ≃ ϑ⇀ϑϖϑωPL = 4
(
4 → a⇁

)
ϑϖPL ≃ ϑϖPL + E(a) (4)

d = 4 → 2⇁

where d = 4 → 2⇁ is the dimensional regulator, and naive
dimensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ⇐ MW,Z [26, 35]

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.

C
(5)
ω (µ, a) = 1 +

⇀

↼
log

MZ

µ
+
⇀

4↼
B(a) →

⇀⇀s

4↼2 log
MZ

µ

+
⇀⇀s

(4↼)2 Bs(a) →
⇀⇀s

4↼2
1

s
2
W

(
c

2
W

s
2
W

log
MW

MZ

+ 1
)

+ O
(
⇀2,⇀⇀2

s

)
, (5)
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Figure B.2: Diagrams contributing to the O(ω) corrections to ε decays in LEFT.
Double lines represent hadronic states, single lines leptons, and wavy lines
photons. The weak and electromagnetic current insertions are represented by
hatched circles.

the universal IR singularity, irrespective of hadron spin:

V
IR
µϑ (k) = →h f (p f )|Vµ(0)|hi(pi)↑

vϑ

v · k
+ O(k0), (B.4)

where vϑ is the four-velocity of the charged hadron involved
in the ε decay. We have written this in a form that makes it
clear that the hadron mass (or spin) does not play any role in
these leading corrections. The loops evaluated with the univer-
sal term in V

IR
µϑ (k) are UV divergent and the finite parts defined

in MS, when combined with the leading Low contribution to
real photon emission, lead to the usual Sirlin function [6] up to
a constant term. The terms of O(k0) lead to corrections propor-
tional to |pe|/Mhad, usually neglected.10

The treatment of the contributions from the axial-vector
weak current and isoscalar electromagnetic current (Aµϑ) is
more subtle, as this term involves evanescent structures (as
seen from Eq. (B.3)) and receives O(ωs) corrections [10, 35].
In order to make contact with nonperturbative input from lat-
tice QCD or dispersive calculations, in the context of neutron
decay Refs. [26, 35] introduced an intermediate renormaliza-
tion scheme that subtracts the large-momentum part of the pho-
ton loop integral involving Aµϑ, controlled by the OPE. This
amounts to replacing the last two lines in Eq. (B.3) with the UV
convergent quantity

↓
2GFVudC

(3)
ε ϖ
ϑωµϱ

J
lept
ϱ e

2
∫

d
4
k

(2ς)4

kω
[
Aµϑ(k) ↔ A

OPE
µϑ (k, µ0)

]

(k2 + iϖ)2(k̃2 ↔ m2
e
+ iϖ)

,

in which the Dirac algebra has been performed in d = 4 di-
mensions. This scheme also introduces the arbitrary scale µ0 in
the OPE subtraction [26], which serves as a factorization scale
and regulates IR divergences. The crucial final step is to con-
nect this finite operator to the MS operator, which requires an
additional finite and evanescent-scheme dependent renormal-
ization. This scheme-matching conversion was worked out to
O(ω) in Ref. [26] and to O(ωωs) in Ref. [35], to which we refer
for further details.

Having studied the amplitude in LEFT, we are now ready to
match to ChPT. Based on the above discussion, one can see that
the ChPT amplitude (for any process, such as pion or neutron
decay) coincides with the first two lines of Eq. (B.3), up to cor-
rections of order |pe|/Mhad, irrelevant at the order at which we

10They are kept in the full relativistic loop function in the ChPT analysis of
pion ε decay [62].

work. In fact, the machinery of ChPT builds up Vµϑ in terms
of low-lying states, thus capturing the leading IR behavior, and
incorporates the Ward identities, so that the ChPT loops must
respect the form of Eq. (B.3).11 If one used the same regu-
larization and subtraction scheme in LEFT and ChPT ampli-
tudes, the first two lines of Eq. (B.3) would be identical in the
two theories and contribute nothing to the matching. Since
indeed one uses different dimensional-regularization scales in
the two theories (µ and µφ) and the two minimal-subtraction
schemes differ by a constant (MS versus MSφ), there is a (triv-
ial) contribution to the matching from the IR loops. In the
case of neutron decay this contribution to the matching leads to
↔X6/2+2(V1+V2)↔g9 = (3/2)/(4ς)2(1↔log(µ2

φ/µ
2)) [26]. Sim-

ilarly, in the case of pion decay we obtain ↔X̂6/2↔2(X̂2↔K12) =
(3/2)/(4ς)2(1↔ log(µ2

φ/µ
2)). On the other hand, the integrals in-

volving the axial-vector current (usually referred to as the “↼W
box” contribution, even though at low energy after integrating
out the W boson the box reduces to a triangle diagram) are not
dominated by IR scales and in fact there is no corresponding
term in the ChPT loops—they correspond to local operators
in ChPT. Therefore, the Aµϑ terms in Eq. (B.3) contribute to
the matching both a finite nonperturbative term and a scheme-
dependent perturbative term. In the case of neutron decay the
↼W box contribution is encoded in the combination of LECs
2(V3 +V4) (see Eq. (73) of Ref. [26]), while for pion decay it is
encoded by the combination ↔(2/3)(X1 + X̂1) (see Eq. (A.3)).

The arguments sketched above lead to the universal form for
the matching condition in Eq. (6) and the universal shift to the
decay rate given in Eq. (16), which agree with the previous re-
sults obtained in the specific case of neutron decay [26, 35, 95].

Appendix C. Renormalization group to NLL

The Wilson coefficient C
( f )
ε and the QED and QCD couplings

satisfy the following RGE:

µ
dC

( f )
ε

dµ
= ↼(ω,ωs) C

( f )
ε ,

µ
dω( f )

dµ
= ↔2ω( f )

[
ε( f )

0
ω( f )

4ς
+ ε( f )

1

(ω( f )

4ς

)2]
,

µ
dω( f )

s

dµ
= ↔2ω( f )

s

[
ε( f )

0s

ω( f )
s

4ς
+ ε( f )

1s

(ω( f )
s

4ς

)2]
, (C.1)

with [10, 26, 35, 121]

↼(ω,ωs) = ↼0
ω(µ)
4ς
+↼( f )

1
ω2(µ)
(4ς)2 +↼̃0

ωωs(µ)
(4ς)2 +↼̃

( f )
1
ωω2

s
(µ)

(4ς)3 , (C.2)

and

↼0 = ↔4, ↼( f )
1 =

8
9

Q2 (a ↔ 2),

11In the case of neutron decay, the second term in the first line of Eq. (B.3)
and part of the second line correspond to the vertex correction (triangle dia-
gram). The proton wavefunction renormalization is included in the V

ω
ω term in

the second line. Similar arguments apply to pion ε decay. In that case, more
diagrams appear in ChPT due to a ↼W tadpole needed to satisfy the Ward iden-
tities. When everything is expressed in terms of Vµϑ, the expressions match.

8

X̂2 = i
3
8

∫
d

d
k

(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

5
4

log
µ2

µ2
0
→

7
8

log
µ2

0

µ2
ε

→
19
16

)
,

K12 = i
3
8

∫
d

d
k

(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

1
4

log
µ2

µ2
0
+

1
8

log
µ2

0

µ2
ε

→
3

16

)
, (A.3)

where Ξ(k2) = k
2[

g2(k2) → g1(k2)
]
→
[
f2(k2) → f1(k2)

]
, fi(k2)

and gi(k2) are hadronic functions defined in Ref. [60], and the
correlator ΓVV (k, r) is given by

∫
d

4
x e

ik·x
〈
0
∣∣∣T
{
V

b

µ (x)Vc

ϑ (0)
}∣∣∣ωa(r)

〉

= iF0 ϖµϑϱς k
ϱ
r
ς
d

abc ΓVV (k, r), (A.4)

in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
the only nonperturbative term. In order to use lattice data from
Refs. [64, 66] for the box-diagram term presented in Eq. (10),
we need to relate the pion-to-vacuum amplitude with the pion-
to-pion one. This can be achieved by generalizing the soft-pion

theorem

lim
pµ↑ 0
↓ωa(p)φ|O|↼↔ = →

i

F0
↓φ|[Qa

5,O]|↼↔, (A.5)

where φ, ↼ are arbitrary external states, Q
a

5 =
∫

d
3
x A

a

0(x) is the
axial charge, and O is a local operator, to the case in which O is
replaced by the time-ordered product of two operators. In this
way we obtain the relation ΓVV = →3/

↗
2 T

[64]
3 . Using this in

Eq. (A.3) and inserting the relations (A.3) into Eq. (4) we arrive
at Eq. (5), with ↭̄V

ω given in Eq. (10).

Appendix B. Matching at the amplitude level

Introducing the weak vector and axial-vector currents as
Vµ = ūςµd and Aµ = ūςµς5d, the Fermi amplitude for the pro-
cess hi(pi)↑ h f (p f ) + e(pe) + ϑ̄e(pϑ) at tree level reads

A0 = →
↗

2GFVudC
(3)
φ J

µ
lept↓h f (p f )|Vµ(0)|hi(pi)↔, (B.1)

where J
µ
lept = ū(pe)ςµPLv(pϑ). The following analysis assumes

that the hadronic states hi, f are members of the same isospin I

multiplet (characterized by the mass scale Mhad): this holds for
neutron decay (I = 1/2), pion decay (I = 1), and 0+ ↑ 0+
nuclear decays (I = 1). Therefore, the mass splitting, the mo-
mentum transfer q = pi → p f , and the electron endpoint energy
E0 are all quantities of first order in IB, O

(
↼, (mu →md)/ΛQCD

)
.

In terms of the correlators of the electromagnetic and weak vec-

tor or axial-vector currents (W = V, A),9

W
µϑ(k) = i

∫
d

d
x e
→ik·x
〈
h f (p f )

∣∣∣T
{
W
µ(0)J

ϑ
em(x)

}∣∣∣hi(pi)
〉
,

(B.2)
including the O(↼) electromagnetic corrections de-
picted in Fig. B.2, the LEFT φ decay amplitude
A = →2

↗
2GFVudC

(3)
φ ↓ϑ̄eeh f |Oφ|hi↔ can be written in Feynman

gauge as

A = A0

 
Ze → 2e

2
i

∫
d

d
k

(2ω)d

1
(k2 + iϖ)(k̃2 → m2

e
+ iϖ)



+ 2i

↗
2GFVudC

(3)
φ J

µ
lept p

ϑ
e
e

2
∫

d
d
k

(2ω)d

Vµϑ(k) + V
↼
↼ (k) kµkϑ/k2

(k2 + iϖ)(k̃2 → m2
e
+ iϖ)

+
↗

2GFVudC
(3)
φ ū(pe)

ςϑς↼ςµ → ςµς↼ςϑ

2
PLv(pϑ)

↘ e
2
∫

d
d
k

(2ω)d

k↼Aµϑ(k)
(k2 + iϖ)2(k̃2 → m2

e
+ iϖ)

, (B.3)

where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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ε
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)
,
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log
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, (A.3)

where Ξ(k2) = k
2[

g2(k2) → g1(k2)
]
→
[
f2(k2) → f1(k2)

]
, fi(k2)

and gi(k2) are hadronic functions defined in Ref. [60], and the
correlator ΓVV (k, r) is given by

∫
d

4
x e

ik·x
〈
0
∣∣∣T
{
V

b

µ (x)Vc

ϑ (0)
}∣∣∣ωa(r)

〉

= iF0 ϖµϑϱς k
ϱ
r
ς
d

abc ΓVV (k, r), (A.4)

in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
the only nonperturbative term. In order to use lattice data from
Refs. [64, 66] for the box-diagram term presented in Eq. (10),
we need to relate the pion-to-vacuum amplitude with the pion-
to-pion one. This can be achieved by generalizing the soft-pion

theorem

lim
pµ↑ 0
↓ωa(p)φ|O|↼↔ = →

i

F0
↓φ|[Qa

5,O]|↼↔, (A.5)

where φ, ↼ are arbitrary external states, Q
a

5 =
∫

d
3
x A

a

0(x) is the
axial charge, and O is a local operator, to the case in which O is
replaced by the time-ordered product of two operators. In this
way we obtain the relation ΓVV = →3/

↗
2 T

[64]
3 . Using this in

Eq. (A.3) and inserting the relations (A.3) into Eq. (4) we arrive
at Eq. (5), with ↭̄V

ω given in Eq. (10).

Appendix B. Matching at the amplitude level

Introducing the weak vector and axial-vector currents as
Vµ = ūςµd and Aµ = ūςµς5d, the Fermi amplitude for the pro-
cess hi(pi)↑ h f (p f ) + e(pe) + ϑ̄e(pϑ) at tree level reads

A0 = →
↗

2GFVudC
(3)
φ J

µ
lept↓h f (p f )|Vµ(0)|hi(pi)↔, (B.1)

where J
µ
lept = ū(pe)ςµPLv(pϑ). The following analysis assumes

that the hadronic states hi, f are members of the same isospin I

multiplet (characterized by the mass scale Mhad): this holds for
neutron decay (I = 1/2), pion decay (I = 1), and 0+ ↑ 0+
nuclear decays (I = 1). Therefore, the mass splitting, the mo-
mentum transfer q = pi → p f , and the electron endpoint energy
E0 are all quantities of first order in IB, O

(
↼, (mu →md)/ΛQCD

)
.

In terms of the correlators of the electromagnetic and weak vec-

tor or axial-vector currents (W = V, A),9

W
µϑ(k) = i

∫
d

d
x e
→ik·x
〈
h f (p f )

∣∣∣T
{
W
µ(0)J

ϑ
em(x)
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(B.2)
including the O(↼) electromagnetic corrections de-
picted in Fig. B.2, the LEFT φ decay amplitude
A = →2

↗
2GFVudC

(3)
φ ↓ϑ̄eeh f |Oφ|hi↔ can be written in Feynman

gauge as

A = A0
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Ze → 2e

2
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
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where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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• Compute amplitude  A(π+→π0e+νe ) ~                                       in ‘LEFT’ (= Fermi theory + QED + QCD) and ChPT 

logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
nent part of the LEFT Lagrangian with n f active quark flavors
in the convention

LLEFT = →2
↑

2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (2)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

↓ Oω

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (3)

Cω(µ, a) ↔ ↗ f |Oω|i↘(µ, a)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(φ) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑφϑϖϑωPL ≃ ϑφϑϖϑωPL = 4
(
4 → a↼

)
ϑϖPL ≃ ϑϖPL + E(a), (4)

d = 4 → 2↼

where d = 4 → 2↼ is the dimensional regulator, and naive
dimensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
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C
(5)
ω (µ, a) = 1 +

φ

↽
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MZ

µ
+
φ

4↽
B(a) →

φφs

4↽2 log
MZ

µ

+
φφs

(4↽)2 Bs(a) →
φφs

4↽2
1

s
2
W

(
c

2
W

s
2
W

log
MW

MZ

+ 1
)

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.

+ O
(
φ2,φφ2

s

)
, (5)

where B(a) = a

3 → 4 and Bs(a) = 41
6 →

14
9 a parameterize the

scheme dependence, and sW , cW are the sine and cosine of
the weak mixing angle. The effective coupling C

( f )
ω (µ, a) can

be evolved down to the hadronic scale using the RG equa-
tions (RGE). As discussed in Appendix C, the solution is
known to next-to-leading-logarithmic (NLL)

[
O
(
φn+1 logn MZ

µ

)]

and NLLs

[
O
(
φφn+1

s
logn MZ

µ

)]
accuracy. The final result for

the decay amplitude is written in the three-flavor theory in
terms of a scheme-independent Wilson coefficient C̄

( f )
ω (µ) ↓

C
( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity J f (µ, a) that

naturally appears in the solution of the RGE to NLL, see Ap-
pendix C for details.

2.2. Matching to ChPT
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C

( f )
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(
X

r
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r

12 +
4
3

X
r

1

)
(µ⇀, µ, a). (6)

Matching LEFT with three quark flavors and ChPT, we find

→ 2↽φ⇀(µ⇀)Xς(µ⇀, µ, a) ↓ ↭̄V(3)
↽ (µ0)

→
φ(3)(µ)

4↽

(5
4
+

3
2
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µ2
⇀

µ2
0
+ B(a) + 2 log

µ2
0

µ2

)

+
φφ(3)

s (µ)
(4↽)2

(
→ Bs(a) + 2 → 2 log

µ2

µ2
0

)
, (7)

where ↭̄V(3)
↽ (µ0) represents the non-perturbative matrix ele-

ments, φ⇀(µ⇀) denotes the fine-structure constant in ChPT [26],
while the couplings on the right-hand side refer to MS.2

2The scale in φ(3)
s is chosen following Ref. [35]. Replacing φ(3)

s (µ) ⇒
φ(3)

s (µ0) would ensure exact analytic cancellation of µ0 [26].
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3
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Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

5
4

log
µ2

µ2
0
→

7
8

log
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µ2
ε

→
19
16

)
,

K12 = i
3
8
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d
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(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

1
4

log
µ2

µ2
0
+

1
8

log
µ2

0

µ2
ε

→
3

16

)
, (A.3)

where Ξ(k2) = k
2[

g2(k2) → g1(k2)
]
→
[
f2(k2) → f1(k2)

]
, fi(k2)

and gi(k2) are hadronic functions defined in Ref. [60], and the
correlator ΓVV (k, r) is given by

∫
d

4
x e

ik·x
〈
0
∣∣∣T
{
V

b

µ (x)Vc

ϑ (0)
}∣∣∣ωa(r)

〉

= iF0 ϖµϑϱς k
ϱ
r
ς
d

abc ΓVV (k, r), (A.4)

in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
the only nonperturbative term. In order to use lattice data from
Refs. [64, 66] for the box-diagram term presented in Eq. (10),
we need to relate the pion-to-vacuum amplitude with the pion-
to-pion one. This can be achieved by generalizing the soft-pion

theorem

lim
pµ↑ 0
↓ωa(p)φ|O|↼↔ = →

i

F0
↓φ|[Qa

5,O]|↼↔, (A.5)

where φ, ↼ are arbitrary external states, Q
a

5 =
∫

d
3
x A

a

0(x) is the
axial charge, and O is a local operator, to the case in which O is
replaced by the time-ordered product of two operators. In this
way we obtain the relation ΓVV = →3/

↗
2 T

[64]
3 . Using this in

Eq. (A.3) and inserting the relations (A.3) into Eq. (4) we arrive
at Eq. (5), with ↭̄V

ω given in Eq. (10).

Appendix B. Matching at the amplitude level

Introducing the weak vector and axial-vector currents as
Vµ = ūςµd and Aµ = ūςµς5d, the Fermi amplitude for the pro-
cess hi(pi)↑ h f (p f ) + e(pe) + ϑ̄e(pϑ) at tree level reads

A0 = →
↗

2GFVudC
(3)
φ J

µ
lept↓h f (p f )|Vµ(0)|hi(pi)↔, (B.1)

where J
µ
lept = ū(pe)ςµPLv(pϑ). The following analysis assumes

that the hadronic states hi, f are members of the same isospin I

multiplet (characterized by the mass scale Mhad): this holds for
neutron decay (I = 1/2), pion decay (I = 1), and 0+ ↑ 0+
nuclear decays (I = 1). Therefore, the mass splitting, the mo-
mentum transfer q = pi → p f , and the electron endpoint energy
E0 are all quantities of first order in IB, O

(
↼, (mu →md)/ΛQCD

)
.

In terms of the correlators of the electromagnetic and weak vec-

tor or axial-vector currents (W = V, A),9

W
µϑ(k) = i

∫
d

d
x e
→ik·x
〈
h f (p f )

∣∣∣T
{
W
µ(0)J

ϑ
em(x)

}∣∣∣hi(pi)
〉
,

(B.2)
including the O(↼) electromagnetic corrections de-
picted in Fig. B.2, the LEFT φ decay amplitude
A = →2

↗
2GFVudC

(3)
φ ↓ϑ̄eeh f |Oφ|hi↔ can be written in Feynman

gauge as

A = A0

 
Ze → 2e

2
i

∫
d

d
k

(2ω)d

1
(k2 + iϖ)(k̃2 → m2

e
+ iϖ)



+ 2i

↗
2GFVudC

(3)
φ J

µ
lept p

ϑ
e
e

2
∫

d
d
k

(2ω)d

Vµϑ(k) + V
↼
↼ (k) kµkϑ/k2

(k2 + iϖ)(k̃2 → m2
e
+ iϖ)

+
↗

2GFVudC
(3)
φ ū(pe)

ςϑς↼ςµ → ςµς↼ςϑ

2
PLv(pϑ)

↘ e
2
∫

d
d
k

(2ω)d

k↼Aµϑ(k)
(k2 + iϖ)2(k̃2 → m2

e
+ iϖ)

, (B.3)

where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.

7

X̂2 = i
3
8

∫
d

d
k

(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

5
4

log
µ2

µ2
0
→

7
8

log
µ2

0

µ2
ε

→
19
16

)
,

K12 = i
3
8

∫
d

d
k

(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

1
4

log
µ2

µ2
0
+

1
8

log
µ2

0

µ2
ε

→
3

16

)
, (A.3)

where Ξ(k2) = k
2[

g2(k2) → g1(k2)
]
→
[
f2(k2) → f1(k2)

]
, fi(k2)

and gi(k2) are hadronic functions defined in Ref. [60], and the
correlator ΓVV (k, r) is given by

∫
d

4
x e

ik·x
〈
0
∣∣∣T
{
V

b

µ (x)Vc

ϑ (0)
}∣∣∣ωa(r)

〉

= iF0 ϖµϑϱς k
ϱ
r
ς
d

abc ΓVV (k, r), (A.4)

in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
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remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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3
8

∫
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(2ω)d

[
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1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

5
4

log
µ2

µ2
0
→

7
8

log
µ2

0

µ2
ε

→
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16

)
,

K12 = i
3
8

∫
d

d
k

(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

1
4

log
µ2

µ2
0
+

1
8

log
µ2

0

µ2
ε

→
3

16

)
, (A.3)

where Ξ(k2) = k
2[

g2(k2) → g1(k2)
]
→
[
f2(k2) → f1(k2)

]
, fi(k2)

and gi(k2) are hadronic functions defined in Ref. [60], and the
correlator ΓVV (k, r) is given by

∫
d

4
x e

ik·x
〈
0
∣∣∣T
{
V

b

µ (x)Vc

ϑ (0)
}∣∣∣ωa(r)

〉

= iF0 ϖµϑϱς k
ϱ
r
ς
d

abc ΓVV (k, r), (A.4)

in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
the only nonperturbative term. In order to use lattice data from
Refs. [64, 66] for the box-diagram term presented in Eq. (10),
we need to relate the pion-to-vacuum amplitude with the pion-
to-pion one. This can be achieved by generalizing the soft-pion

theorem

lim
pµ↑ 0
↓ωa(p)φ|O|↼↔ = →

i

F0
↓φ|[Qa

5,O]|↼↔, (A.5)

where φ, ↼ are arbitrary external states, Q
a

5 =
∫

d
3
x A

a

0(x) is the
axial charge, and O is a local operator, to the case in which O is
replaced by the time-ordered product of two operators. In this
way we obtain the relation ΓVV = →3/

↗
2 T

[64]
3 . Using this in

Eq. (A.3) and inserting the relations (A.3) into Eq. (4) we arrive
at Eq. (5), with ↭̄V

ω given in Eq. (10).

Appendix B. Matching at the amplitude level

Introducing the weak vector and axial-vector currents as
Vµ = ūςµd and Aµ = ūςµς5d, the Fermi amplitude for the pro-
cess hi(pi)↑ h f (p f ) + e(pe) + ϑ̄e(pϑ) at tree level reads

A0 = →
↗

2GFVudC
(3)
φ J

µ
lept↓h f (p f )|Vµ(0)|hi(pi)↔, (B.1)

where J
µ
lept = ū(pe)ςµPLv(pϑ). The following analysis assumes

that the hadronic states hi, f are members of the same isospin I

multiplet (characterized by the mass scale Mhad): this holds for
neutron decay (I = 1/2), pion decay (I = 1), and 0+ ↑ 0+
nuclear decays (I = 1). Therefore, the mass splitting, the mo-
mentum transfer q = pi → p f , and the electron endpoint energy
E0 are all quantities of first order in IB, O

(
↼, (mu →md)/ΛQCD

)
.

In terms of the correlators of the electromagnetic and weak vec-

tor or axial-vector currents (W = V, A),9

W
µϑ(k) = i

∫
d

d
x e
→ik·x
〈
h f (p f )

∣∣∣T
{
W
µ(0)J

ϑ
em(x)

}∣∣∣hi(pi)
〉
,

(B.2)
including the O(↼) electromagnetic corrections de-
picted in Fig. B.2, the LEFT φ decay amplitude
A = →2

↗
2GFVudC

(3)
φ ↓ϑ̄eeh f |Oφ|hi↔ can be written in Feynman

gauge as

A = A0

 
Ze → 2e

2
i

∫
d

d
k

(2ω)d

1
(k2 + iϖ)(k̃2 → m2

e
+ iϖ)



+ 2i

↗
2GFVudC

(3)
φ J

µ
lept p

ϑ
e
e

2
∫

d
d
k

(2ω)d

Vµϑ(k) + V
↼
↼ (k) kµkϑ/k2

(k2 + iϖ)(k̃2 → m2
e
+ iϖ)

+
↗

2GFVudC
(3)
φ ū(pe)

ςϑς↼ςµ → ςµς↼ςϑ

2
PLv(pϑ)

↘ e
2
∫

d
d
k

(2ω)d

k↼Aµϑ(k)
(k2 + iϖ)2(k̃2 → m2

e
+ iϖ)

, (B.3)

where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
nent part of the LEFT Lagrangian with n f active quark flavors
in the convention

LLEFT = →2
↑

2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (2)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

↓ Oω

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (3)

Cω(µ, a) ↔ ↗ f |Oω|i↘(µ, a)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(φ) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑφϑϖϑωPL ≃ ϑφϑϖϑωPL = 4
(
4 → a↼

)
ϑϖPL ≃ ϑϖPL + E(a), (4)

d = 4 → 2↼

where d = 4 → 2↼ is the dimensional regulator, and naive
dimensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ⇐ MW,Z [26, 35]

C
(5)
ω (µ, a) = 1 +

φ

↽
log

MZ

µ
+
φ

4↽
B(a) →

φφs

4↽2 log
MZ

µ

+
φφs

(4↽)2 Bs(a) →
φφs

4↽2
1

s
2
W

(
c

2
W

s
2
W

log
MW

MZ

+ 1
)

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.

+ O
(
φ2,φφ2

s

)
, (5)

where B(a) = a

3 → 4 and Bs(a) = 41
6 →

14
9 a parameterize the

scheme dependence, and sW , cW are the sine and cosine of
the weak mixing angle. The effective coupling C

( f )
ω (µ, a) can

be evolved down to the hadronic scale using the RG equa-
tions (RGE). As discussed in Appendix C, the solution is
known to next-to-leading-logarithmic (NLL)

[
O
(
φn+1 logn MZ

µ

)]

and NLLs

[
O
(
φφn+1

s
logn MZ

µ

)]
accuracy. The final result for

the decay amplitude is written in the three-flavor theory in
terms of a scheme-independent Wilson coefficient C̄

( f )
ω (µ) ↓

C
( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity J f (µ, a) that

naturally appears in the solution of the RGE to NLL, see Ap-
pendix C for details.

2.2. Matching to ChPT

Starting from Eq. (1), to achieve NLL (and NLLs) ac-
curacy one needs to compute the matrix element of Oω ↓

ēLϑϖϱeL ūLϑϖdL between the appropriate external states to O(φ)
(and O(φφs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
C

( f )
ω (µ, a). In the EFT approach, one computes ↗ f |Oω|i↘ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ε ⇒ ↽↽ϱε, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ⇀,
and on the evanescent scheme parameter a. The relevant linear
combination of the Xi [83] and Ki [84] reads

Xς(µ⇀, µ, a) ↓
(
X

r

6 → 4K
r

12 +
4
3

X
r

1

)
(µ⇀, µ, a). (6)

Matching LEFT with three quark flavors and ChPT, we find

→ 2↽φ⇀(µ⇀)Xς(µ⇀, µ, a) ↓ ↭̄V(3)
↽ (µ0)

→
φ(3)(µ)

4↽

(5
4
+

3
2

log
µ2
⇀

µ2
0
+ B(a) + 2 log

µ2
0

µ2

)

+
φφ(3)

s (µ)
(4↽)2

(
→ Bs(a) + 2 → 2 log

µ2

µ2
0

)
, (7)

where ↭̄V(3)
↽ (µ0) represents the non-perturbative matrix ele-

ments, φ⇀(µ⇀) denotes the fine-structure constant in ChPT [26],
while the couplings on the right-hand side refer to MS.2

2The scale in φ(3)
s is chosen following Ref. [35]. Replacing φ(3)

s (µ) ⇒
φ(3)

s (µ0) would ensure exact analytic cancellation of µ0 [26].
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X̂2 = i
3
8

∫
d
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k

(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

5
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log
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0
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7
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log
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)
,

K12 = i
3
8

∫
d

d
k

(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

1
4

log
µ2

µ2
0
+

1
8

log
µ2

0

µ2
ε

→
3

16

)
, (A.3)

where Ξ(k2) = k
2[

g2(k2) → g1(k2)
]
→
[
f2(k2) → f1(k2)

]
, fi(k2)

and gi(k2) are hadronic functions defined in Ref. [60], and the
correlator ΓVV (k, r) is given by

∫
d

4
x e

ik·x
〈
0
∣∣∣T
{
V

b

µ (x)Vc

ϑ (0)
}∣∣∣ωa(r)

〉

= iF0 ϖµϑϱς k
ϱ
r
ς
d

abc ΓVV (k, r), (A.4)

in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
the only nonperturbative term. In order to use lattice data from
Refs. [64, 66] for the box-diagram term presented in Eq. (10),
we need to relate the pion-to-vacuum amplitude with the pion-
to-pion one. This can be achieved by generalizing the soft-pion

theorem

lim
pµ↑ 0
↓ωa(p)φ|O|↼↔ = →

i

F0
↓φ|[Qa

5,O]|↼↔, (A.5)

where φ, ↼ are arbitrary external states, Q
a

5 =
∫

d
3
x A

a

0(x) is the
axial charge, and O is a local operator, to the case in which O is
replaced by the time-ordered product of two operators. In this
way we obtain the relation ΓVV = →3/

↗
2 T

[64]
3 . Using this in

Eq. (A.3) and inserting the relations (A.3) into Eq. (4) we arrive
at Eq. (5), with ↭̄V

ω given in Eq. (10).

Appendix B. Matching at the amplitude level

Introducing the weak vector and axial-vector currents as
Vµ = ūςµd and Aµ = ūςµς5d, the Fermi amplitude for the pro-
cess hi(pi)↑ h f (p f ) + e(pe) + ϑ̄e(pϑ) at tree level reads

A0 = →
↗

2GFVudC
(3)
φ J

µ
lept↓h f (p f )|Vµ(0)|hi(pi)↔, (B.1)

where J
µ
lept = ū(pe)ςµPLv(pϑ). The following analysis assumes

that the hadronic states hi, f are members of the same isospin I

multiplet (characterized by the mass scale Mhad): this holds for
neutron decay (I = 1/2), pion decay (I = 1), and 0+ ↑ 0+
nuclear decays (I = 1). Therefore, the mass splitting, the mo-
mentum transfer q = pi → p f , and the electron endpoint energy
E0 are all quantities of first order in IB, O

(
↼, (mu →md)/ΛQCD

)
.

In terms of the correlators of the electromagnetic and weak vec-

tor or axial-vector currents (W = V, A),9

W
µϑ(k) = i

∫
d

d
x e
→ik·x
〈
h f (p f )

∣∣∣T
{
W
µ(0)J

ϑ
em(x)

}∣∣∣hi(pi)
〉
,

(B.2)
including the O(↼) electromagnetic corrections de-
picted in Fig. B.2, the LEFT φ decay amplitude
A = →2

↗
2GFVudC

(3)
φ ↓ϑ̄eeh f |Oφ|hi↔ can be written in Feynman

gauge as

A = A0

 
Ze → 2e

2
i

∫
d

d
k

(2ω)d

1
(k2 + iϖ)(k̃2 → m2

e
+ iϖ)



+ 2i

↗
2GFVudC

(3)
φ J

µ
lept p

ϑ
e
e

2
∫

d
d
k

(2ω)d

Vµϑ(k) + V
↼
↼ (k) kµkϑ/k2

(k2 + iϖ)(k̃2 → m2
e
+ iϖ)

+
↗

2GFVudC
(3)
φ ū(pe)

ςϑς↼ςµ → ςµς↼ςϑ

2
PLv(pϑ)

↘ e
2
∫

d
d
k

(2ω)d

k↼Aµϑ(k)
(k2 + iϖ)2(k̃2 → m2

e
+ iϖ)

, (B.3)

where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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, (A.3)

where Ξ(k2) = k
2[

g2(k2) → g1(k2)
]
→
[
f2(k2) → f1(k2)

]
, fi(k2)

and gi(k2) are hadronic functions defined in Ref. [60], and the
correlator ΓVV (k, r) is given by

∫
d

4
x e

ik·x
〈
0
∣∣∣T
{
V

b

µ (x)Vc

ϑ (0)
}∣∣∣ωa(r)

〉

= iF0 ϖµϑϱς k
ϱ
r
ς
d

abc ΓVV (k, r), (A.4)

in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
the only nonperturbative term. In order to use lattice data from
Refs. [64, 66] for the box-diagram term presented in Eq. (10),
we need to relate the pion-to-vacuum amplitude with the pion-
to-pion one. This can be achieved by generalizing the soft-pion

theorem

lim
pµ↑ 0
↓ωa(p)φ|O|↼↔ = →

i

F0
↓φ|[Qa

5,O]|↼↔, (A.5)

where φ, ↼ are arbitrary external states, Q
a

5 =
∫

d
3
x A

a

0(x) is the
axial charge, and O is a local operator, to the case in which O is
replaced by the time-ordered product of two operators. In this
way we obtain the relation ΓVV = →3/

↗
2 T

[64]
3 . Using this in

Eq. (A.3) and inserting the relations (A.3) into Eq. (4) we arrive
at Eq. (5), with ↭̄V

ω given in Eq. (10).

Appendix B. Matching at the amplitude level

Introducing the weak vector and axial-vector currents as
Vµ = ūςµd and Aµ = ūςµς5d, the Fermi amplitude for the pro-
cess hi(pi)↑ h f (p f ) + e(pe) + ϑ̄e(pϑ) at tree level reads
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2GFVudC
(3)
φ J

µ
lept↓h f (p f )|Vµ(0)|hi(pi)↔, (B.1)

where J
µ
lept = ū(pe)ςµPLv(pϑ). The following analysis assumes

that the hadronic states hi, f are members of the same isospin I

multiplet (characterized by the mass scale Mhad): this holds for
neutron decay (I = 1/2), pion decay (I = 1), and 0+ ↑ 0+
nuclear decays (I = 1). Therefore, the mass splitting, the mo-
mentum transfer q = pi → p f , and the electron endpoint energy
E0 are all quantities of first order in IB, O

(
↼, (mu →md)/ΛQCD

)
.

In terms of the correlators of the electromagnetic and weak vec-

tor or axial-vector currents (W = V, A),9
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including the O(↼) electromagnetic corrections de-
picted in Fig. B.2, the LEFT φ decay amplitude
A = →2

↗
2GFVudC

(3)
φ ↓ϑ̄eeh f |Oφ|hi↔ can be written in Feynman

gauge as
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e
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(k2 + iϖ)2(k̃2 → m2

e
+ iϖ)

, (B.3)

where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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where Ξ(k2) = k
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in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
the only nonperturbative term. In order to use lattice data from
Refs. [64, 66] for the box-diagram term presented in Eq. (10),
we need to relate the pion-to-vacuum amplitude with the pion-
to-pion one. This can be achieved by generalizing the soft-pion

theorem
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0(x) is the
axial charge, and O is a local operator, to the case in which O is
replaced by the time-ordered product of two operators. In this
way we obtain the relation ΓVV = →3/

↗
2 T

[64]
3 . Using this in

Eq. (A.3) and inserting the relations (A.3) into Eq. (4) we arrive
at Eq. (5), with ↭̄V

ω given in Eq. (10).

Appendix B. Matching at the amplitude level

Introducing the weak vector and axial-vector currents as
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multiplet (characterized by the mass scale Mhad): this holds for
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where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
the only nonperturbative term. In order to use lattice data from
Refs. [64, 66] for the box-diagram term presented in Eq. (10),
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where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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• Leading term (unsuppressed by qext/mπ) given by IR-singular Born terms

• Same in LEFT and χPT!  Contributes ~ # log(μ/μχ) to matching  

Figure B.2: Diagrams contributing to the O(ω) corrections to ε decays in LEFT.
Double lines represent hadronic states, single lines leptons, and wavy lines
photons. The weak and electromagnetic current insertions are represented by
hatched circles.

the universal IR singularity, irrespective of hadron spin:

V
IR
µϑ (k) = →h f (p f )|Vµ(0)|hi(pi)↑

vϑ

v · k
+ O(k0), (B.4)

where vϑ is the four-velocity of the charged hadron involved
in the ε decay. We have written this in a form that makes it
clear that the hadron mass (or spin) does not play any role in
these leading corrections. The loops evaluated with the univer-
sal term in V

IR
µϑ (k) are UV divergent and the finite parts defined

in MS, when combined with the leading Low contribution to
real photon emission, lead to the usual Sirlin function [6] up to
a constant term. The terms of O(k0) lead to corrections propor-
tional to |pe|/Mhad, usually neglected.10

The treatment of the contributions from the axial-vector
weak current and isoscalar electromagnetic current (Aµϑ) is
more subtle, as this term involves evanescent structures (as
seen from Eq. (B.3)) and receives O(ωs) corrections [10, 35].
In order to make contact with nonperturbative input from lat-
tice QCD or dispersive calculations, in the context of neutron
decay Refs. [26, 35] introduced an intermediate renormaliza-
tion scheme that subtracts the large-momentum part of the pho-
ton loop integral involving Aµϑ, controlled by the OPE. This
amounts to replacing the last two lines in Eq. (B.3) with the UV
convergent quantity

↓
2GFVudC

(3)
ε ϖ
ϑωµϱ

J
lept
ϱ e

2
∫

d
4
k

(2ς)4

kω
[
Aµϑ(k) ↔ A

OPE
µϑ (k, µ0)

]

(k2 + iϖ)2(k̃2 ↔ m2
e
+ iϖ)

,

in which the Dirac algebra has been performed in d = 4 di-
mensions. This scheme also introduces the arbitrary scale µ0 in
the OPE subtraction [26], which serves as a factorization scale
and regulates IR divergences. The crucial final step is to con-
nect this finite operator to the MS operator, which requires an
additional finite and evanescent-scheme dependent renormal-
ization. This scheme-matching conversion was worked out to
O(ω) in Ref. [26] and to O(ωωs) in Ref. [35], to which we refer
for further details.

Having studied the amplitude in LEFT, we are now ready to
match to ChPT. Based on the above discussion, one can see that
the ChPT amplitude (for any process, such as pion or neutron
decay) coincides with the first two lines of Eq. (B.3), up to cor-
rections of order |pe|/Mhad, irrelevant at the order at which we

10They are kept in the full relativistic loop function in the ChPT analysis of
pion ε decay [62].

work. In fact, the machinery of ChPT builds up Vµϑ in terms
of low-lying states, thus capturing the leading IR behavior, and
incorporates the Ward identities, so that the ChPT loops must
respect the form of Eq. (B.3).11 If one used the same regu-
larization and subtraction scheme in LEFT and ChPT ampli-
tudes, the first two lines of Eq. (B.3) would be identical in the
two theories and contribute nothing to the matching. Since
indeed one uses different dimensional-regularization scales in
the two theories (µ and µφ) and the two minimal-subtraction
schemes differ by a constant (MS versus MSφ), there is a (triv-
ial) contribution to the matching from the IR loops. In the
case of neutron decay this contribution to the matching leads to
↔X6/2+2(V1+V2)↔g9 = (3/2)/(4ς)2(1↔log(µ2

φ/µ
2)) [26]. Sim-

ilarly, in the case of pion decay we obtain ↔X̂6/2↔2(X̂2↔K12) =
(3/2)/(4ς)2(1↔ log(µ2

φ/µ
2)). On the other hand, the integrals in-

volving the axial-vector current (usually referred to as the “↼W
box” contribution, even though at low energy after integrating
out the W boson the box reduces to a triangle diagram) are not
dominated by IR scales and in fact there is no corresponding
term in the ChPT loops—they correspond to local operators
in ChPT. Therefore, the Aµϑ terms in Eq. (B.3) contribute to
the matching both a finite nonperturbative term and a scheme-
dependent perturbative term. In the case of neutron decay the
↼W box contribution is encoded in the combination of LECs
2(V3 +V4) (see Eq. (73) of Ref. [26]), while for pion decay it is
encoded by the combination ↔(2/3)(X1 + X̂1) (see Eq. (A.3)).

The arguments sketched above lead to the universal form for
the matching condition in Eq. (6) and the universal shift to the
decay rate given in Eq. (16), which agree with the previous re-
sults obtained in the specific case of neutron decay [26, 35, 95].

Appendix C. Renormalization group to NLL

The Wilson coefficient C
( f )
ε and the QED and QCD couplings

satisfy the following RGE:

µ
dC

( f )
ε

dµ
= ↼(ω,ωs) C

( f )
ε ,

µ
dω( f )

dµ
= ↔2ω( f )

[
ε( f )

0
ω( f )

4ς
+ ε( f )

1

(ω( f )

4ς

)2]
,

µ
dω( f )

s

dµ
= ↔2ω( f )

s

[
ε( f )

0s

ω( f )
s

4ς
+ ε( f )

1s

(ω( f )
s

4ς

)2]
, (C.1)

with [10, 26, 35, 121]

↼(ω,ωs) = ↼0
ω(µ)
4ς
+↼( f )

1
ω2(µ)
(4ς)2 +↼̃0

ωωs(µ)
(4ς)2 +↼̃

( f )
1
ωω2

s
(µ)

(4ς)3 , (C.2)

and

↼0 = ↔4, ↼( f )
1 =

8
9

Q2 (a ↔ 2),

11In the case of neutron decay, the second term in the first line of Eq. (B.3)
and part of the second line correspond to the vertex correction (triangle dia-
gram). The proton wavefunction renormalization is included in the V

ω
ω term in

the second line. Similar arguments apply to pion ε decay. In that case, more
diagrams appear in ChPT due to a ↼W tadpole needed to satisfy the Ward iden-
tities. When everything is expressed in terms of Vµϑ, the expressions match.
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logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
nent part of the LEFT Lagrangian with n f active quark flavors
in the convention

LLEFT = →2
↑

2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (2)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

↓ Oω

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (3)

Cω(µ, a) ↔ ↗ f |Oω|i↘(µ, a)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(φ) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑφϑϖϑωPL ≃ ϑφϑϖϑωPL = 4
(
4 → a↼

)
ϑϖPL ≃ ϑϖPL + E(a), (4)

d = 4 → 2↼

where d = 4 → 2↼ is the dimensional regulator, and naive
dimensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ⇐ MW,Z [26, 35]

C
(5)
ω (µ, a) = 1 +

φ

↽
log

MZ

µ
+
φ

4↽
B(a) →

φφs

4↽2 log
MZ

µ

+
φφs

(4↽)2 Bs(a) →
φφs

4↽2
1

s
2
W

(
c

2
W

s
2
W

log
MW

MZ

+ 1
)

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.

+ O
(
φ2,φφ2

s

)
, (5)

where B(a) = a

3 → 4 and Bs(a) = 41
6 →

14
9 a parameterize the

scheme dependence, and sW , cW are the sine and cosine of
the weak mixing angle. The effective coupling C

( f )
ω (µ, a) can

be evolved down to the hadronic scale using the RG equa-
tions (RGE). As discussed in Appendix C, the solution is
known to next-to-leading-logarithmic (NLL)

[
O
(
φn+1 logn MZ

µ

)]

and NLLs

[
O
(
φφn+1

s
logn MZ

µ

)]
accuracy. The final result for

the decay amplitude is written in the three-flavor theory in
terms of a scheme-independent Wilson coefficient C̄

( f )
ω (µ) ↓

C
( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity J f (µ, a) that

naturally appears in the solution of the RGE to NLL, see Ap-
pendix C for details.

2.2. Matching to ChPT

Starting from Eq. (1), to achieve NLL (and NLLs) ac-
curacy one needs to compute the matrix element of Oω ↓

ēLϑϖϱeL ūLϑϖdL between the appropriate external states to O(φ)
(and O(φφs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
C

( f )
ω (µ, a). In the EFT approach, one computes ↗ f |Oω|i↘ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ε ⇒ ↽↽ϱε, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ⇀,
and on the evanescent scheme parameter a. The relevant linear
combination of the Xi [83] and Ki [84] reads

Xς(µ⇀, µ, a) ↓
(
X

r

6 → 4K
r

12 +
4
3

X
r

1

)
(µ⇀, µ, a). (6)

Matching LEFT with three quark flavors and ChPT, we find

→ 2↽φ⇀(µ⇀)Xς(µ⇀, µ, a) ↓ ↭̄V(3)
↽ (µ0)

→
φ(3)(µ)

4↽

(5
4
+

3
2

log
µ2
⇀

µ2
0
+ B(a) + 2 log

µ2
0

µ2

)

+
φφ(3)

s (µ)
(4↽)2

(
→ Bs(a) + 2 → 2 log

µ2

µ2
0

)
, (7)

where ↭̄V(3)
↽ (µ0) represents the non-perturbative matrix ele-

ments, φ⇀(µ⇀) denotes the fine-structure constant in ChPT [26],
while the couplings on the right-hand side refer to MS.2

2The scale in φ(3)
s is chosen following Ref. [35]. Replacing φ(3)

s (µ) ⇒
φ(3)

s (µ0) would ensure exact analytic cancellation of µ0 [26].
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decay can proceed in ChPT [62], while for ε decays a full calcu-
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3
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∫
d

d
k

(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

5
4

log
µ2

µ2
0
→

7
8

log
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0

µ2
ε

→
19
16

)
,

K12 = i
3
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∫
d

d
k

(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

1
4

log
µ2

µ2
0
+

1
8

log
µ2

0

µ2
ε

→
3

16

)
, (A.3)

where Ξ(k2) = k
2[

g2(k2) → g1(k2)
]
→
[
f2(k2) → f1(k2)

]
, fi(k2)

and gi(k2) are hadronic functions defined in Ref. [60], and the
correlator ΓVV (k, r) is given by

∫
d

4
x e

ik·x
〈
0
∣∣∣T
{
V

b

µ (x)Vc

ϑ (0)
}∣∣∣ωa(r)

〉

= iF0 ϖµϑϱς k
ϱ
r
ς
d

abc ΓVV (k, r), (A.4)

in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
the only nonperturbative term. In order to use lattice data from
Refs. [64, 66] for the box-diagram term presented in Eq. (10),
we need to relate the pion-to-vacuum amplitude with the pion-
to-pion one. This can be achieved by generalizing the soft-pion

theorem

lim
pµ↑ 0
↓ωa(p)φ|O|↼↔ = →

i

F0
↓φ|[Qa

5,O]|↼↔, (A.5)

where φ, ↼ are arbitrary external states, Q
a

5 =
∫

d
3
x A

a

0(x) is the
axial charge, and O is a local operator, to the case in which O is
replaced by the time-ordered product of two operators. In this
way we obtain the relation ΓVV = →3/

↗
2 T

[64]
3 . Using this in

Eq. (A.3) and inserting the relations (A.3) into Eq. (4) we arrive
at Eq. (5), with ↭̄V

ω given in Eq. (10).

Appendix B. Matching at the amplitude level

Introducing the weak vector and axial-vector currents as
Vµ = ūςµd and Aµ = ūςµς5d, the Fermi amplitude for the pro-
cess hi(pi)↑ h f (p f ) + e(pe) + ϑ̄e(pϑ) at tree level reads

A0 = →
↗

2GFVudC
(3)
φ J

µ
lept↓h f (p f )|Vµ(0)|hi(pi)↔, (B.1)

where J
µ
lept = ū(pe)ςµPLv(pϑ). The following analysis assumes

that the hadronic states hi, f are members of the same isospin I

multiplet (characterized by the mass scale Mhad): this holds for
neutron decay (I = 1/2), pion decay (I = 1), and 0+ ↑ 0+
nuclear decays (I = 1). Therefore, the mass splitting, the mo-
mentum transfer q = pi → p f , and the electron endpoint energy
E0 are all quantities of first order in IB, O

(
↼, (mu →md)/ΛQCD

)
.

In terms of the correlators of the electromagnetic and weak vec-

tor or axial-vector currents (W = V, A),9

W
µϑ(k) = i

∫
d

d
x e
→ik·x
〈
h f (p f )

∣∣∣T
{
W
µ(0)J

ϑ
em(x)

}∣∣∣hi(pi)
〉
,

(B.2)
including the O(↼) electromagnetic corrections de-
picted in Fig. B.2, the LEFT φ decay amplitude
A = →2

↗
2GFVudC

(3)
φ ↓ϑ̄eeh f |Oφ|hi↔ can be written in Feynman

gauge as

A = A0

 
Ze → 2e

2
i

∫
d

d
k

(2ω)d

1
(k2 + iϖ)(k̃2 → m2

e
+ iϖ)



+ 2i

↗
2GFVudC

(3)
φ J

µ
lept p

ϑ
e
e

2
∫

d
d
k

(2ω)d

Vµϑ(k) + V
↼
↼ (k) kµkϑ/k2

(k2 + iϖ)(k̃2 → m2
e
+ iϖ)

+
↗

2GFVudC
(3)
φ ū(pe)

ςϑς↼ςµ → ςµς↼ςϑ

2
PLv(pϑ)

↘ e
2
∫

d
d
k

(2ω)d

k↼Aµϑ(k)
(k2 + iϖ)2(k̃2 → m2

e
+ iϖ)

, (B.3)

where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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, (B.3)

where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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where Ξ(k2) = k
2[

g2(k2) → g1(k2)
]
→
[
f2(k2) → f1(k2)

]
, fi(k2)

and gi(k2) are hadronic functions defined in Ref. [60], and the
correlator ΓVV (k, r) is given by
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in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
the only nonperturbative term. In order to use lattice data from
Refs. [64, 66] for the box-diagram term presented in Eq. (10),
we need to relate the pion-to-vacuum amplitude with the pion-
to-pion one. This can be achieved by generalizing the soft-pion

theorem

lim
pµ↑ 0
↓ωa(p)φ|O|↼↔ = →

i

F0
↓φ|[Qa

5,O]|↼↔, (A.5)

where φ, ↼ are arbitrary external states, Q
a

5 =
∫

d
3
x A

a

0(x) is the
axial charge, and O is a local operator, to the case in which O is
replaced by the time-ordered product of two operators. In this
way we obtain the relation ΓVV = →3/

↗
2 T

[64]
3 . Using this in

Eq. (A.3) and inserting the relations (A.3) into Eq. (4) we arrive
at Eq. (5), with ↭̄V

ω given in Eq. (10).

Appendix B. Matching at the amplitude level

Introducing the weak vector and axial-vector currents as
Vµ = ūςµd and Aµ = ūςµς5d, the Fermi amplitude for the pro-
cess hi(pi)↑ h f (p f ) + e(pe) + ϑ̄e(pϑ) at tree level reads

A0 = →
↗
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where J
µ
lept = ū(pe)ςµPLv(pϑ). The following analysis assumes

that the hadronic states hi, f are members of the same isospin I

multiplet (characterized by the mass scale Mhad): this holds for
neutron decay (I = 1/2), pion decay (I = 1), and 0+ ↑ 0+
nuclear decays (I = 1). Therefore, the mass splitting, the mo-
mentum transfer q = pi → p f , and the electron endpoint energy
E0 are all quantities of first order in IB, O

(
↼, (mu →md)/ΛQCD

)
.

In terms of the correlators of the electromagnetic and weak vec-

tor or axial-vector currents (W = V, A),9
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including the O(↼) electromagnetic corrections de-
picted in Fig. B.2, the LEFT φ decay amplitude
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where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
the only nonperturbative term. In order to use lattice data from
Refs. [64, 66] for the box-diagram term presented in Eq. (10),
we need to relate the pion-to-vacuum amplitude with the pion-
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Eq. (A.3) and inserting the relations (A.3) into Eq. (4) we arrive
at Eq. (5), with ↭̄V

ω given in Eq. (10).
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multiplet (characterized by the mass scale Mhad): this holds for
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where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
nent part of the LEFT Lagrangian with n f active quark flavors
in the convention

LLEFT = →2
↑

2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (2)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

↓ Oω

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (3)

Cω(µ, a) ↔ ↗ f |Oω|i↘(µ, a)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(φ) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑφϑϖϑωPL ≃ ϑφϑϖϑωPL = 4
(
4 → a↼

)
ϑϖPL ≃ ϑϖPL + E(a), (4)

d = 4 → 2↼

where d = 4 → 2↼ is the dimensional regulator, and naive
dimensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ⇐ MW,Z [26, 35]

C
(5)
ω (µ, a) = 1 +

φ

↽
log

MZ

µ
+
φ

4↽
B(a) →

φφs

4↽2 log
MZ

µ

+
φφs

(4↽)2 Bs(a) →
φφs

4↽2
1

s
2
W

(
c

2
W

s
2
W

log
MW

MZ

+ 1
)

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.

+ O
(
φ2,φφ2

s

)
, (5)

where B(a) = a

3 → 4 and Bs(a) = 41
6 →

14
9 a parameterize the

scheme dependence, and sW , cW are the sine and cosine of
the weak mixing angle. The effective coupling C

( f )
ω (µ, a) can

be evolved down to the hadronic scale using the RG equa-
tions (RGE). As discussed in Appendix C, the solution is
known to next-to-leading-logarithmic (NLL)

[
O
(
φn+1 logn MZ

µ

)]

and NLLs

[
O
(
φφn+1

s
logn MZ

µ

)]
accuracy. The final result for

the decay amplitude is written in the three-flavor theory in
terms of a scheme-independent Wilson coefficient C̄

( f )
ω (µ) ↓

C
( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity J f (µ, a) that

naturally appears in the solution of the RGE to NLL, see Ap-
pendix C for details.

2.2. Matching to ChPT

Starting from Eq. (1), to achieve NLL (and NLLs) ac-
curacy one needs to compute the matrix element of Oω ↓

ēLϑϖϱeL ūLϑϖdL between the appropriate external states to O(φ)
(and O(φφs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
C

( f )
ω (µ, a). In the EFT approach, one computes ↗ f |Oω|i↘ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ε ⇒ ↽↽ϱε, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ⇀,
and on the evanescent scheme parameter a. The relevant linear
combination of the Xi [83] and Ki [84] reads

Xς(µ⇀, µ, a) ↓
(
X

r

6 → 4K
r

12 +
4
3

X
r

1

)
(µ⇀, µ, a). (6)

Matching LEFT with three quark flavors and ChPT, we find

→ 2↽φ⇀(µ⇀)Xς(µ⇀, µ, a) ↓ ↭̄V(3)
↽ (µ0)

→
φ(3)(µ)

4↽

(5
4
+

3
2

log
µ2
⇀

µ2
0
+ B(a) + 2 log

µ2
0

µ2

)

+
φφ(3)

s (µ)
(4↽)2

(
→ Bs(a) + 2 → 2 log

µ2

µ2
0

)
, (7)

where ↭̄V(3)
↽ (µ0) represents the non-perturbative matrix ele-

ments, φ⇀(µ⇀) denotes the fine-structure constant in ChPT [26],
while the couplings on the right-hand side refer to MS.2

2The scale in φ(3)
s is chosen following Ref. [35]. Replacing φ(3)

s (µ) ⇒
φ(3)

s (µ0) would ensure exact analytic cancellation of µ0 [26].
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that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
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Refs. [64, 66] for the box-diagram term presented in Eq. (10),
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where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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Vµ = ūςµd and Aµ = ūςµς5d, the Fermi amplitude for the pro-
cess hi(pi)↑ h f (p f ) + e(pe) + ϑ̄e(pϑ) at tree level reads

A0 = →
↗

2GFVudC
(3)
φ J

µ
lept↓h f (p f )|Vµ(0)|hi(pi)↔, (B.1)

where J
µ
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A = A0

 
Ze → 2e

2
i

∫
d

d
k

(2ω)d

1
(k2 + iϖ)(k̃2 → m2

e
+ iϖ)



+ 2i

↗
2GFVudC

(3)
φ J

µ
lept p

ϑ
e
e

2
∫

d
d
k

(2ω)d

Vµϑ(k) + V
↼
↼ (k) kµkϑ/k2

(k2 + iϖ)(k̃2 → m2
e
+ iϖ)

+
↗

2GFVudC
(3)
φ ū(pe)

ςϑς↼ςµ → ςµς↼ςϑ

2
PLv(pϑ)

↘ e
2
∫

d
d
k

(2ω)d

k↼Aµϑ(k)
(k2 + iϖ)2(k̃2 → m2

e
+ iϖ)

, (B.3)

where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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Figure B.2: Diagrams contributing to the O(ω) corrections to ε decays in LEFT.
Double lines represent hadronic states, single lines leptons, and wavy lines
photons. The weak and electromagnetic current insertions are represented by
hatched circles.

the universal IR singularity, irrespective of hadron spin:

V
IR
µϑ (k) = →h f (p f )|Vµ(0)|hi(pi)↑

vϑ

v · k
+ O(k0), (B.4)

where vϑ is the four-velocity of the charged hadron involved
in the ε decay. We have written this in a form that makes it
clear that the hadron mass (or spin) does not play any role in
these leading corrections. The loops evaluated with the univer-
sal term in V

IR
µϑ (k) are UV divergent and the finite parts defined

in MS, when combined with the leading Low contribution to
real photon emission, lead to the usual Sirlin function [6] up to
a constant term. The terms of O(k0) lead to corrections propor-
tional to |pe|/Mhad, usually neglected.10

The treatment of the contributions from the axial-vector
weak current and isoscalar electromagnetic current (Aµϑ) is
more subtle, as this term involves evanescent structures (as
seen from Eq. (B.3)) and receives O(ωs) corrections [10, 35].
In order to make contact with nonperturbative input from lat-
tice QCD or dispersive calculations, in the context of neutron
decay Refs. [26, 35] introduced an intermediate renormaliza-
tion scheme that subtracts the large-momentum part of the pho-
ton loop integral involving Aµϑ, controlled by the OPE. This
amounts to replacing the last two lines in Eq. (B.3) with the UV
convergent quantity

↓
2GFVudC

(3)
ε ϖ
ϑωµϱ

J
lept
ϱ e

2
∫

d
4
k

(2ς)4

kω
[
Aµϑ(k) ↔ A

OPE
µϑ (k, µ0)

]

(k2 + iϖ)2(k̃2 ↔ m2
e
+ iϖ)

,

in which the Dirac algebra has been performed in d = 4 di-
mensions. This scheme also introduces the arbitrary scale µ0 in
the OPE subtraction [26], which serves as a factorization scale
and regulates IR divergences. The crucial final step is to con-
nect this finite operator to the MS operator, which requires an
additional finite and evanescent-scheme dependent renormal-
ization. This scheme-matching conversion was worked out to
O(ω) in Ref. [26] and to O(ωωs) in Ref. [35], to which we refer
for further details.

Having studied the amplitude in LEFT, we are now ready to
match to ChPT. Based on the above discussion, one can see that
the ChPT amplitude (for any process, such as pion or neutron
decay) coincides with the first two lines of Eq. (B.3), up to cor-
rections of order |pe|/Mhad, irrelevant at the order at which we

10They are kept in the full relativistic loop function in the ChPT analysis of
pion ε decay [62].

work. In fact, the machinery of ChPT builds up Vµϑ in terms
of low-lying states, thus capturing the leading IR behavior, and
incorporates the Ward identities, so that the ChPT loops must
respect the form of Eq. (B.3).11 If one used the same regu-
larization and subtraction scheme in LEFT and ChPT ampli-
tudes, the first two lines of Eq. (B.3) would be identical in the
two theories and contribute nothing to the matching. Since
indeed one uses different dimensional-regularization scales in
the two theories (µ and µφ) and the two minimal-subtraction
schemes differ by a constant (MS versus MSφ), there is a (triv-
ial) contribution to the matching from the IR loops. In the
case of neutron decay this contribution to the matching leads to
↔X6/2+2(V1+V2)↔g9 = (3/2)/(4ς)2(1↔log(µ2

φ/µ
2)) [26]. Sim-

ilarly, in the case of pion decay we obtain ↔X̂6/2↔2(X̂2↔K12) =
(3/2)/(4ς)2(1↔ log(µ2

φ/µ
2)). On the other hand, the integrals in-

volving the axial-vector current (usually referred to as the “↼W
box” contribution, even though at low energy after integrating
out the W boson the box reduces to a triangle diagram) are not
dominated by IR scales and in fact there is no corresponding
term in the ChPT loops—they correspond to local operators
in ChPT. Therefore, the Aµϑ terms in Eq. (B.3) contribute to
the matching both a finite nonperturbative term and a scheme-
dependent perturbative term. In the case of neutron decay the
↼W box contribution is encoded in the combination of LECs
2(V3 +V4) (see Eq. (73) of Ref. [26]), while for pion decay it is
encoded by the combination ↔(2/3)(X1 + X̂1) (see Eq. (A.3)).

The arguments sketched above lead to the universal form for
the matching condition in Eq. (6) and the universal shift to the
decay rate given in Eq. (16), which agree with the previous re-
sults obtained in the specific case of neutron decay [26, 35, 95].

Appendix C. Renormalization group to NLL

The Wilson coefficient C
( f )
ε and the QED and QCD couplings

satisfy the following RGE:

µ
dC

( f )
ε

dµ
= ↼(ω,ωs) C

( f )
ε ,

µ
dω( f )

dµ
= ↔2ω( f )

[
ε( f )

0
ω( f )

4ς
+ ε( f )

1

(ω( f )

4ς

)2]
,

µ
dω( f )

s

dµ
= ↔2ω( f )

s

[
ε( f )

0s

ω( f )
s

4ς
+ ε( f )

1s

(ω( f )
s

4ς

)2]
, (C.1)

with [10, 26, 35, 121]

↼(ω,ωs) = ↼0
ω(µ)
4ς
+↼( f )

1
ω2(µ)
(4ς)2 +↼̃0

ωωs(µ)
(4ς)2 +↼̃

( f )
1
ωω2

s
(µ)

(4ς)3 , (C.2)

and

↼0 = ↔4, ↼( f )
1 =

8
9

Q2 (a ↔ 2),

11In the case of neutron decay, the second term in the first line of Eq. (B.3)
and part of the second line correspond to the vertex correction (triangle dia-
gram). The proton wavefunction renormalization is included in the V

ω
ω term in

the second line. Similar arguments apply to pion ε decay. In that case, more
diagrams appear in ChPT due to a ↼W tadpole needed to satisfy the Ward iden-
tities. When everything is expressed in terms of Vµϑ, the expressions match.
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Figure B.2: Diagrams contributing to the O(ω) corrections to ε decays in LEFT.
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where vϑ is the four-velocity of the charged hadron involved
in the ε decay. We have written this in a form that makes it
clear that the hadron mass (or spin) does not play any role in
these leading corrections. The loops evaluated with the univer-
sal term in V
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µϑ (k) are UV divergent and the finite parts defined

in MS, when combined with the leading Low contribution to
real photon emission, lead to the usual Sirlin function [6] up to
a constant term. The terms of O(k0) lead to corrections propor-
tional to |pe|/Mhad, usually neglected.10

The treatment of the contributions from the axial-vector
weak current and isoscalar electromagnetic current (Aµϑ) is
more subtle, as this term involves evanescent structures (as
seen from Eq. (B.3)) and receives O(ωs) corrections [10, 35].
In order to make contact with nonperturbative input from lat-
tice QCD or dispersive calculations, in the context of neutron
decay Refs. [26, 35] introduced an intermediate renormaliza-
tion scheme that subtracts the large-momentum part of the pho-
ton loop integral involving Aµϑ, controlled by the OPE. This
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,

in which the Dirac algebra has been performed in d = 4 di-
mensions. This scheme also introduces the arbitrary scale µ0 in
the OPE subtraction [26], which serves as a factorization scale
and regulates IR divergences. The crucial final step is to con-
nect this finite operator to the MS operator, which requires an
additional finite and evanescent-scheme dependent renormal-
ization. This scheme-matching conversion was worked out to
O(ω) in Ref. [26] and to O(ωωs) in Ref. [35], to which we refer
for further details.

Having studied the amplitude in LEFT, we are now ready to
match to ChPT. Based on the above discussion, one can see that
the ChPT amplitude (for any process, such as pion or neutron
decay) coincides with the first two lines of Eq. (B.3), up to cor-
rections of order |pe|/Mhad, irrelevant at the order at which we

10They are kept in the full relativistic loop function in the ChPT analysis of
pion ε decay [62].

work. In fact, the machinery of ChPT builds up Vµϑ in terms
of low-lying states, thus capturing the leading IR behavior, and
incorporates the Ward identities, so that the ChPT loops must
respect the form of Eq. (B.3).11 If one used the same regu-
larization and subtraction scheme in LEFT and ChPT ampli-
tudes, the first two lines of Eq. (B.3) would be identical in the
two theories and contribute nothing to the matching. Since
indeed one uses different dimensional-regularization scales in
the two theories (µ and µφ) and the two minimal-subtraction
schemes differ by a constant (MS versus MSφ), there is a (triv-
ial) contribution to the matching from the IR loops. In the
case of neutron decay this contribution to the matching leads to
↔X6/2+2(V1+V2)↔g9 = (3/2)/(4ς)2(1↔log(µ2

φ/µ
2)) [26]. Sim-

ilarly, in the case of pion decay we obtain ↔X̂6/2↔2(X̂2↔K12) =
(3/2)/(4ς)2(1↔ log(µ2

φ/µ
2)). On the other hand, the integrals in-

volving the axial-vector current (usually referred to as the “↼W
box” contribution, even though at low energy after integrating
out the W boson the box reduces to a triangle diagram) are not
dominated by IR scales and in fact there is no corresponding
term in the ChPT loops—they correspond to local operators
in ChPT. Therefore, the Aµϑ terms in Eq. (B.3) contribute to
the matching both a finite nonperturbative term and a scheme-
dependent perturbative term. In the case of neutron decay the
↼W box contribution is encoded in the combination of LECs
2(V3 +V4) (see Eq. (73) of Ref. [26]), while for pion decay it is
encoded by the combination ↔(2/3)(X1 + X̂1) (see Eq. (A.3)).

The arguments sketched above lead to the universal form for
the matching condition in Eq. (6) and the universal shift to the
decay rate given in Eq. (16), which agree with the previous re-
sults obtained in the specific case of neutron decay [26, 35, 95].

Appendix C. Renormalization group to NLL

The Wilson coefficient C
( f )
ε and the QED and QCD couplings

satisfy the following RGE:
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ε ,
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8

+ finite scheme-dependent



Match ‘LEFT’ to ChPT 

12

VC,  M. Hoferichter, N. Valori 2602.11253

• Compute amplitude  A(π+→π0e+νe ) ~                                       in ‘LEFT’ (= Fermi theory + QED + QCD) 

logical applications to pion ω decay and hadronic ε decays in
Sec. 3. To obtain a complete result for the decay rates, we
also need a calculation of the corresponding long-range radia-
tive corrections, which due to the small phase space for pion ω
decay can proceed in ChPT [62], while for ε decays a full calcu-
lation of the structure-dependent corrections has only recently
become available [80, 81].

2. Renormalization group and matrix elements

2.1. Definitions and conventions

We use EFT methods to efficiently compute ω decay rates in
the SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs, and the top quark, we write the perti-
nent part of the LEFT Lagrangian with n f active quark flavors
in the convention

LLEFT = →2
↑

2GFēLϑϖµL ϱ̄µLϑ
ϖϱeL (1)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (2)

LFermi = →2
↑

2GFVud C
( f )
ω (µ, a) ς̄LϑϖϱςL ūLϑ

ϖ
dL + h.c.

↓ Oω

Oω = ς̄LϑϖϱςL ūLϑ
ϖ
dL (3)

Cω(µ, a) ↔ ↗ f |Oω|i↘(µ, a)

i.e., the Fermi constant GF is defined in muon decay [82],
and a Wilson coefficient C

( f )
ω (µ, a) = 1 + O(φ) describes the

semi-leptonic operator in the n f -flavor theory. It depends on the
LEFT scale µ in the MS scheme as well as the scheme chosen
for the evanescent operator, defined by E(a)1

ϑφϑϖϑωPL ≃ ϑφϑϖϑωPL = 4
(
4 → a↼

)
ϑϖPL ≃ ϑϖPL + E(a), (4)

d = 4 → 2↼

where d = 4 → 2↼ is the dimensional regulator, and naive
dimensional regularization for ϑ5 is used. In these conventions
one finds for the Wilson coefficient in the five-flavor theory at
µ ⇐ MW,Z [26, 35]

C
(5)
ω (µ, a) = 1 +

φ

↽
log

MZ

µ
+
φ

4↽
B(a) →

φφs

4↽2 log
MZ

µ

+
φφs

(4↽)2 Bs(a) →
φφs

4↽2
1

s
2
W

(
c

2
W

s
2
W

log
MW

MZ

+ 1
)

1We use here the evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] by a = 2a

[26] + 3.

+ O
(
φ2,φφ2

s

)
, (5)

where B(a) = a

3 → 4 and Bs(a) = 41
6 →

14
9 a parameterize the

scheme dependence, and sW , cW are the sine and cosine of
the weak mixing angle. The effective coupling C

( f )
ω (µ, a) can

be evolved down to the hadronic scale using the RG equa-
tions (RGE). As discussed in Appendix C, the solution is
known to next-to-leading-logarithmic (NLL)

[
O
(
φn+1 logn MZ

µ

)]

and NLLs

[
O
(
φφn+1

s
logn MZ

µ

)]
accuracy. The final result for

the decay amplitude is written in the three-flavor theory in
terms of a scheme-independent Wilson coefficient C̄

( f )
ω (µ) ↓

C
( f )
ω (µ, a)/J f (µ, a) defined in terms of the quantity J f (µ, a) that

naturally appears in the solution of the RGE to NLL, see Ap-
pendix C for details.

2.2. Matching to ChPT

Starting from Eq. (1), to achieve NLL (and NLLs) ac-
curacy one needs to compute the matrix element of Oω ↓

ēLϑϖϱeL ūLϑϖdL between the appropriate external states to O(φ)
(and O(φφs)), including finite, nonlogarithmically enhanced
terms, whose scheme dependence will cancel the one in
C

( f )
ω (µ, a). In the EFT approach, one computes ↗ f |Oω|i↘ in

ChPT, the low-energy EFT in which the degrees of freedom are
mesons and baryons, along with light particles involved in the
electroweak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT captures
the infrared (IR) physics to a given order in the low-energy ex-
pansion, while encoding the short-distance and nonperturbative
effects of hard virtual photons in appropriate LECs. We next
provide a representation of the LECs contributing to pion ω de-
cay and ε ⇒ ↽↽ϱε, capturing the short-distance contributions
to NLL and NLLs accuracy as well as nonperturbative effects
originating at the hadronic scale. We will first present the re-
sults and then briefly discuss how we arrived at those, while
relegating more details to Appendix A and Appendix B.

In the spirit of EFT, we factorize the dependence on the LEFT
Wilson coefficient from the chiral LECs [26], as a result of
which these LECs carry a dependence on both scales µ and µ⇀,
and on the evanescent scheme parameter a. The relevant linear
combination of the Xi [83] and Ki [84] reads

Xς(µ⇀, µ, a) ↓
(
X

r

6 → 4K
r

12 +
4
3

X
r

1

)
(µ⇀, µ, a). (6)

Matching LEFT with three quark flavors and ChPT, we find

→ 2↽φ⇀(µ⇀)Xς(µ⇀, µ, a) ↓ ↭̄V(3)
↽ (µ0)

→
φ(3)(µ)

4↽

(5
4
+

3
2

log
µ2
⇀

µ2
0
+ B(a) + 2 log

µ2
0

µ2

)

+
φφ(3)

s (µ)
(4↽)2

(
→ Bs(a) + 2 → 2 log

µ2

µ2
0

)
, (7)

where ↭̄V(3)
↽ (µ0) represents the non-perturbative matrix ele-

ments, φ⇀(µ⇀) denotes the fine-structure constant in ChPT [26],
while the couplings on the right-hand side refer to MS.2

2The scale in φ(3)
s is chosen following Ref. [35]. Replacing φ(3)

s (µ) ⇒
φ(3)

s (µ0) would ensure exact analytic cancellation of µ0 [26].

2

X̂2 = i
3
8

∫
d

d
k

(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

5
4

log
µ2

µ2
0
→

7
8

log
µ2

0

µ2
ε

→
19
16

)
,

K12 = i
3
8

∫
d

d
k

(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]

+
1

16ω2

(
→

1
4

log
µ2

µ2
0
+

1
8

log
µ2

0

µ2
ε

→
3

16

)
, (A.3)

where Ξ(k2) = k
2[

g2(k2) → g1(k2)
]
→
[
f2(k2) → f1(k2)

]
, fi(k2)

and gi(k2) are hadronic functions defined in Ref. [60], and the
correlator ΓVV (k, r) is given by

∫
d

4
x e

ik·x
〈
0
∣∣∣T
{
V

b

µ (x)Vc

ϑ (0)
}∣∣∣ωa(r)

〉

= iF0 ϖµϑϱς k
ϱ
r
ς
d

abc ΓVV (k, r), (A.4)

in terms of the pion decay constant in the chiral limit, F0, and
the structure constant d

abc of the SU(3) generators. We find
that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
the only nonperturbative term. In order to use lattice data from
Refs. [64, 66] for the box-diagram term presented in Eq. (10),
we need to relate the pion-to-vacuum amplitude with the pion-
to-pion one. This can be achieved by generalizing the soft-pion

theorem

lim
pµ↑ 0
↓ωa(p)φ|O|↼↔ = →

i

F0
↓φ|[Qa

5,O]|↼↔, (A.5)

where φ, ↼ are arbitrary external states, Q
a

5 =
∫

d
3
x A

a

0(x) is the
axial charge, and O is a local operator, to the case in which O is
replaced by the time-ordered product of two operators. In this
way we obtain the relation ΓVV = →3/

↗
2 T

[64]
3 . Using this in

Eq. (A.3) and inserting the relations (A.3) into Eq. (4) we arrive
at Eq. (5), with ↭̄V

ω given in Eq. (10).

Appendix B. Matching at the amplitude level

Introducing the weak vector and axial-vector currents as
Vµ = ūςµd and Aµ = ūςµς5d, the Fermi amplitude for the pro-
cess hi(pi)↑ h f (p f ) + e(pe) + ϑ̄e(pϑ) at tree level reads

A0 = →
↗

2GFVudC
(3)
φ J

µ
lept↓h f (p f )|Vµ(0)|hi(pi)↔, (B.1)

where J
µ
lept = ū(pe)ςµPLv(pϑ). The following analysis assumes

that the hadronic states hi, f are members of the same isospin I

multiplet (characterized by the mass scale Mhad): this holds for
neutron decay (I = 1/2), pion decay (I = 1), and 0+ ↑ 0+
nuclear decays (I = 1). Therefore, the mass splitting, the mo-
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where k̃ = k + pe. Throughout, we use dimensional regular-
ization with anticommuting ς5, and use modified minimal sub-
traction MS to remove the UV divergences. Apart from this,
the derivation of Eq. (B.3) completely parallels the analysis of
Ref. [7], which was performed in the V → A theory of weak in-
teractions, i.e., LEFT at operator dimension six. Reference [7]
heavily relied on Ward identities deriving from current alge-
bra [7, 9], which also hold in dimensionally regulated LEFT. Ze

denotes the electron wavefunction renormalization depicted by
diagram (c) of Fig. B.2. The remaining terms represent contri-
butions from diagrams (a) and (b) in Fig. B.2: diagram (b) leads
to the second term in the first line of Eq. (B.3) (after using the
Ward identity kµV

ϑµ = kµV
µϑ = ↓h f |V

ϑ
|hi↔ + O(↼, q/Mhad)), the

term involving Vµϑ(k) in the second line of Eq. (B.3), and all the
remaining terms involving Aµϑ(k); upon using the Ward identity
relating three- and two-current correlation functions [7], dia-
gram (a) combines with one term in diagram (b), resulting in
the term involving V

↼
↼ (k) in the second line of Eq. (B.3). Fi-

nally, following Ref. [7] we explicitly identified the contribu-
tions from the vector and axial-vector current, and note that
only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).

We next discuss the matrix element ↓ϑ̄eeh f |Oφ|hi↔ in the MS
scheme. The first line of Eq. (B.3) presents no difficulty. For
the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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that the gi and fi terms cancel out in Eq. (4), leaving ΓVV as
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at Eq. (5), with ↭̄V

ω given in Eq. (10).

Appendix B. Matching at the amplitude level

Introducing the weak vector and axial-vector currents as
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only the isoscalar electromagnetic current contributes in the in-
tegration over Aµϑ(k).
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the contributions from the vector correlation function Vµϑ, as
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the contributions from the vector correlation function Vµϑ, as
observed in Refs. [7, 9], the second line of Eq. (B.3) will only
contribute terms unsuppressed by Ee/Mhad or |pe|/Mhad if the
correlator has an IR singularity of the type Vµϑ(k) ≃ 1/k, which
in turn can only arise from “elastic” intermediate states. Hence,
the form of Vµϑ that provides the desired correction is uniquely
fixed in terms of known matrix elements. References [7, 9] and
the ChPT analyses of pion and neutron φ decay [62, 95] use
slightly different forms for Vµϑ(k), which, however, all share

9To ensure consistency with the original references [7, 60], the conventions
for the correlator in Eqs. (A.4) and (B.2) are kept different, related by k ↑ →k

and an exponential e
i(p f →pi)·x due to translational invariance.
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Figure B.2: Diagrams contributing to the O(ω) corrections to ε decays in LEFT.
Double lines represent hadronic states, single lines leptons, and wavy lines
photons. The weak and electromagnetic current insertions are represented by
hatched circles.

the universal IR singularity, irrespective of hadron spin:

V
IR
µϑ (k) = →h f (p f )|Vµ(0)|hi(pi)↑

vϑ

v · k
+ O(k0), (B.4)

where vϑ is the four-velocity of the charged hadron involved
in the ε decay. We have written this in a form that makes it
clear that the hadron mass (or spin) does not play any role in
these leading corrections. The loops evaluated with the univer-
sal term in V

IR
µϑ (k) are UV divergent and the finite parts defined

in MS, when combined with the leading Low contribution to
real photon emission, lead to the usual Sirlin function [6] up to
a constant term. The terms of O(k0) lead to corrections propor-
tional to |pe|/Mhad, usually neglected.10

The treatment of the contributions from the axial-vector
weak current and isoscalar electromagnetic current (Aµϑ) is
more subtle, as this term involves evanescent structures (as
seen from Eq. (B.3)) and receives O(ωs) corrections [10, 35].
In order to make contact with nonperturbative input from lat-
tice QCD or dispersive calculations, in the context of neutron
decay Refs. [26, 35] introduced an intermediate renormaliza-
tion scheme that subtracts the large-momentum part of the pho-
ton loop integral involving Aµϑ, controlled by the OPE. This
amounts to replacing the last two lines in Eq. (B.3) with the UV
convergent quantity

↓
2GFVudC

(3)
ε ϖ
ϑωµϱ

J
lept
ϱ e

2
∫

d
4
k

(2ς)4

kω
[
Aµϑ(k) ↔ A

OPE
µϑ (k, µ0)

]

(k2 + iϖ)2(k̃2 ↔ m2
e
+ iϖ)

,

in which the Dirac algebra has been performed in d = 4 di-
mensions. This scheme also introduces the arbitrary scale µ0 in
the OPE subtraction [26], which serves as a factorization scale
and regulates IR divergences. The crucial final step is to con-
nect this finite operator to the MS operator, which requires an
additional finite and evanescent-scheme dependent renormal-
ization. This scheme-matching conversion was worked out to
O(ω) in Ref. [26] and to O(ωωs) in Ref. [35], to which we refer
for further details.

Having studied the amplitude in LEFT, we are now ready to
match to ChPT. Based on the above discussion, one can see that
the ChPT amplitude (for any process, such as pion or neutron
decay) coincides with the first two lines of Eq. (B.3), up to cor-
rections of order |pe|/Mhad, irrelevant at the order at which we

10They are kept in the full relativistic loop function in the ChPT analysis of
pion ε decay [62].

work. In fact, the machinery of ChPT builds up Vµϑ in terms
of low-lying states, thus capturing the leading IR behavior, and
incorporates the Ward identities, so that the ChPT loops must
respect the form of Eq. (B.3).11 If one used the same regu-
larization and subtraction scheme in LEFT and ChPT ampli-
tudes, the first two lines of Eq. (B.3) would be identical in the
two theories and contribute nothing to the matching. Since
indeed one uses different dimensional-regularization scales in
the two theories (µ and µφ) and the two minimal-subtraction
schemes differ by a constant (MS versus MSφ), there is a (triv-
ial) contribution to the matching from the IR loops. In the
case of neutron decay this contribution to the matching leads to
↔X6/2+2(V1+V2)↔g9 = (3/2)/(4ς)2(1↔log(µ2

φ/µ
2)) [26]. Sim-

ilarly, in the case of pion decay we obtain ↔X̂6/2↔2(X̂2↔K12) =
(3/2)/(4ς)2(1↔ log(µ2

φ/µ
2)). On the other hand, the integrals in-

volving the axial-vector current (usually referred to as the “↼W
box” contribution, even though at low energy after integrating
out the W boson the box reduces to a triangle diagram) are not
dominated by IR scales and in fact there is no corresponding
term in the ChPT loops—they correspond to local operators
in ChPT. Therefore, the Aµϑ terms in Eq. (B.3) contribute to
the matching both a finite nonperturbative term and a scheme-
dependent perturbative term. In the case of neutron decay the
↼W box contribution is encoded in the combination of LECs
2(V3 +V4) (see Eq. (73) of Ref. [26]), while for pion decay it is
encoded by the combination ↔(2/3)(X1 + X̂1) (see Eq. (A.3)).

The arguments sketched above lead to the universal form for
the matching condition in Eq. (6) and the universal shift to the
decay rate given in Eq. (16), which agree with the previous re-
sults obtained in the specific case of neutron decay [26, 35, 95].

Appendix C. Renormalization group to NLL

The Wilson coefficient C
( f )
ε and the QED and QCD couplings

satisfy the following RGE:

µ
dC

( f )
ε

dµ
= ↼(ω,ωs) C

( f )
ε ,

µ
dω( f )

dµ
= ↔2ω( f )

[
ε( f )

0
ω( f )

4ς
+ ε( f )

1

(ω( f )

4ς

)2]
,

µ
dω( f )

s

dµ
= ↔2ω( f )

s

[
ε( f )

0s

ω( f )
s

4ς
+ ε( f )

1s

(ω( f )
s

4ς

)2]
, (C.1)

with [10, 26, 35, 121]

↼(ω,ωs) = ↼0
ω(µ)
4ς
+↼( f )

1
ω2(µ)
(4ς)2 +↼̃0

ωωs(µ)
(4ς)2 +↼̃

( f )
1
ωω2

s
(µ)

(4ς)3 , (C.2)

and

↼0 = ↔4, ↼( f )
1 =

8
9

Q2 (a ↔ 2),

11In the case of neutron decay, the second term in the first line of Eq. (B.3)
and part of the second line correspond to the vertex correction (triangle dia-
gram). The proton wavefunction renormalization is included in the V

ω
ω term in

the second line. Similar arguments apply to pion ε decay. In that case, more
diagrams appear in ChPT due to a ↼W tadpole needed to satisfy the Ward iden-
tities. When everything is expressed in terms of Vµϑ, the expressions match.
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sal term in V
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in MS, when combined with the leading Low contribution to
real photon emission, lead to the usual Sirlin function [6] up to
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in which the Dirac algebra has been performed in d = 4 di-
mensions. This scheme also introduces the arbitrary scale µ0 in
the OPE subtraction [26], which serves as a factorization scale
and regulates IR divergences. The crucial final step is to con-
nect this finite operator to the MS operator, which requires an
additional finite and evanescent-scheme dependent renormal-
ization. This scheme-matching conversion was worked out to
O(ω) in Ref. [26] and to O(ωωs) in Ref. [35], to which we refer
for further details.

Having studied the amplitude in LEFT, we are now ready to
match to ChPT. Based on the above discussion, one can see that
the ChPT amplitude (for any process, such as pion or neutron
decay) coincides with the first two lines of Eq. (B.3), up to cor-
rections of order |pe|/Mhad, irrelevant at the order at which we
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work. In fact, the machinery of ChPT builds up Vµϑ in terms
of low-lying states, thus capturing the leading IR behavior, and
incorporates the Ward identities, so that the ChPT loops must
respect the form of Eq. (B.3).11 If one used the same regu-
larization and subtraction scheme in LEFT and ChPT ampli-
tudes, the first two lines of Eq. (B.3) would be identical in the
two theories and contribute nothing to the matching. Since
indeed one uses different dimensional-regularization scales in
the two theories (µ and µφ) and the two minimal-subtraction
schemes differ by a constant (MS versus MSφ), there is a (triv-
ial) contribution to the matching from the IR loops. In the
case of neutron decay this contribution to the matching leads to
↔X6/2+2(V1+V2)↔g9 = (3/2)/(4ς)2(1↔log(µ2
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2)) [26]. Sim-

ilarly, in the case of pion decay we obtain ↔X̂6/2↔2(X̂2↔K12) =
(3/2)/(4ς)2(1↔ log(µ2

φ/µ
2)). On the other hand, the integrals in-

volving the axial-vector current (usually referred to as the “↼W
box” contribution, even though at low energy after integrating
out the W boson the box reduces to a triangle diagram) are not
dominated by IR scales and in fact there is no corresponding
term in the ChPT loops—they correspond to local operators
in ChPT. Therefore, the Aµϑ terms in Eq. (B.3) contribute to
the matching both a finite nonperturbative term and a scheme-
dependent perturbative term. In the case of neutron decay the
↼W box contribution is encoded in the combination of LECs
2(V3 +V4) (see Eq. (73) of Ref. [26]), while for pion decay it is
encoded by the combination ↔(2/3)(X1 + X̂1) (see Eq. (A.3)).

The arguments sketched above lead to the universal form for
the matching condition in Eq. (6) and the universal shift to the
decay rate given in Eq. (16), which agree with the previous re-
sults obtained in the specific case of neutron decay [26, 35, 95].
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Result for vector coupling

Neither Ĉ nor M̂ f depend on µ and a to NLLs accuracy [35].
Matching to ChPT as discussed in Appendix A and Ap-

pendix B, combining the results from Refs. [26, 35], we can
write

g
ω
V

(µε) =
[
1 + ↭̄V(3)

ω (µ0)
]
→

(
Z

s.c.
O,O(µ, µ0, a)

)↑1

→

[
1 +

3ϑ(3)(µ)
8ω

(
1 ↑ log

µ2
ε

µ2

)]
→C

(3)
ϖ (µ, a). (C.7)

g
ω
V

(µε) =
[
1 + ↭̄V(3)

ω (µ0)
]
→

[
1 +

3ϑ(3)(µ)
8ω

(
1 ↑ log

µ2
ε

µ2

)]

→

[
Z

s.c.
O,O(µ, µ0, a)

]↑1
→C

(3)
ϖ (µ, a)

Here the entire expression multiplying C
(3)
ϖ (µ, a) can be con-

sidered as the scheme- and scale-dependent matrix elements
of the Fermi operator Oϖ in the three-flavor theory (up to
soft-photon contributions that go in the Sirlin function). The
scheme-dependent finite correction Z

s.c.
O,O(µ, µ0, a) was worked

out to O(ϑ) in Ref. [26] and to O(ϑϑs) in Ref. [35]:

Z
s.c.
O,O(µ, µ0, a) = 1 +

ϑ

4ω

[
a

3
↑

5
4
↑ log

µ

µ0

+
ϑs

4ω

(
↑

14a

9
+

29
6
+ 4 log

µ

µ0

)]
. (C.8)

As discussed in Appendix B, the first line in Eq. (C.7) corre-
sponds to the combination of LECs 1 ↑ (2/3)(X1 + X̂1) (arising
from insertion of the isoscalar electromagnetic current), while
the term in the second line multiplying C

(3)
ϖ (µ, a) corresponds to

1↑ X̂6/2↑ 2(X̂2 ↑ K12) (arising from insertions of the isovector
electromagnetic current).

Finally, one can write g
ω
V

(µε) = C̄
( f )
ϖ (µ) Ō

( f )
ϖ (µ, µε) as

the product of the separately scheme-independent (but scale-
dependent) factors

C̄
(3)
ϖ (µ) = u3(µ) M̂4 M̂5 Ĉ = J3(µ, a)↑1

C
(3)
ϖ (µ, a),

Ō
(3)
ϖ (µ, µε) =

[
1 + ↭̄V(3)

ω (µ0)
]
→

[
1 +

3ϑ(3)(µ)
8ω


1 ↑ log

µ2
ε

µ2




]

→

(
Z

s.c.
O,O(µ, µ0, a)

)↑1
→ J3(µ, a). (C.9)

Using the explicit form of Z
s.c.
O,O(µ, µ0, a) and J3(µ, a) we arrive at

Eq. (8). All the terms of O(ϑ) and the logarithmic terms propor-
tional to ϑϑs agree with Ref. [26], once one takes into account
that the definitions of scheme-independent Wilson coefficients
adopted here and in that reference differ, which affects the non-
logarithmic coefficient of O(ϑ). The nonlogarithmic terms of
O(ϑϑs) arise from the NLLs analysis of Ref. [35].

In order to use the lattice-QCD results from Ref. [66] we also
match ChPT to LEFT with four active quark flavors. The inter-
mediate steps of the analysis are formally identical to what has
been described above, except that at µ ↓ 1.8 GeV we integrate

out only the ϱ and not the charm quark. Renaming the Wilson
coefficient and coupling constants below the ϱ threshold as C

(4̃)
ϖ ,

ϑ(4̃), ϑ(4̃)
s , we find that Eq. (8) is replaced by

g
ω
V

(µε) = C̄
(4̃)
ϖ (µ)

[
1 + ↭̄V(4)

ω (µ0)

+
ϑ(4̃)(µ)

4ω

(499
192
↑

3
2

log
µ2
ε

µ2
0
+ 2 log

µ2

µ2
0

)

+
ϑϑ(4̃)

s (µ)
(4ω)2

(
↑

1026
625

↑ 2 log
µ2

µ2
0

)]
. (C.10)

The input for the solution of the RGE is determined as fol-
lows. For ϑs we use [91, 118–128]

ϑ(5)
s

(MZ) = 0.1181(7), (C.11)

which we evolve [88, 89] using decoupling scales µb = mb

and µc = 1.8 GeV. For ϑ, we start from the Thomson limit
ϑ↑1 = 137.0359991(1) [129–131] and evolve it to MZ in the
on-shell scheme, using the four-loop leptonic running ∆ϑlep =
314.979(2) → 10↑4 [132] and a range of hadronic contributions
∆ϑhad = 277.5(1.5) → 10↑4 that covers recent evaluations both
from lattice QCD and phenomenology [133–137]. Converting
to MS using ∆ϑ(5)


MS↑∆ϑ

(5)

on-shell = 71.22(5)→10↑4 [91, 138],

we obtain
1/ϑ(5)(MZ) = 127.94(2). (C.12)

By convention, this MS value at MZ includes W
± loops, which

thus need to be removed to obtain the initial condition for the
RG in QED+QCD [26, 139]

1/ϑ(5)(MW ) = 127.925(20). (C.13)
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Neither Ĉ nor M̂ f depend on µ and a to NLLs accuracy [35].
Matching to ChPT as discussed in Appendix A and Ap-

pendix B, combining the results from Refs. [26, 35], we can
write
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Here the entire expression multiplying C
(3)
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sidered as the scheme- and scale-dependent matrix elements
of the Fermi operator Oϖ in the three-flavor theory (up to
soft-photon contributions that go in the Sirlin function). The
scheme-dependent finite correction Z
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As discussed in Appendix B, the first line in Eq. (C.7) corre-
sponds to the combination of LECs 1 ↑ (2/3)(X1 + X̂1) (arising
from insertion of the isoscalar electromagnetic current), while
the term in the second line multiplying C

(3)
ϖ (µ, a) corresponds to

1↑ X̂6/2↑ 2(X̂2 ↑ K12) (arising from insertions of the isovector
electromagnetic current).
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the product of the separately scheme-independent (but scale-
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]

→
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)↑1
→ J3(µ, a). (C.9)

Using the explicit form of Z
s.c.
O,O(µ, µ0, a) and J3(µ, a) we arrive at

Eq. (8). All the terms of O(ϑ) and the logarithmic terms propor-
tional to ϑϑs agree with Ref. [26], once one takes into account
that the definitions of scheme-independent Wilson coefficients
adopted here and in that reference differ, which affects the non-
logarithmic coefficient of O(ϑ). The nonlogarithmic terms of
O(ϑϑs) arise from the NLLs analysis of Ref. [35].

In order to use the lattice-QCD results from Ref. [66] we also
match ChPT to LEFT with four active quark flavors. The inter-
mediate steps of the analysis are formally identical to what has
been described above, except that at µ ↓ 1.8 GeV we integrate

out only the ϱ and not the charm quark. Renaming the Wilson
coefficient and coupling constants below the ϱ threshold as C

(4̃)
ϖ ,

ϑ(4̃), ϑ(4̃)
s , we find that Eq. (8) is replaced by

g
ω
V

(µε) = C̄
(4̃)
ϖ (µ)

[
1 + ↭̄V(4)

ω (µ0)

+
ϑ(4̃)(µ)

4ω

(499
192
↑

3
2

log
µ2
ε

µ2
0
+ 2 log

µ2

µ2
0

)

+
ϑϑ(4̃)

s (µ)
(4ω)2

(
↑

1026
625

↑ 2 log
µ2

µ2
0

)]
. (C.10)

The input for the solution of the RGE is determined as fol-
lows. For ϑs we use [91, 118–128]

ϑ(5)
s

(MZ) = 0.1181(7), (C.11)

which we evolve [88, 89] using decoupling scales µb = mb

and µc = 1.8 GeV. For ϑ, we start from the Thomson limit
ϑ↑1 = 137.0359991(1) [129–131] and evolve it to MZ in the
on-shell scheme, using the four-loop leptonic running ∆ϑlep =
314.979(2) → 10↑4 [132] and a range of hadronic contributions
∆ϑhad = 277.5(1.5) → 10↑4 that covers recent evaluations both
from lattice QCD and phenomenology [133–137]. Converting
to MS using ∆ϑ(5)


MS↑∆ϑ

(5)

on-shell = 71.22(5)→10↑4 [91, 138],

we obtain
1/ϑ(5)(MZ) = 127.94(2). (C.12)

By convention, this MS value at MZ includes W
± loops, which

thus need to be removed to obtain the initial condition for the
RG in QED+QCD [26, 139]

1/ϑ(5)(MW ) = 127.925(20). (C.13)
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Convert MS-bar to OPE-
subtracted scheme

W.C. in MS-bar<VV> 2pt function<AV> 2pt function (γW box)

With appropriate replacement of the external states in the
transition-dependent nonperturbative matrix element ↭̄V (µ0),
this correction universally applies to the Fermi component of
all ω decays. The dependence on µ0 cancels between ↭̄V

ε (µ0)
and the explicit logarithms, up to terms beyond NLLs accuracy;
the dependence on µ cancels between the scheme-independent
Wilson coefficient C̄

(3)
ω (µ) (defined in Appendix C) and the ex-

plicit logarithms; finally the dependence on µϑ cancels once one
combines g

ε
V

(µϑ) with the chiral loops. Beyond one-loop order,
the RG for Xϖ(µϑ, µ, a) needs to be formulated at the level of
g
ε
V

(µϑ) to account for the evolution of ϱϑ(µϑ), leading to

µϑ
dg
ε
V

(µϑ)
dµϑ

= ς(ϱϑ)gV

ε (µϑ),

ς(ϱϑ) = ς̃0
ϱϑ
4ε
+ ς̃1

ϱ2
ϑ

(4ε)2 + O
(
ϱ3
ϑ

)
,

ς̃0 = →3, ς̃1 =
10ñ

3
+

5
2
→

8ε2

3
, (7)

where

ñ(µϑ) =
∑

ϖ=e,µ

Q
2
ϖnϖφ
(
µϑ → mϖ

)
+

1
4

∑

ε

Q
2
εnεφ
(
µϑ → Mε) (8)

counts the number of active spin-1/2 (ϖ) and spin-0 (ε) de-
grees of freedom weighted by their charges Qϖ,ε, and ϱϑ(µϑ)
is evaluated as in Ref. [26]. To obtain the O(ϱ2

ϑ) term in Eq. (7)
we used universality of the corresponding anomalous dimen-
sion [29, 90], which allows us to also resum NLL in the low-
energy theory. At one-loop order the dependence of ϱϑ on µϑ
can be ignored, and ς̃0 reproduces the RG relation obtained us-
ing ChPT beta functions [88, 89]

µϑ
↼

↼µϑ
Xϖ(µϑ, µ, a) =

3
8ε2 . (9)

2.3. Nonperturbative matrix element

Following Ref. [26] and taking into account the factorization
of short-distance QCD corrections from Ref. [35], the nonper-
turbative input is collected in

↭̄V

ε (µ0) = →ie
2
∫

d
4
q

(2ε)4
↽2 + Q

2

Q4

↑

[
T
ε
3 (↽,Q2)
2Mε↽

→
2
3

1
Q2 + µ2

0

(
1 →
ϱs(µ0)
ε

)]
, (10)

where µ0 is a factorization scale that allows one to subtract the
asymptotic part of the VA correlator, known from the operator
product expansion (OPE). Its scalar projection is written as in
Ref. [26], translating to the conventions of Ref. [64] via

1
↓

2
T

[64]
3 (→i↽,Q2) =

T
ε
3 (↽,Q2)
4Mε↽

, (11)

where ↽ = q0, Q
2 = →q

2. Accordingly, we can express ↭̄V

ε (µ0)
in terms of the integrand Mε(Q2) defined in Ref. [64]

↭̄V

ε (µ0) =
3ϱ
2ε

∫
↔

0

dQ
2

Q2

[
Mε(Q2) →

1
12

Q
2

Q2 + µ2
0

(
1 →
ϱs(µ0)
ε

)]
.

(12)
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Figure 1: Resulting integrand Mε(Q2) for the lattice-QCD inputs from Ref. [64]
(upper, n f = 3) and Ref. [66] (lower, n f = 4). In both cases, we show the
lattice-QCD results up to 2 GeV, the pQCD curves above 1 GeV (green dashed
and solid for three- and four-loop order), and the constant one-loop result above
the respective values of Q1 (maroon dashed and solid). The resulting subtracted
integrand as it enters in Eq. (12) is represented by the black curves (dashed and
solid for three- and four-loop pQCD between Q0 and Q1). The dashed vertical
line indicates the value of Q1 for the three-loop case.

For sufficiently small values of Q
2
↗ Q

2
0, Mε(Q2) is known

from lattice QCD [64, 66], while asymptotically its form is de-
termined by perturbative QCD (pQCD)

Mε(Q2) =
Cd(Q2)

12
, Cd(Q2) = 1→

ϱs

ε
+
∑

n↘2

cn

(ϱs

ε

)n
, (13)

with coefficients cn known up to n = 4 [91, 92]. The subtraction
in Eq. (12), however, is only accurate at O(ϱs), so that, asymp-
totically, one needs to assume this form in Mε(Q2) starting at
some value Q

2
1. Accordingly, Eq. (12) takes the form

↭̄V

ε (µ0) =
3ϱ
2ε

∫
Q

2
1

0

dQ
2

Q2 Mε(Q2)+
ϱ

8ε

(
1→
ϱs(µ0)
ε

)
log
µ2

0

Q
2
1
. (14)

To improve the matching between lattice QCD and the O(ϱs)
pQCD asymptotics, we take Q1 larger than Q0 and use the full
four-loop pQCD result for Q0 ↗ Q ↗ Q1. The subtraction scale
µ0 is identified with Q0, while Q1 is determined as the point
at which Cd(Q2

1) = 1 → ϱs(µ0)
ε to ensure a smooth transition to

the asymptotic form. We observe that the convergence of the
pQCD expansion prefers a slightly higher matching point than
Q

2
0 = 2 GeV2 [64], at the expense of slightly larger uncertainties

3
Related to T3 appearing in 
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Figure 1: Resulting integrand Mω(Q2) for the lattice-QCD inputs from Ref. [64]
(upper, n f = 3) and Ref. [66] (lower, n f = 4). In both cases, we show the
lattice-QCD results up to 2 GeV, the pQCD curves above 1 GeV (green dashed
and solid for three- and four-loop order), and the constant one-loop result above
the respective values of Q1 (maroon dashed and solid). The resulting subtracted
integrand as it enters in Eq. (14) is represented by the black curves (dashed and
solid for three- and four-loop pQCD between Q0 and Q1). The dashed vertical
line indicates the value of Q1 for the three-loop case.

2.3. Nonperturbative matrix element

Following Ref. [26], the nonperturbative input is collected in

↭̄V

ω (µ0) = →ie
2
∫

d
4
q

(2ω)4
ε2 + Q

2

Q4

↑

[
T
ω
3 (ε,Q2)
2Mωε

→
2
3

1
Q2 + µ2

0

(
1 →
ϑs(µ0)
ω

)]
, (12)

where µ0 is a factorization scale that allows one to subtract the
asymptotic part of the VA correlator, known from the operator
product expansion (OPE). Its scalar projection is written as in
Ref. [26], translating to the conventions of Ref. [64] via

1
↓

2
T

[64]
3 (Q0,Q

2) =
T
ω
3 (ε,Q2)
4Mωε

, (13)

where ε = iQ0, Q
2 = →q

2. Accordingly, we can express ↭̄V

ω (µ0)
in terms of the integrand Mω(Q2) defined in Ref. [64]

Aµε(q) ↔ iϖµεϑϱq
ϑ

p
ϱ
ωT3(q0, q

2)

↭̄V

ω (µ0) =
3ϑ
2ω

∫
↗

0

dQ
2

Q2

[
Mω(Q2) →

1
12

Q
2

Q2 + µ2
0

(
1 →
ϑs(µ0)
ω

)]
.

(14)

For sufficiently small values of Q
2
↘ Q

2
0, Mω(Q2) is known

from lattice QCD [64, 66], while asymptotically its form is de-
termined by perturbative QCD (pQCD)

Mω(Q2) =
Cd(Q2)

12
, Cd(Q2) = 1→

ϑs

ω
+
∑

n≃2

cn

(ϑs

ω

)n
, (15)

with coefficients cn known up to n = 4 [86, 87]. The subtraction
in Eq. (14), however, is only accurate at O(ϑs), so that, asymp-
totically, one needs to assume this form in Mω(Q2) starting at
some value Q

2
1. Accordingly, Eq. (14) takes the form

↭̄V

ω (µ0) =
3ϑ
2ω

∫
Q

2
1

0

dQ
2

Q2 Mω(Q2)+
ϑ

8ω

(
1→
ϑs(µ0)
ω

)
log
µ2

0

Q
2
1
. (16)

To improve the matching between lattice QCD and the O(ϑs)
pQCD asymptotics, we take Q1 larger than Q0 and use the full
four-loop pQCD result for Q0 ↘ Q ↘ Q1. The subtraction scale
µ0 is identified with Q0, while Q1 is determined as the point
at which Cd(Q2

1) = 1 → ϑs(µ0)
ω to ensure a smooth transition to

the asymptotic form. We observe that the convergence of the
pQCD expansion prefers a slightly higher matching point than
Q

2
0 = 2 GeV2 [64], at the expense of slightly larger uncertainties

from lattice artifacts. We therefore choose µ0 = Q0 = 1.6 GeV,
and evolve ϑs down from ϑ(5)

s (MZ) [88, 89], at the loop order
that corresponds to the accuracy of Cd(Q2) used. Given that
the calculations in Refs. [64, 66] are performed with 2 + 1 and
2+1+1 active quark flavors, respectively, we repeat the analysis
for n f = 3 and n f = 4, leading to Q

(3)
1 = 4.46 GeV and Q

(4)
1 =

4.53 GeV. Altogether, we obtain

103
↑ ↭̄V(3)

ω (µ0)
∣∣∣
[64] = 0.714(12)(28) → 0.023(6) = 0.691(31),

103
↑ ↭̄V(4)

ω (µ0)
∣∣∣
[66] = 0.709(27) → 0.020(4) = 0.690(28), (17)

where the two terms refer to the contribution of the integral
below Q0 and the remainder, respectively. For the latter, the un-
certainty derives from the difference to the three-loop pQCD re-
sult, while for the integral the uncertainties are propagated from
the lattice-QCD calculations. In the case of Ref. [64], this er-
ror is split into statistical and systematic components, where the
dominant systematic effect concerns lattice artifacts, estimated
as the difference of the two discretizations considered.4 The
corrections in Eq. (17) that arise from the improved matching
between the lattice-QCD results and the O(ϑs) pQCD asymp-
totics are of the same size as the lattice-QCD errors, and thus
control over the O(ϑ2

s
) terms in the OPE subtraction in Eq. (14)

would be required to further improve the precision. The re-
sulting integrand Mω(Q2) and its subtracted form according to
Eq. (14) are shown in Fig. 1.

2.4. Derivation of the matching conditions and universality

We arrived at the matching conditions (7) and (8) between
LEFT and ChPT in two ways: first, following Refs. [26, 60]

4We define the central value for Ref. [64] by the average of the two dis-
cretizations therein.

4

& calculated in LQCD 

VC,  M. Hoferichter, N. Valori 2602.11253

M. Gorbahn, F. Moretti, S. Jaeger 2510.27648

VC,  W. Dekens, E. Mereghetti, O. Tomalak,  2306. 03138
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Result for vector coupling

Neither Ĉ nor M̂ f depend on µ and a to NLLs accuracy [35].
Matching to ChPT as discussed in Appendix A and Ap-

pendix B, combining the results from Refs. [26, 35], we can
write

g
ω
V

(µε) =
[
1 + ↭̄V(3)

ω (µ0)
]
→

(
Z

s.c.
O,O(µ, µ0, a)

)↑1

→

[
1 +

3ϑ(3)(µ)
8ω

(
1 ↑ log

µ2
ε

µ2

)]
→C

(3)
ϖ (µ, a). (C.7)

g
ω
V

(µε) =
[
1 + ↭̄V(3)

ω (µ0)
]
→

[
1 +

3ϑ(3)(µ)
8ω

(
1 ↑ log

µ2
ε

µ2

)]

→

[
Z

s.c.
O,O(µ, µ0, a)

]↑1
→C

(3)
ϖ (µ, a)

Here the entire expression multiplying C
(3)
ϖ (µ, a) can be con-

sidered as the scheme- and scale-dependent matrix elements
of the Fermi operator Oϖ in the three-flavor theory (up to
soft-photon contributions that go in the Sirlin function). The
scheme-dependent finite correction Z

s.c.
O,O(µ, µ0, a) was worked

out to O(ϑ) in Ref. [26] and to O(ϑϑs) in Ref. [35]:

Z
s.c.
O,O(µ, µ0, a) = 1 +

ϑ

4ω

[
a

3
↑

5
4
↑ log

µ

µ0

+
ϑs

4ω

(
↑

14a

9
+

29
6
+ 4 log

µ

µ0

)]
. (C.8)

As discussed in Appendix B, the first line in Eq. (C.7) corre-
sponds to the combination of LECs 1 ↑ (2/3)(X1 + X̂1) (arising
from insertion of the isoscalar electromagnetic current), while
the term in the second line multiplying C

(3)
ϖ (µ, a) corresponds to

1↑ X̂6/2↑ 2(X̂2 ↑ K12) (arising from insertions of the isovector
electromagnetic current).

Finally, one can write g
ω
V

(µε) = C̄
( f )
ϖ (µ) Ō

( f )
ϖ (µ, µε) as

the product of the separately scheme-independent (but scale-
dependent) factors

C̄
(3)
ϖ (µ) = u3(µ) M̂4 M̂5 Ĉ = J3(µ, a)↑1

C
(3)
ϖ (µ, a),

Ō
(3)
ϖ (µ, µε) =

[
1 + ↭̄V(3)

ω (µ0)
]
→

[
1 +

3ϑ(3)(µ)
8ω


1 ↑ log

µ2
ε

µ2




]

→

(
Z

s.c.
O,O(µ, µ0, a)

)↑1
→ J3(µ, a). (C.9)

Using the explicit form of Z
s.c.
O,O(µ, µ0, a) and J3(µ, a) we arrive at

Eq. (8). All the terms of O(ϑ) and the logarithmic terms propor-
tional to ϑϑs agree with Ref. [26], once one takes into account
that the definitions of scheme-independent Wilson coefficients
adopted here and in that reference differ, which affects the non-
logarithmic coefficient of O(ϑ). The nonlogarithmic terms of
O(ϑϑs) arise from the NLLs analysis of Ref. [35].

In order to use the lattice-QCD results from Ref. [66] we also
match ChPT to LEFT with four active quark flavors. The inter-
mediate steps of the analysis are formally identical to what has
been described above, except that at µ ↓ 1.8 GeV we integrate

out only the ϱ and not the charm quark. Renaming the Wilson
coefficient and coupling constants below the ϱ threshold as C

(4̃)
ϖ ,

ϑ(4̃), ϑ(4̃)
s , we find that Eq. (8) is replaced by

g
ω
V

(µε) = C̄
(4̃)
ϖ (µ)

[
1 + ↭̄V(4)

ω (µ0)

+
ϑ(4̃)(µ)

4ω

(499
192
↑

3
2

log
µ2
ε

µ2
0
+ 2 log

µ2

µ2
0

)

+
ϑϑ(4̃)

s (µ)
(4ω)2

(
↑

1026
625

↑ 2 log
µ2

µ2
0

)]
. (C.10)

The input for the solution of the RGE is determined as fol-
lows. For ϑs we use [91, 118–128]

ϑ(5)
s

(MZ) = 0.1181(7), (C.11)

which we evolve [88, 89] using decoupling scales µb = mb

and µc = 1.8 GeV. For ϑ, we start from the Thomson limit
ϑ↑1 = 137.0359991(1) [129–131] and evolve it to MZ in the
on-shell scheme, using the four-loop leptonic running ∆ϑlep =
314.979(2) → 10↑4 [132] and a range of hadronic contributions
∆ϑhad = 277.5(1.5) → 10↑4 that covers recent evaluations both
from lattice QCD and phenomenology [133–137]. Converting
to MS using ∆ϑ(5)


MS↑∆ϑ

(5)

on-shell = 71.22(5)→10↑4 [91, 138],

we obtain
1/ϑ(5)(MZ) = 127.94(2). (C.12)

By convention, this MS value at MZ includes W
± loops, which

thus need to be removed to obtain the initial condition for the
RG in QED+QCD [26, 139]

1/ϑ(5)(MW ) = 127.925(20). (C.13)
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Neither Ĉ nor M̂ f depend on µ and a to NLLs accuracy [35].
Matching to ChPT as discussed in Appendix A and Ap-

pendix B, combining the results from Refs. [26, 35], we can
write

g
ω
V

(µε) =
[
1 + ↭̄V(3)

ω (µ0)
]
→

(
Z

s.c.
O,O(µ, µ0, a)

)↑1

→

[
1 +

3ϑ(3)(µ)
8ω

(
1 ↑ log

µ2
ε

µ2

)]
→C

(3)
ϖ (µ, a). (C.7)

g
ω
V

(µε) =
[
1 + ↭̄V(3)

ω (µ0)
]
→

[
1 +

3ϑ(3)(µ)
8ω

(
1 ↑ log

µ2
ε

µ2

)]

→

[
Z

s.c.
O,O(µ, µ0, a)

]↑1
→C

(3)
ϖ (µ, a)

Here the entire expression multiplying C
(3)
ϖ (µ, a) can be con-

sidered as the scheme- and scale-dependent matrix elements
of the Fermi operator Oϖ in the three-flavor theory (up to
soft-photon contributions that go in the Sirlin function). The
scheme-dependent finite correction Z

s.c.
O,O(µ, µ0, a) was worked

out to O(ϑ) in Ref. [26] and to O(ϑϑs) in Ref. [35]:

Z
s.c.
O,O(µ, µ0, a) = 1 +

ϑ

4ω

[
a

3
↑

5
4
↑ log

µ

µ0

+
ϑs

4ω

(
↑

14a

9
+

29
6
+ 4 log

µ

µ0

)]
. (C.8)

As discussed in Appendix B, the first line in Eq. (C.7) corre-
sponds to the combination of LECs 1 ↑ (2/3)(X1 + X̂1) (arising
from insertion of the isoscalar electromagnetic current), while
the term in the second line multiplying C

(3)
ϖ (µ, a) corresponds to

1↑ X̂6/2↑ 2(X̂2 ↑ K12) (arising from insertions of the isovector
electromagnetic current).

Finally, one can write g
ω
V

(µε) = C̄
( f )
ϖ (µ) Ō

( f )
ϖ (µ, µε) as

the product of the separately scheme-independent (but scale-
dependent) factors

C̄
(3)
ϖ (µ) = u3(µ) M̂4 M̂5 Ĉ = J3(µ, a)↑1

C
(3)
ϖ (µ, a),

Ō
(3)
ϖ (µ, µε) =

[
1 + ↭̄V(3)

ω (µ0)
]
→

[
1 +

3ϑ(3)(µ)
8ω


1 ↑ log

µ2
ε

µ2




]

→

(
Z

s.c.
O,O(µ, µ0, a)

)↑1
→ J3(µ, a). (C.9)

Using the explicit form of Z
s.c.
O,O(µ, µ0, a) and J3(µ, a) we arrive at

Eq. (8). All the terms of O(ϑ) and the logarithmic terms propor-
tional to ϑϑs agree with Ref. [26], once one takes into account
that the definitions of scheme-independent Wilson coefficients
adopted here and in that reference differ, which affects the non-
logarithmic coefficient of O(ϑ). The nonlogarithmic terms of
O(ϑϑs) arise from the NLLs analysis of Ref. [35].

In order to use the lattice-QCD results from Ref. [66] we also
match ChPT to LEFT with four active quark flavors. The inter-
mediate steps of the analysis are formally identical to what has
been described above, except that at µ ↓ 1.8 GeV we integrate

out only the ϱ and not the charm quark. Renaming the Wilson
coefficient and coupling constants below the ϱ threshold as C

(4̃)
ϖ ,

ϑ(4̃), ϑ(4̃)
s , we find that Eq. (8) is replaced by

g
ω
V

(µε) = C̄
(4̃)
ϖ (µ)

[
1 + ↭̄V(4)

ω (µ0)

+
ϑ(4̃)(µ)

4ω

(499
192
↑

3
2

log
µ2
ε

µ2
0
+ 2 log

µ2

µ2
0

)

+
ϑϑ(4̃)

s (µ)
(4ω)2

(
↑

1026
625

↑ 2 log
µ2

µ2
0

)]
. (C.10)

The input for the solution of the RGE is determined as fol-
lows. For ϑs we use [91, 118–128]

ϑ(5)
s

(MZ) = 0.1181(7), (C.11)

which we evolve [88, 89] using decoupling scales µb = mb

and µc = 1.8 GeV. For ϑ, we start from the Thomson limit
ϑ↑1 = 137.0359991(1) [129–131] and evolve it to MZ in the
on-shell scheme, using the four-loop leptonic running ∆ϑlep =
314.979(2) → 10↑4 [132] and a range of hadronic contributions
∆ϑhad = 277.5(1.5) → 10↑4 that covers recent evaluations both
from lattice QCD and phenomenology [133–137]. Converting
to MS using ∆ϑ(5)


MS↑∆ϑ

(5)

on-shell = 71.22(5)→10↑4 [91, 138],

we obtain
1/ϑ(5)(MZ) = 127.94(2). (C.12)

By convention, this MS value at MZ includes W
± loops, which

thus need to be removed to obtain the initial condition for the
RG in QED+QCD [26, 139]

1/ϑ(5)(MW ) = 127.925(20). (C.13)
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Convert MS-bar to OPE-
subtracted scheme

W.C. in MS-bar<VV> 2pt function<AV> 2pt function (γW box)

With appropriate replacement of the external states in the
transition-dependent nonperturbative matrix element ↭̄V (µ0),
this correction universally applies to the Fermi component of
all ω decays. The dependence on µ0 cancels between ↭̄V

ε (µ0)
and the explicit logarithms, up to terms beyond NLLs accuracy;
the dependence on µ cancels between the scheme-independent
Wilson coefficient C̄

(3)
ω (µ) (defined in Appendix C) and the ex-

plicit logarithms; finally the dependence on µϑ cancels once one
combines g

ε
V

(µϑ) with the chiral loops. Beyond one-loop order,
the RG for Xϖ(µϑ, µ, a) needs to be formulated at the level of
g
ε
V

(µϑ) to account for the evolution of ϱϑ(µϑ), leading to

µϑ
dg
ε
V

(µϑ)
dµϑ

= ς(ϱϑ)gV

ε (µϑ),

ς(ϱϑ) = ς̃0
ϱϑ
4ε
+ ς̃1

ϱ2
ϑ

(4ε)2 + O
(
ϱ3
ϑ

)
,

ς̃0 = →3, ς̃1 =
10ñ

3
+

5
2
→

8ε2

3
, (7)

where

ñ(µϑ) =
∑

ϖ=e,µ

Q
2
ϖnϖφ
(
µϑ → mϖ

)
+

1
4

∑

ε

Q
2
εnεφ
(
µϑ → Mε) (8)

counts the number of active spin-1/2 (ϖ) and spin-0 (ε) de-
grees of freedom weighted by their charges Qϖ,ε, and ϱϑ(µϑ)
is evaluated as in Ref. [26]. To obtain the O(ϱ2

ϑ) term in Eq. (7)
we used universality of the corresponding anomalous dimen-
sion [29, 90], which allows us to also resum NLL in the low-
energy theory. At one-loop order the dependence of ϱϑ on µϑ
can be ignored, and ς̃0 reproduces the RG relation obtained us-
ing ChPT beta functions [88, 89]

µϑ
↼

↼µϑ
Xϖ(µϑ, µ, a) =

3
8ε2 . (9)

2.3. Nonperturbative matrix element

Following Ref. [26] and taking into account the factorization
of short-distance QCD corrections from Ref. [35], the nonper-
turbative input is collected in

↭̄V

ε (µ0) = →ie
2
∫

d
4
q

(2ε)4
↽2 + Q

2

Q4

↑

[
T
ε
3 (↽,Q2)
2Mε↽

→
2
3

1
Q2 + µ2

0

(
1 →
ϱs(µ0)
ε

)]
, (10)

where µ0 is a factorization scale that allows one to subtract the
asymptotic part of the VA correlator, known from the operator
product expansion (OPE). Its scalar projection is written as in
Ref. [26], translating to the conventions of Ref. [64] via

1
↓

2
T

[64]
3 (→i↽,Q2) =

T
ε
3 (↽,Q2)
4Mε↽

, (11)

where ↽ = q0, Q
2 = →q

2. Accordingly, we can express ↭̄V

ε (µ0)
in terms of the integrand Mε(Q2) defined in Ref. [64]

↭̄V

ε (µ0) =
3ϱ
2ε

∫
↔

0

dQ
2

Q2

[
Mε(Q2) →

1
12

Q
2

Q2 + µ2
0

(
1 →
ϱs(µ0)
ε

)]
.

(12)
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Figure 1: Resulting integrand Mε(Q2) for the lattice-QCD inputs from Ref. [64]
(upper, n f = 3) and Ref. [66] (lower, n f = 4). In both cases, we show the
lattice-QCD results up to 2 GeV, the pQCD curves above 1 GeV (green dashed
and solid for three- and four-loop order), and the constant one-loop result above
the respective values of Q1 (maroon dashed and solid). The resulting subtracted
integrand as it enters in Eq. (12) is represented by the black curves (dashed and
solid for three- and four-loop pQCD between Q0 and Q1). The dashed vertical
line indicates the value of Q1 for the three-loop case.

For sufficiently small values of Q
2
↗ Q

2
0, Mε(Q2) is known

from lattice QCD [64, 66], while asymptotically its form is de-
termined by perturbative QCD (pQCD)

Mε(Q2) =
Cd(Q2)

12
, Cd(Q2) = 1→

ϱs

ε
+
∑

n↘2

cn

(ϱs

ε

)n
, (13)

with coefficients cn known up to n = 4 [91, 92]. The subtraction
in Eq. (12), however, is only accurate at O(ϱs), so that, asymp-
totically, one needs to assume this form in Mε(Q2) starting at
some value Q

2
1. Accordingly, Eq. (12) takes the form

↭̄V

ε (µ0) =
3ϱ
2ε

∫
Q

2
1

0

dQ
2

Q2 Mε(Q2)+
ϱ

8ε

(
1→
ϱs(µ0)
ε

)
log
µ2

0

Q
2
1
. (14)

To improve the matching between lattice QCD and the O(ϱs)
pQCD asymptotics, we take Q1 larger than Q0 and use the full
four-loop pQCD result for Q0 ↗ Q ↗ Q1. The subtraction scale
µ0 is identified with Q0, while Q1 is determined as the point
at which Cd(Q2

1) = 1 → ϱs(µ0)
ε to ensure a smooth transition to

the asymptotic form. We observe that the convergence of the
pQCD expansion prefers a slightly higher matching point than
Q

2
0 = 2 GeV2 [64], at the expense of slightly larger uncertainties

3
Related to T3 appearing in 
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Figure 1: Resulting integrand Mω(Q2) for the lattice-QCD inputs from Ref. [64]
(upper, n f = 3) and Ref. [66] (lower, n f = 4). In both cases, we show the
lattice-QCD results up to 2 GeV, the pQCD curves above 1 GeV (green dashed
and solid for three- and four-loop order), and the constant one-loop result above
the respective values of Q1 (maroon dashed and solid). The resulting subtracted
integrand as it enters in Eq. (14) is represented by the black curves (dashed and
solid for three- and four-loop pQCD between Q0 and Q1). The dashed vertical
line indicates the value of Q1 for the three-loop case.

2.3. Nonperturbative matrix element

Following Ref. [26], the nonperturbative input is collected in

↭̄V

ω (µ0) = →ie
2
∫

d
4
q

(2ω)4
ε2 + Q

2

Q4

↑

[
T
ω
3 (ε,Q2)
2Mωε

→
2
3

1
Q2 + µ2

0

(
1 →
ϑs(µ0)
ω

)]
, (12)

where µ0 is a factorization scale that allows one to subtract the
asymptotic part of the VA correlator, known from the operator
product expansion (OPE). Its scalar projection is written as in
Ref. [26], translating to the conventions of Ref. [64] via

1
↓

2
T

[64]
3 (Q0,Q

2) =
T
ω
3 (ε,Q2)
4Mωε

, (13)

where ε = iQ0, Q
2 = →q

2. Accordingly, we can express ↭̄V

ω (µ0)
in terms of the integrand Mω(Q2) defined in Ref. [64]

Aµε(q) ↔ iϖµεϑϱq
ϑ

p
ϱ
ωT3(q0, q

2)

↭̄V

ω (µ0) =
3ϑ
2ω

∫
↗

0

dQ
2

Q2

[
Mω(Q2) →

1
12

Q
2

Q2 + µ2
0

(
1 →
ϑs(µ0)
ω

)]
.

(14)

For sufficiently small values of Q
2
↘ Q

2
0, Mω(Q2) is known

from lattice QCD [64, 66], while asymptotically its form is de-
termined by perturbative QCD (pQCD)

Mω(Q2) =
Cd(Q2)

12
, Cd(Q2) = 1→

ϑs

ω
+
∑

n≃2

cn

(ϑs

ω

)n
, (15)

with coefficients cn known up to n = 4 [86, 87]. The subtraction
in Eq. (14), however, is only accurate at O(ϑs), so that, asymp-
totically, one needs to assume this form in Mω(Q2) starting at
some value Q

2
1. Accordingly, Eq. (14) takes the form

↭̄V

ω (µ0) =
3ϑ
2ω

∫
Q

2
1

0

dQ
2

Q2 Mω(Q2)+
ϑ

8ω

(
1→
ϑs(µ0)
ω

)
log
µ2

0

Q
2
1
. (16)

To improve the matching between lattice QCD and the O(ϑs)
pQCD asymptotics, we take Q1 larger than Q0 and use the full
four-loop pQCD result for Q0 ↘ Q ↘ Q1. The subtraction scale
µ0 is identified with Q0, while Q1 is determined as the point
at which Cd(Q2

1) = 1 → ϑs(µ0)
ω to ensure a smooth transition to

the asymptotic form. We observe that the convergence of the
pQCD expansion prefers a slightly higher matching point than
Q

2
0 = 2 GeV2 [64], at the expense of slightly larger uncertainties

from lattice artifacts. We therefore choose µ0 = Q0 = 1.6 GeV,
and evolve ϑs down from ϑ(5)

s (MZ) [88, 89], at the loop order
that corresponds to the accuracy of Cd(Q2) used. Given that
the calculations in Refs. [64, 66] are performed with 2 + 1 and
2+1+1 active quark flavors, respectively, we repeat the analysis
for n f = 3 and n f = 4, leading to Q

(3)
1 = 4.46 GeV and Q

(4)
1 =

4.53 GeV. Altogether, we obtain

103
↑ ↭̄V(3)

ω (µ0)
∣∣∣
[64] = 0.714(12)(28) → 0.023(6) = 0.691(31),

103
↑ ↭̄V(4)

ω (µ0)
∣∣∣
[66] = 0.709(27) → 0.020(4) = 0.690(28), (17)

where the two terms refer to the contribution of the integral
below Q0 and the remainder, respectively. For the latter, the un-
certainty derives from the difference to the three-loop pQCD re-
sult, while for the integral the uncertainties are propagated from
the lattice-QCD calculations. In the case of Ref. [64], this er-
ror is split into statistical and systematic components, where the
dominant systematic effect concerns lattice artifacts, estimated
as the difference of the two discretizations considered.4 The
corrections in Eq. (17) that arise from the improved matching
between the lattice-QCD results and the O(ϑs) pQCD asymp-
totics are of the same size as the lattice-QCD errors, and thus
control over the O(ϑ2

s
) terms in the OPE subtraction in Eq. (14)

would be required to further improve the precision. The re-
sulting integrand Mω(Q2) and its subtracted form according to
Eq. (14) are shown in Fig. 1.

2.4. Derivation of the matching conditions and universality

We arrived at the matching conditions (7) and (8) between
LEFT and ChPT in two ways: first, following Refs. [26, 60]

4We define the central value for Ref. [64] by the average of the two dis-
cretizations therein.
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With appropriate replacement of the external states in the
transition-dependent nonperturbative matrix element ↭̄V (µ0),
this correction universally applies to the Fermi component of
all ω decays. The dependence on µ0 cancels between ↭̄V

ε (µ0)
and the explicit logarithms, up to terms beyond NLLs accuracy;
the dependence on µ cancels between the scheme-independent
Wilson coefficient C̄

(3)
ω (µ) (defined in Appendix C) and the ex-

plicit logarithms; finally the dependence on µϑ cancels once one
combines g

ε
V

(µϑ) with the chiral loops. Beyond one-loop order,
the RG for Xϖ(µϑ, µ, a) needs to be formulated at the level of
g
ε
V

(µϑ) to account for the evolution of ϱϑ(µϑ), leading to

µϑ
dg
ε
V

(µϑ)
dµϑ

= ς(ϱϑ)gV

ε (µϑ),

ς(ϱϑ) = ς̃0
ϱϑ
4ε
+ ς̃1

ϱ2
ϑ

(4ε)2 + O
(
ϱ3
ϑ

)
,

ς̃0 = →3, ς̃1 =
10ñ

3
+

5
2
→

8ε2

3
, (7)

where

ñ(µϑ) =
∑

ϖ=e,µ

Q
2
ϖnϖφ
(
µϑ → mϖ

)
+

1
4

∑

ε

Q
2
εnεφ
(
µϑ → Mε) (8)

counts the number of active spin-1/2 (ϖ) and spin-0 (ε) de-
grees of freedom weighted by their charges Qϖ,ε, and ϱϑ(µϑ)
is evaluated as in Ref. [26]. To obtain the O(ϱ2

ϑ) term in Eq. (7)
we used universality of the corresponding anomalous dimen-
sion [29, 90], which allows us to also resum NLL in the low-
energy theory. At one-loop order the dependence of ϱϑ on µϑ
can be ignored, and ς̃0 reproduces the RG relation obtained us-
ing ChPT beta functions [88, 89]

µϑ
↼

↼µϑ
Xϖ(µϑ, µ, a) =

3
8ε2 . (9)

2.3. Nonperturbative matrix element

Following Ref. [26] and taking into account the factorization
of short-distance QCD corrections from Ref. [35], the nonper-
turbative input is collected in

↭̄V

ε (µ0) = →ie
2
∫

d
4
q

(2ε)4
↽2 + Q

2

Q4

↑

[
T
ε
3 (↽,Q2)
2Mε↽

→
2
3

1
Q2 + µ2

0

(
1 →
ϱs(µ0)
ε

)]
, (10)

where µ0 is a factorization scale that allows one to subtract the
asymptotic part of the VA correlator, known from the operator
product expansion (OPE). Its scalar projection is written as in
Ref. [26], translating to the conventions of Ref. [64] via

1
↓

2
T

[64]
3 (→i↽,Q2) =

T
ε
3 (↽,Q2)
4Mε↽

, (11)

where ↽ = q0, Q
2 = →q

2. Accordingly, we can express ↭̄V

ε (µ0)
in terms of the integrand Mε(Q2) defined in Ref. [64]
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Figure 1: Resulting integrand Mε(Q2) for the lattice-QCD inputs from Ref. [64]
(upper, n f = 3) and Ref. [66] (lower, n f = 4). In both cases, we show the
lattice-QCD results up to 2 GeV, the pQCD curves above 1 GeV (green dashed
and solid for three- and four-loop order), and the constant one-loop result above
the respective values of Q1 (maroon dashed and solid). The resulting subtracted
integrand as it enters in Eq. (12) is represented by the black curves (dashed and
solid for three- and four-loop pQCD between Q0 and Q1). The dashed vertical
line indicates the value of Q1 for the three-loop case.

For sufficiently small values of Q
2
↗ Q

2
0, Mε(Q2) is known

from lattice QCD [64, 66], while asymptotically its form is de-
termined by perturbative QCD (pQCD)

Mε(Q2) =
Cd(Q2)

12
, Cd(Q2) = 1→

ϱs

ε
+
∑

n↘2

cn

(ϱs

ε

)n
, (13)

with coefficients cn known up to n = 4 [91, 92]. The subtraction
in Eq. (12), however, is only accurate at O(ϱs), so that, asymp-
totically, one needs to assume this form in Mε(Q2) starting at
some value Q

2
1. Accordingly, Eq. (12) takes the form

↭̄V

ε (µ0) =
3ϱ
2ε

∫
Q

2
1

0

dQ
2

Q2 Mε(Q2)+
ϱ

8ε

(
1→
ϱs(µ0)
ε

)
log
µ2

0

Q
2
1
. (14)

To improve the matching between lattice QCD and the O(ϱs)
pQCD asymptotics, we take Q1 larger than Q0 and use the full
four-loop pQCD result for Q0 ↗ Q ↗ Q1. The subtraction scale
µ0 is identified with Q0, while Q1 is determined as the point
at which Cd(Q2

1) = 1 → ϱs(µ0)
ε to ensure a smooth transition to

the asymptotic form. We observe that the convergence of the
pQCD expansion prefers a slightly higher matching point than
Q

2
0 = 2 GeV2 [64], at the expense of slightly larger uncertainties

3
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Result for vector coupling

Neither Ĉ nor M̂ f depend on µ and a to NLLs accuracy [35].
Matching to ChPT as discussed in Appendix A and Ap-

pendix B, combining the results from Refs. [26, 35], we can
write

g
ω
V

(µε) =
[
1 + ↭̄V(3)

ω (µ0)
]
→

(
Z

s.c.
O,O(µ, µ0, a)

)↑1

→

[
1 +

3ϑ(3)(µ)
8ω

(
1 ↑ log

µ2
ε

µ2

)]
→C

(3)
ϖ (µ, a). (C.7)

g
ω
V

(µε) =
[
1 + ↭̄V(3)

ω (µ0)
]
→

[
1 +

3ϑ(3)(µ)
8ω

(
1 ↑ log

µ2
ε

µ2

)]

→

[
Z

s.c.
O,O(µ, µ0, a)

]↑1
→C

(3)
ϖ (µ, a)

Here the entire expression multiplying C
(3)
ϖ (µ, a) can be con-

sidered as the scheme- and scale-dependent matrix elements
of the Fermi operator Oϖ in the three-flavor theory (up to
soft-photon contributions that go in the Sirlin function). The
scheme-dependent finite correction Z

s.c.
O,O(µ, µ0, a) was worked

out to O(ϑ) in Ref. [26] and to O(ϑϑs) in Ref. [35]:

Z
s.c.
O,O(µ, µ0, a) = 1 +

ϑ

4ω

[
a

3
↑

5
4
↑ log

µ

µ0

+
ϑs

4ω

(
↑

14a

9
+

29
6
+ 4 log

µ

µ0

)]
. (C.8)

As discussed in Appendix B, the first line in Eq. (C.7) corre-
sponds to the combination of LECs 1 ↑ (2/3)(X1 + X̂1) (arising
from insertion of the isoscalar electromagnetic current), while
the term in the second line multiplying C

(3)
ϖ (µ, a) corresponds to

1↑ X̂6/2↑ 2(X̂2 ↑ K12) (arising from insertions of the isovector
electromagnetic current).

Finally, one can write g
ω
V

(µε) = C̄
( f )
ϖ (µ) Ō

( f )
ϖ (µ, µε) as

the product of the separately scheme-independent (but scale-
dependent) factors

C̄
(3)
ϖ (µ) = u3(µ) M̂4 M̂5 Ĉ = J3(µ, a)↑1

C
(3)
ϖ (µ, a),

Ō
(3)
ϖ (µ, µε) =

[
1 + ↭̄V(3)

ω (µ0)
]
→

[
1 +

3ϑ(3)(µ)
8ω


1 ↑ log

µ2
ε

µ2




]

→

(
Z

s.c.
O,O(µ, µ0, a)

)↑1
→ J3(µ, a). (C.9)

Using the explicit form of Z
s.c.
O,O(µ, µ0, a) and J3(µ, a) we arrive at

Eq. (8). All the terms of O(ϑ) and the logarithmic terms propor-
tional to ϑϑs agree with Ref. [26], once one takes into account
that the definitions of scheme-independent Wilson coefficients
adopted here and in that reference differ, which affects the non-
logarithmic coefficient of O(ϑ). The nonlogarithmic terms of
O(ϑϑs) arise from the NLLs analysis of Ref. [35].

In order to use the lattice-QCD results from Ref. [66] we also
match ChPT to LEFT with four active quark flavors. The inter-
mediate steps of the analysis are formally identical to what has
been described above, except that at µ ↓ 1.8 GeV we integrate

out only the ϱ and not the charm quark. Renaming the Wilson
coefficient and coupling constants below the ϱ threshold as C

(4̃)
ϖ ,

ϑ(4̃), ϑ(4̃)
s , we find that Eq. (8) is replaced by

g
ω
V

(µε) = C̄
(4̃)
ϖ (µ)

[
1 + ↭̄V(4)

ω (µ0)

+
ϑ(4̃)(µ)

4ω

(499
192
↑

3
2

log
µ2
ε

µ2
0
+ 2 log

µ2

µ2
0

)

+
ϑϑ(4̃)

s (µ)
(4ω)2

(
↑

1026
625

↑ 2 log
µ2

µ2
0

)]
. (C.10)

The input for the solution of the RGE is determined as fol-
lows. For ϑs we use [91, 118–128]

ϑ(5)
s

(MZ) = 0.1181(7), (C.11)

which we evolve [88, 89] using decoupling scales µb = mb

and µc = 1.8 GeV. For ϑ, we start from the Thomson limit
ϑ↑1 = 137.0359991(1) [129–131] and evolve it to MZ in the
on-shell scheme, using the four-loop leptonic running ∆ϑlep =
314.979(2) → 10↑4 [132] and a range of hadronic contributions
∆ϑhad = 277.5(1.5) → 10↑4 that covers recent evaluations both
from lattice QCD and phenomenology [133–137]. Converting
to MS using ∆ϑ(5)


MS↑∆ϑ

(5)

on-shell = 71.22(5)→10↑4 [91, 138],

we obtain
1/ϑ(5)(MZ) = 127.94(2). (C.12)

By convention, this MS value at MZ includes W
± loops, which

thus need to be removed to obtain the initial condition for the
RG in QED+QCD [26, 139]

1/ϑ(5)(MW ) = 127.925(20). (C.13)
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Neither Ĉ nor M̂ f depend on µ and a to NLLs accuracy [35].
Matching to ChPT as discussed in Appendix A and Ap-

pendix B, combining the results from Refs. [26, 35], we can
write

g
ω
V

(µε) =
[
1 + ↭̄V(3)

ω (µ0)
]
→

(
Z

s.c.
O,O(µ, µ0, a)

)↑1

→

[
1 +

3ϑ(3)(µ)
8ω

(
1 ↑ log

µ2
ε

µ2

)]
→C

(3)
ϖ (µ, a). (C.7)

g
ω
V

(µε) =
[
1 + ↭̄V(3)

ω (µ0)
]
→

[
1 +

3ϑ(3)(µ)
8ω

(
1 ↑ log

µ2
ε

µ2

)]

→

[
Z

s.c.
O,O(µ, µ0, a)

]↑1
→C

(3)
ϖ (µ, a)

Here the entire expression multiplying C
(3)
ϖ (µ, a) can be con-

sidered as the scheme- and scale-dependent matrix elements
of the Fermi operator Oϖ in the three-flavor theory (up to
soft-photon contributions that go in the Sirlin function). The
scheme-dependent finite correction Z

s.c.
O,O(µ, µ0, a) was worked

out to O(ϑ) in Ref. [26] and to O(ϑϑs) in Ref. [35]:

Z
s.c.
O,O(µ, µ0, a) = 1 +

ϑ

4ω

[
a

3
↑

5
4
↑ log

µ

µ0

+
ϑs

4ω

(
↑

14a

9
+

29
6
+ 4 log

µ

µ0

)]
. (C.8)

As discussed in Appendix B, the first line in Eq. (C.7) corre-
sponds to the combination of LECs 1 ↑ (2/3)(X1 + X̂1) (arising
from insertion of the isoscalar electromagnetic current), while
the term in the second line multiplying C

(3)
ϖ (µ, a) corresponds to

1↑ X̂6/2↑ 2(X̂2 ↑ K12) (arising from insertions of the isovector
electromagnetic current).

Finally, one can write g
ω
V

(µε) = C̄
( f )
ϖ (µ) Ō

( f )
ϖ (µ, µε) as

the product of the separately scheme-independent (but scale-
dependent) factors

C̄
(3)
ϖ (µ) = u3(µ) M̂4 M̂5 Ĉ = J3(µ, a)↑1

C
(3)
ϖ (µ, a),

Ō
(3)
ϖ (µ, µε) =

[
1 + ↭̄V(3)

ω (µ0)
]
→

[
1 +

3ϑ(3)(µ)
8ω


1 ↑ log

µ2
ε

µ2




]

→

(
Z

s.c.
O,O(µ, µ0, a)

)↑1
→ J3(µ, a). (C.9)

Using the explicit form of Z
s.c.
O,O(µ, µ0, a) and J3(µ, a) we arrive at

Eq. (8). All the terms of O(ϑ) and the logarithmic terms propor-
tional to ϑϑs agree with Ref. [26], once one takes into account
that the definitions of scheme-independent Wilson coefficients
adopted here and in that reference differ, which affects the non-
logarithmic coefficient of O(ϑ). The nonlogarithmic terms of
O(ϑϑs) arise from the NLLs analysis of Ref. [35].

In order to use the lattice-QCD results from Ref. [66] we also
match ChPT to LEFT with four active quark flavors. The inter-
mediate steps of the analysis are formally identical to what has
been described above, except that at µ ↓ 1.8 GeV we integrate

out only the ϱ and not the charm quark. Renaming the Wilson
coefficient and coupling constants below the ϱ threshold as C

(4̃)
ϖ ,

ϑ(4̃), ϑ(4̃)
s , we find that Eq. (8) is replaced by

g
ω
V

(µε) = C̄
(4̃)
ϖ (µ)

[
1 + ↭̄V(4)

ω (µ0)

+
ϑ(4̃)(µ)

4ω

(499
192
↑

3
2

log
µ2
ε

µ2
0
+ 2 log

µ2

µ2
0

)

+
ϑϑ(4̃)

s (µ)
(4ω)2

(
↑

1026
625

↑ 2 log
µ2

µ2
0

)]
. (C.10)

The input for the solution of the RGE is determined as fol-
lows. For ϑs we use [91, 118–128]

ϑ(5)
s

(MZ) = 0.1181(7), (C.11)

which we evolve [88, 89] using decoupling scales µb = mb

and µc = 1.8 GeV. For ϑ, we start from the Thomson limit
ϑ↑1 = 137.0359991(1) [129–131] and evolve it to MZ in the
on-shell scheme, using the four-loop leptonic running ∆ϑlep =
314.979(2) → 10↑4 [132] and a range of hadronic contributions
∆ϑhad = 277.5(1.5) → 10↑4 that covers recent evaluations both
from lattice QCD and phenomenology [133–137]. Converting
to MS using ∆ϑ(5)


MS↑∆ϑ

(5)

on-shell = 71.22(5)→10↑4 [91, 138],

we obtain
1/ϑ(5)(MZ) = 127.94(2). (C.12)

By convention, this MS value at MZ includes W
± loops, which

thus need to be removed to obtain the initial condition for the
RG in QED+QCD [26, 139]

1/ϑ(5)(MW ) = 127.925(20). (C.13)
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Convert MS-bar to OPE-
subtracted scheme

W.C. in MS-bar<VV> 2pt function<AV> 2pt function (γW box)

With appropriate replacement of the external states in the
transition-dependent nonperturbative matrix element ↭̄V (µ0),
this correction universally applies to the Fermi component of
all ω decays. The dependence on µ0 cancels between ↭̄V

ε (µ0)
and the explicit logarithms, up to terms beyond NLLs accuracy;
the dependence on µ cancels between the scheme-independent
Wilson coefficient C̄

(3)
ω (µ) (defined in Appendix C) and the ex-

plicit logarithms; finally the dependence on µϑ cancels once one
combines g

ε
V

(µϑ) with the chiral loops. Beyond one-loop order,
the RG for Xϖ(µϑ, µ, a) needs to be formulated at the level of
g
ε
V

(µϑ) to account for the evolution of ϱϑ(µϑ), leading to

µϑ
dg
ε
V

(µϑ)
dµϑ

= ς(ϱϑ)gV

ε (µϑ),

ς(ϱϑ) = ς̃0
ϱϑ
4ε
+ ς̃1

ϱ2
ϑ

(4ε)2 + O
(
ϱ3
ϑ

)
,

ς̃0 = →3, ς̃1 =
10ñ

3
+

5
2
→

8ε2

3
, (7)

where

ñ(µϑ) =
∑

ϖ=e,µ

Q
2
ϖnϖφ
(
µϑ → mϖ

)
+

1
4

∑

ε

Q
2
εnεφ
(
µϑ → Mε) (8)

counts the number of active spin-1/2 (ϖ) and spin-0 (ε) de-
grees of freedom weighted by their charges Qϖ,ε, and ϱϑ(µϑ)
is evaluated as in Ref. [26]. To obtain the O(ϱ2

ϑ) term in Eq. (7)
we used universality of the corresponding anomalous dimen-
sion [29, 90], which allows us to also resum NLL in the low-
energy theory. At one-loop order the dependence of ϱϑ on µϑ
can be ignored, and ς̃0 reproduces the RG relation obtained us-
ing ChPT beta functions [88, 89]

µϑ
↼

↼µϑ
Xϖ(µϑ, µ, a) =

3
8ε2 . (9)

2.3. Nonperturbative matrix element

Following Ref. [26] and taking into account the factorization
of short-distance QCD corrections from Ref. [35], the nonper-
turbative input is collected in

↭̄V

ε (µ0) = →ie
2
∫

d
4
q

(2ε)4
↽2 + Q

2

Q4

↑

[
T
ε
3 (↽,Q2)
2Mε↽

→
2
3

1
Q2 + µ2

0

(
1 →
ϱs(µ0)
ε

)]
, (10)

where µ0 is a factorization scale that allows one to subtract the
asymptotic part of the VA correlator, known from the operator
product expansion (OPE). Its scalar projection is written as in
Ref. [26], translating to the conventions of Ref. [64] via

1
↓

2
T

[64]
3 (→i↽,Q2) =

T
ε
3 (↽,Q2)
4Mε↽

, (11)

where ↽ = q0, Q
2 = →q

2. Accordingly, we can express ↭̄V

ε (µ0)
in terms of the integrand Mε(Q2) defined in Ref. [64]

↭̄V

ε (µ0) =
3ϱ
2ε

∫
↔

0

dQ
2

Q2

[
Mε(Q2) →

1
12

Q
2

Q2 + µ2
0

(
1 →
ϱs(µ0)
ε

)]
.

(12)
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Figure 1: Resulting integrand Mε(Q2) for the lattice-QCD inputs from Ref. [64]
(upper, n f = 3) and Ref. [66] (lower, n f = 4). In both cases, we show the
lattice-QCD results up to 2 GeV, the pQCD curves above 1 GeV (green dashed
and solid for three- and four-loop order), and the constant one-loop result above
the respective values of Q1 (maroon dashed and solid). The resulting subtracted
integrand as it enters in Eq. (12) is represented by the black curves (dashed and
solid for three- and four-loop pQCD between Q0 and Q1). The dashed vertical
line indicates the value of Q1 for the three-loop case.

For sufficiently small values of Q
2
↗ Q

2
0, Mε(Q2) is known

from lattice QCD [64, 66], while asymptotically its form is de-
termined by perturbative QCD (pQCD)

Mε(Q2) =
Cd(Q2)

12
, Cd(Q2) = 1→

ϱs

ε
+
∑

n↘2

cn

(ϱs

ε

)n
, (13)

with coefficients cn known up to n = 4 [91, 92]. The subtraction
in Eq. (12), however, is only accurate at O(ϱs), so that, asymp-
totically, one needs to assume this form in Mε(Q2) starting at
some value Q

2
1. Accordingly, Eq. (12) takes the form

↭̄V

ε (µ0) =
3ϱ
2ε

∫
Q

2
1

0

dQ
2

Q2 Mε(Q2)+
ϱ

8ε

(
1→
ϱs(µ0)
ε

)
log
µ2

0

Q
2
1
. (14)

To improve the matching between lattice QCD and the O(ϱs)
pQCD asymptotics, we take Q1 larger than Q0 and use the full
four-loop pQCD result for Q0 ↗ Q ↗ Q1. The subtraction scale
µ0 is identified with Q0, while Q1 is determined as the point
at which Cd(Q2

1) = 1 → ϱs(µ0)
ε to ensure a smooth transition to

the asymptotic form. We observe that the convergence of the
pQCD expansion prefers a slightly higher matching point than
Q

2
0 = 2 GeV2 [64], at the expense of slightly larger uncertainties

3
Related to T3 appearing in 
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Figure 1: Resulting integrand Mω(Q2) for the lattice-QCD inputs from Ref. [64]
(upper, n f = 3) and Ref. [66] (lower, n f = 4). In both cases, we show the
lattice-QCD results up to 2 GeV, the pQCD curves above 1 GeV (green dashed
and solid for three- and four-loop order), and the constant one-loop result above
the respective values of Q1 (maroon dashed and solid). The resulting subtracted
integrand as it enters in Eq. (14) is represented by the black curves (dashed and
solid for three- and four-loop pQCD between Q0 and Q1). The dashed vertical
line indicates the value of Q1 for the three-loop case.

2.3. Nonperturbative matrix element

Following Ref. [26], the nonperturbative input is collected in

↭̄V

ω (µ0) = →ie
2
∫

d
4
q

(2ω)4
ε2 + Q

2

Q4

↑

[
T
ω
3 (ε,Q2)
2Mωε

→
2
3

1
Q2 + µ2

0

(
1 →
ϑs(µ0)
ω

)]
, (12)

where µ0 is a factorization scale that allows one to subtract the
asymptotic part of the VA correlator, known from the operator
product expansion (OPE). Its scalar projection is written as in
Ref. [26], translating to the conventions of Ref. [64] via

1
↓

2
T

[64]
3 (Q0,Q

2) =
T
ω
3 (ε,Q2)
4Mωε

, (13)

where ε = iQ0, Q
2 = →q

2. Accordingly, we can express ↭̄V

ω (µ0)
in terms of the integrand Mω(Q2) defined in Ref. [64]

Aµε(q) ↔ iϖµεϑϱq
ϑ

p
ϱ
ωT3(q0, q

2)

↭̄V

ω (µ0) =
3ϑ
2ω

∫
↗

0

dQ
2

Q2

[
Mω(Q2) →

1
12

Q
2

Q2 + µ2
0

(
1 →
ϑs(µ0)
ω

)]
.

(14)

For sufficiently small values of Q
2
↘ Q

2
0, Mω(Q2) is known

from lattice QCD [64, 66], while asymptotically its form is de-
termined by perturbative QCD (pQCD)

Mω(Q2) =
Cd(Q2)

12
, Cd(Q2) = 1→

ϑs

ω
+
∑

n≃2

cn

(ϑs

ω

)n
, (15)

with coefficients cn known up to n = 4 [86, 87]. The subtraction
in Eq. (14), however, is only accurate at O(ϑs), so that, asymp-
totically, one needs to assume this form in Mω(Q2) starting at
some value Q

2
1. Accordingly, Eq. (14) takes the form

↭̄V

ω (µ0) =
3ϑ
2ω

∫
Q

2
1

0

dQ
2

Q2 Mω(Q2)+
ϑ

8ω

(
1→
ϑs(µ0)
ω

)
log
µ2

0

Q
2
1
. (16)

To improve the matching between lattice QCD and the O(ϑs)
pQCD asymptotics, we take Q1 larger than Q0 and use the full
four-loop pQCD result for Q0 ↘ Q ↘ Q1. The subtraction scale
µ0 is identified with Q0, while Q1 is determined as the point
at which Cd(Q2

1) = 1 → ϑs(µ0)
ω to ensure a smooth transition to

the asymptotic form. We observe that the convergence of the
pQCD expansion prefers a slightly higher matching point than
Q

2
0 = 2 GeV2 [64], at the expense of slightly larger uncertainties

from lattice artifacts. We therefore choose µ0 = Q0 = 1.6 GeV,
and evolve ϑs down from ϑ(5)

s (MZ) [88, 89], at the loop order
that corresponds to the accuracy of Cd(Q2) used. Given that
the calculations in Refs. [64, 66] are performed with 2 + 1 and
2+1+1 active quark flavors, respectively, we repeat the analysis
for n f = 3 and n f = 4, leading to Q

(3)
1 = 4.46 GeV and Q

(4)
1 =

4.53 GeV. Altogether, we obtain

103
↑ ↭̄V(3)

ω (µ0)
∣∣∣
[64] = 0.714(12)(28) → 0.023(6) = 0.691(31),

103
↑ ↭̄V(4)

ω (µ0)
∣∣∣
[66] = 0.709(27) → 0.020(4) = 0.690(28), (17)

where the two terms refer to the contribution of the integral
below Q0 and the remainder, respectively. For the latter, the un-
certainty derives from the difference to the three-loop pQCD re-
sult, while for the integral the uncertainties are propagated from
the lattice-QCD calculations. In the case of Ref. [64], this er-
ror is split into statistical and systematic components, where the
dominant systematic effect concerns lattice artifacts, estimated
as the difference of the two discretizations considered.4 The
corrections in Eq. (17) that arise from the improved matching
between the lattice-QCD results and the O(ϑs) pQCD asymp-
totics are of the same size as the lattice-QCD errors, and thus
control over the O(ϑ2

s
) terms in the OPE subtraction in Eq. (14)

would be required to further improve the precision. The re-
sulting integrand Mω(Q2) and its subtracted form according to
Eq. (14) are shown in Fig. 1.

2.4. Derivation of the matching conditions and universality

We arrived at the matching conditions (7) and (8) between
LEFT and ChPT in two ways: first, following Refs. [26, 60]

4We define the central value for Ref. [64] by the average of the two dis-
cretizations therein.
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we performed the matching at the level of Green’s functions
obtained by differentiation of the generating functional with re-
spect to charge and weak spurions. The results could not be im-
mediately read off of Ref. [60], because for the LEFT a Pauli–
Villars regulator with on-shell subtraction scheme was used,
while we work in dimensional regularization and MS subtrac-
tion scheme (to resum logarithms to NLLs accuracy). As sum-
marized in Appendix A, following the logic of Ref. [60], we
arrived at an expression for Xω(µε, µ, a) in terms of the corre-
lation function

∫
dx e

ik·x
→0|T
{
V

a

µ (x)Vb

ϑ (0)
}
|ϖc
↑, where a, b, c are

SU(3) flavor indices. Finally, using a soft-pion theorem we re-
lated this matrix element to the object appearing in the ϱW box,
namely

∫
dx e

ik·x
→ϖd
|T
{
V

a

µ (x)Ab

ϑ(0)
}
|ϖc
↑, up to higher-order chi-

ral corrections. One of the advantages of the spurion method
is that it allows one to derive representations for any individual
LEC, and hence the combination Xω.

Second, we matched physical amplitudes for ϖ+ ↓ ϖ0
e
+ϑe

in LEFT and ChPT (salient features are summarized in Ap-
pendix B). The key point is that the O(ς) term in the matrix
element → f |Oφ|i↑ in LEFT can be written in terms of convolu-
tions of known kernels with nonperturbative matrix elements
of weak and electromagnetic quark currents between hadronic
states. Current algebra relates three-point and two-point corre-
lation functions [7, 9]. Inspection of the IR behavior of these
convolution integrals [5, 7] allows one to identify the parts of
the LEFT amplitude that are contained in the ChPT loops, leav-
ing the rest as contributions to the LECs. While this analysis
gives us access only to the linear combination of LECs con-
tributing to the decay rate, it reveals universal features of the
matching: Eq. (8) formally applies to the Fermi component of
any φ decay, provided one computes the T3 form factor appear-
ing in ↭̄V (µ0), as defined in Eq. (12), in the appropriate initial
and final state. Up to effects suppressed by Ee/Mhad, me/Mhad,
where Mhad denotes the mass of the decaying hadronic state and
me, Ee mass and energy of the electron, the long-distance cor-
rections are also universal (independent of the mass and spin
of the hadrons involved in the decay) and provided by the so-
called Sirlin function [5], up to a constant that depends on the
choice of ultraviolet (UV) regulator and is fixed by the match-
ing procedure. Consistently with the explicit calculation of the
neutron decay [26, 90] we find for the pion φ decay

dΓ = dΓ(0) [gϖ
V

(µε)]2
[
1 +
ς

2ϖ

(5
4
+ 3 log

µε
me

+ ĝ(Ee, E0)
)]

= dΓ(0)
[
1 + 2 ↭̄V

ϖ (µ0) +
ς

2ϖ

(
4
(
1 ↔
ςs(µ0)

4ϖ

)
log

MZ

µ0

+ 3 log
µ0

me

+ ĝ(Ee, E0)
)
+ O(ς2,ςςs)

]
, (18)

where in the second line we have provided the fixed-order ex-
pression and ĝ(Ee, E0) is the “subtracted” Sirlin function [5],
from which the large logarithm of Mhad/me has been subtracted:

ĝ(Ee, E0) = ↔
3
4
+

1 + φ2

φ
log

1 + φ
1 ↔ φ

+
1

12φ

(
Ē

Ee

)2
log

1 + φ
1 ↔ φ

+ 4
[

1
2φ

log
1 + φ
1 ↔ φ

↔ 1
] [

log
2Ē

me

↔
3
2
+

Ē

3Ee

]

+
1
φ

[
↔4 Li2

(
2φ

1 + φ

)
↔ log2

(
1 + φ
1 ↔ φ

)]
. (19)

Here φ = |pe|/Ee and Ē = E0 ↔ Ee, with the electron end-
point energy E0, which, to this order, is the only source through
which the hadron mass enters the radiative corrections. The
ChPT results [62] capture additional Mϖ-dependent nonuniver-
sal corrections, which we include in our analysis below.

3. Applications

3.1. Pion φ decay

The master formula for pion φ decay reads [62, 63]5

Γ
[
ϖ+ ↓ ϖ0

e
+ϑe(ϱ)

]
=

G
2
F
|Vud |

2
M

5
ϖ | f
ϖ
+ (0)|2

64ϖ3

1 + ∆ϖωRC


Iϖω, (20)

where Mϖ denotes the mass of the charged pion. The form
factor f

ϖ
+ (0) ↗ 1 ↔ 7 ↘ 10↔6 deviates from unity by a negli-

gible amount due to the Behrends–Sirlin–Ademollo–Gatto the-
orem [94–96], which ensures that IB corrections can only enter
quadratically. The phase-space factor evaluates to6

Iϖω = 7.3767(41) ↘ 10↔8, (21)

where the uncertainty derives from the pion mass difference,
Mϖ ↔ Mϖ0 = 4.59364(48) MeV [100]. Radiative corrections are
included in ∆ϖωRC, which decomposes as

∆ϖωRC =
[
1+∆S̃ EW(µε)

]2
(
1+

3ςε(µε)
2ϖ

log
µε

2E0
+∆Iϖω

)
↔1, (22)

where ∆Iϖω = ↔0.00368(7) [62], including an estimate of higher
chiral orders. In this form, we isolated the only large loga-
rithm that remains in the phase-space correction ∆Iϖω by virtue
of the Kinoshita–Lee–Nauenberg theorem [101–103], sensi-
tive to the endpoint energy E0 = (M

2
ϖ ↔ M

2
ϖ0 + m

2
e
)/(2Mϖ) =

4.51894(48) MeV. While we use the full relativistic calculation
from Ref. [62], the value of ∆Iϖω can be understood from the
integral over the Sirlin function (19)

∆Iϖω ↗
ς

2ϖ

[5
4
+ 3 log

2E0

me

+
64

M
5
ϖIϖω


E0

me

dEe E
2
e
Ē

2φ ĝ(Ee, E0)
]

↗
ς

ϖ

(187
40
↔

2ϖ2

3

)
↗ ↔0.0044, (23)

where the last line, applicable in the limit me ↓ 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µε

2E0
in Eq. (22) indeed all logarithms disappear in ∆Iϖω [101]. Us-
ing the results from Sec. 2, we find for the effective ϖϖ vector
coupling

g
ϖ
V

(M↼) = 1.01084(2)↭̄ϖ (3)µ[4]tot, (24)

5
GF can be identified with its value extracted from muon decay GF =

1.1663785(6) ↘ 10↔5 GeV↔2 [82, 91], since the only process-dependent cor-
rections not accounted for via the conventions (1) concern mass corrections to
the W propagator 2∆G

W

F
↗ 3m

2
µ/(5M

2
W

) ↗ 1 ↘ 10↔6 [92, 93].
6This value includes corrections from the slope parameter ↽+ =

0.036(3) [96], with uncertainties derived from higher-order effects in the LEC
L

r

6(M↼) = 6.6(6) ↘ 10↔3 [97–99].

5

With appropriate replacement of the external states in the
transition-dependent nonperturbative matrix element ↭̄V (µ0),
this correction universally applies to the Fermi component of
all ω decays. The dependence on µ0 cancels between ↭̄V

ε (µ0)
and the explicit logarithms, up to terms beyond NLLs accuracy;
the dependence on µ cancels between the scheme-independent
Wilson coefficient C̄

(3)
ω (µ) (defined in Appendix C) and the ex-

plicit logarithms; finally the dependence on µϑ cancels once one
combines g

ε
V

(µϑ) with the chiral loops. Beyond one-loop order,
the RG for Xϖ(µϑ, µ, a) needs to be formulated at the level of
g
ε
V

(µϑ) to account for the evolution of ϱϑ(µϑ), leading to

µϑ
dg
ε
V

(µϑ)
dµϑ

= ς(ϱϑ)gV

ε (µϑ),

ς(ϱϑ) = ς̃0
ϱϑ
4ε
+ ς̃1

ϱ2
ϑ

(4ε)2 + O
(
ϱ3
ϑ

)
,

ς̃0 = →3, ς̃1 =
10ñ

3
+

5
2
→

8ε2

3
, (7)

where

ñ(µϑ) =
∑

ϖ=e,µ

Q
2
ϖnϖφ
(
µϑ → mϖ

)
+

1
4

∑

ε

Q
2
εnεφ
(
µϑ → Mε) (8)

counts the number of active spin-1/2 (ϖ) and spin-0 (ε) de-
grees of freedom weighted by their charges Qϖ,ε, and ϱϑ(µϑ)
is evaluated as in Ref. [26]. To obtain the O(ϱ2

ϑ) term in Eq. (7)
we used universality of the corresponding anomalous dimen-
sion [29, 90], which allows us to also resum NLL in the low-
energy theory. At one-loop order the dependence of ϱϑ on µϑ
can be ignored, and ς̃0 reproduces the RG relation obtained us-
ing ChPT beta functions [88, 89]

µϑ
↼

↼µϑ
Xϖ(µϑ, µ, a) =

3
8ε2 . (9)

2.3. Nonperturbative matrix element

Following Ref. [26] and taking into account the factorization
of short-distance QCD corrections from Ref. [35], the nonper-
turbative input is collected in

↭̄V

ε (µ0) = →ie
2
∫

d
4
q

(2ε)4
↽2 + Q

2

Q4

↑

[
T
ε
3 (↽,Q2)
2Mε↽

→
2
3

1
Q2 + µ2

0

(
1 →
ϱs(µ0)
ε

)]
, (10)

where µ0 is a factorization scale that allows one to subtract the
asymptotic part of the VA correlator, known from the operator
product expansion (OPE). Its scalar projection is written as in
Ref. [26], translating to the conventions of Ref. [64] via

1
↓

2
T

[64]
3 (→i↽,Q2) =

T
ε
3 (↽,Q2)
4Mε↽

, (11)

where ↽ = q0, Q
2 = →q

2. Accordingly, we can express ↭̄V

ε (µ0)
in terms of the integrand Mε(Q2) defined in Ref. [64]

↭̄V

ε (µ0) =
3ϱ
2ε

∫
↔

0

dQ
2

Q2

[
Mε(Q2) →

1
12

Q
2

Q2 + µ2
0

(
1 →
ϱs(µ0)
ε

)]
.

(12)
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Figure 1: Resulting integrand Mε(Q2) for the lattice-QCD inputs from Ref. [64]
(upper, n f = 3) and Ref. [66] (lower, n f = 4). In both cases, we show the
lattice-QCD results up to 2 GeV, the pQCD curves above 1 GeV (green dashed
and solid for three- and four-loop order), and the constant one-loop result above
the respective values of Q1 (maroon dashed and solid). The resulting subtracted
integrand as it enters in Eq. (12) is represented by the black curves (dashed and
solid for three- and four-loop pQCD between Q0 and Q1). The dashed vertical
line indicates the value of Q1 for the three-loop case.

For sufficiently small values of Q
2
↗ Q

2
0, Mε(Q2) is known

from lattice QCD [64, 66], while asymptotically its form is de-
termined by perturbative QCD (pQCD)

Mε(Q2) =
Cd(Q2)

12
, Cd(Q2) = 1→

ϱs

ε
+
∑

n↘2

cn

(ϱs

ε

)n
, (13)

with coefficients cn known up to n = 4 [91, 92]. The subtraction
in Eq. (12), however, is only accurate at O(ϱs), so that, asymp-
totically, one needs to assume this form in Mε(Q2) starting at
some value Q

2
1. Accordingly, Eq. (12) takes the form

↭̄V

ε (µ0) =
3ϱ
2ε

∫
Q

2
1

0

dQ
2

Q2 Mε(Q2)+
ϱ

8ε

(
1→
ϱs(µ0)
ε

)
log
µ2

0

Q
2
1
. (14)

To improve the matching between lattice QCD and the O(ϱs)
pQCD asymptotics, we take Q1 larger than Q0 and use the full
four-loop pQCD result for Q0 ↗ Q ↗ Q1. The subtraction scale
µ0 is identified with Q0, while Q1 is determined as the point
at which Cd(Q2

1) = 1 → ϱs(µ0)
ε to ensure a smooth transition to

the asymptotic form. We observe that the convergence of the
pQCD expansion prefers a slightly higher matching point than
Q

2
0 = 2 GeV2 [64], at the expense of slightly larger uncertainties

3
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Pion β decay

we performed the matching at the level of Green’s functions
obtained by differentiation of the generating functional with re-
spect to charge and weak spurions. The results could not be im-
mediately read off of Ref. [60], because for the LEFT a Pauli–
Villars regulator with on-shell subtraction scheme was used,
while we work in dimensional regularization and MS subtrac-
tion scheme (to resum logarithms to NLLs accuracy). As sum-
marized in Appendix A, following the logic of Ref. [60], we
arrived at an expression for Xω(µε, µ, a) in terms of the corre-
lation function

∫
dx e

ik·x
→0|T
{
V

a

µ (x)Vb

ϑ (0)
}
|ϖc
↑, where a, b, c are

SU(3) flavor indices. Finally, using a soft-pion theorem we re-
lated this matrix element to the object appearing in the ϱW box,
namely

∫
dx e

ik·x
→ϖd
|T
{
V

a

µ (x)Ab

ϑ(0)
}
|ϖc
↑, up to higher-order chi-

ral corrections. One of the advantages of the spurion method
is that it allows one to derive representations for any individual
LEC, and hence the combination Xω.

Second, we matched physical amplitudes for ϖ+ ↓ ϖ0
e
+ϑe

in LEFT and ChPT (salient features are summarized in Ap-
pendix B). The key point is that the O(ς) term in the matrix
element → f |Oφ|i↑ in LEFT can be written in terms of convolu-
tions of known kernels with nonperturbative matrix elements
of weak and electromagnetic quark currents between hadronic
states. Current algebra relates three-point and two-point corre-
lation functions [7, 9]. Inspection of the IR behavior of these
convolution integrals [5, 7] allows one to identify the parts of
the LEFT amplitude that are contained in the ChPT loops, leav-
ing the rest as contributions to the LECs. While this analysis
gives us access only to the linear combination of LECs con-
tributing to the decay rate, it reveals universal features of the
matching: Eq. (8) formally applies to the Fermi component of
any φ decay, provided one computes the T3 form factor appear-
ing in ↭̄V (µ0), as defined in Eq. (12), in the appropriate initial
and final state. Up to effects suppressed by Ee/Mhad, me/Mhad,
where Mhad denotes the mass of the decaying hadronic state and
me, Ee mass and energy of the electron, the long-distance cor-
rections are also universal (independent of the mass and spin
of the hadrons involved in the decay) and provided by the so-
called Sirlin function [5], up to a constant that depends on the
choice of ultraviolet (UV) regulator and is fixed by the match-
ing procedure. Consistently with the explicit calculation of the
neutron decay [26, 90] we find for the pion φ decay

dΓ = dΓ(0) [gϖ
V

(µε)]2
[
1 +
ς

2ϖ

(5
4
+ 3 log

µε
me

+ ĝ(Ee, E0)
)]

= dΓ(0)
[
1 + 2 ↭̄V

ϖ (µ0) +
ς

2ϖ

(
4
(
1 ↔
ςs(µ0)

4ϖ

)
log

MZ

µ0

+ 3 log
µ0

me

+ ĝ(Ee, E0)
)
+ O(ς2,ςςs)

]
, (18)

where in the second line we have provided the fixed-order ex-
pression and ĝ(Ee, E0) is the “subtracted” Sirlin function [5],
from which the large logarithm of Mhad/me has been subtracted:

ĝ(Ee, E0) = ↔
3
4
+

1 + φ2

φ
log

1 + φ
1 ↔ φ

+
1

12φ

(
Ē

Ee

)2
log

1 + φ
1 ↔ φ

+ 4
[

1
2φ

log
1 + φ
1 ↔ φ

↔ 1
] [

log
2Ē

me

↔
3
2
+

Ē

3Ee

]

+
1
φ

[
↔4 Li2

(
2φ

1 + φ

)
↔ log2

(
1 + φ
1 ↔ φ

)]
. (19)

Here φ = |pe|/Ee and Ē = E0 ↔ Ee, with the electron end-
point energy E0, which, to this order, is the only source through
which the hadron mass enters the radiative corrections. The
ChPT results [62] capture additional Mϖ-dependent nonuniver-
sal corrections, which we include in our analysis below.

3. Applications

3.1. Pion φ decay

The master formula for pion φ decay reads [62, 63]5

Γ
[
ϖ+ ↓ ϖ0

e
+ϑe(ϱ)

]
=

G
2
F
|Vud |

2
M

5
ϖ | f
ϖ
+ (0)|2

64ϖ3

1 + ∆ϖωRC


Iϖω (20)

where Mϖ denotes the mass of the charged pion. The form
factor f

ϖ
+ (0) ↗ 1 ↔ 7 ↘ 10↔6 deviates from unity by a negli-

gible amount due to the Behrends–Sirlin–Ademollo–Gatto the-
orem [94–96], which ensures that IB corrections can only enter
quadratically. The phase-space factor evaluates to6

Iϖω = 7.3767(41) ↘ 10↔8, (21)

where the uncertainty derives from the pion mass difference,
Mϖ ↔ Mϖ0 = 4.59364(48) MeV [100]. Radiative corrections are
included in ∆ϖωRC, which decomposes as

∆ϖωRC =
[
1+∆S̃ EW(µε)

]2
(
1+

3ςε(µε)
2ϖ

log
µε

2E0
+∆Iϖω

)
↔1, (22)

where ∆Iϖω = ↔0.00368(7) [62], including an estimate of higher
chiral orders. In this form, we isolated the only large loga-
rithm that remains in the phase-space correction ∆Iϖω by virtue
of the Kinoshita–Lee–Nauenberg theorem [101–103], sensi-
tive to the endpoint energy E0 = (M

2
ϖ ↔ M

2
ϖ0 + m

2
e
)/(2Mϖ) =

4.51894(48) MeV. While we use the full relativistic calculation
from Ref. [62], the value of ∆Iϖω can be understood from the
integral over the Sirlin function (19)

∆Iϖω ↗
ς

2ϖ

[5
4
+ 3 log

2E0

me

+
64

M
5
ϖIϖω


E0

me

dEe E
2
e
Ē

2φ ĝ(Ee, E0)
]

↗
ς

ϖ

(187
40
↔

2ϖ2

3

)
↗ ↔0.0044, (23)

where the last line, applicable in the limit me ↓ 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µε

2E0
in Eq. (22) indeed all logarithms disappear in ∆Iϖω [101]. Us-
ing the results from Sec. 2, we find for the effective ϖϖ vector
coupling

g
ϖ
V

(M↼) = 1.01084(2)↭̄ϖ (3)µ[4]tot, (24)

5
GF can be identified with its value extracted from muon decay GF =

1.1663785(6) ↘ 10↔5 GeV↔2 [82, 91], since the only process-dependent cor-
rections not accounted for via the conventions (1) concern mass corrections to
the W propagator 2∆G

W

F
↗ 3m

2
µ/(5M

2
W

) ↗ 1 ↘ 10↔6 [92, 93].
6This value includes corrections from the slope parameter ↽+ =

0.036(3) [96], with uncertainties derived from higher-order effects in the LEC
L

r

6(M↼) = 6.6(6) ↘ 10↔3 [97–99].

5

4

obtain

103 → ↭̄V (3)

ω
(µ0)

∣∣
[64]
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where the two terms refer to the contribution of the in-
tegral below Q0 and the remainder, respectively. For
the latter, the uncertainty derives from the di!erence to
the three-loop pQCD result, while for the integral the
uncertainties are propagated from the lattice-QCD cal-
culations. In the case of Ref. [64], this error is split into
statistical and systematic components, where the domi-
nant systematic e!ect concerns lattice artifacts, estimated
as the di!erence of the two discretizations considered.4

The corrections in Eq. (12) that arise from the improved
matching between the lattice-QCD results and the O(ωs)
pQCD asymptotics are of the same size as the lattice-
QCD errors, and thus control over the O(ω2

s
) terms in the

OPE subtraction in Eq. (9) would be required to further
improve the precision. The resulting integrand Mω(Q2)
and its subtracted form according to Eq. (9) are shown
in Fig. 1.
Pion ε decay—The master formula for pion ε decay

reads [62, 63]5
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)
Iωε, (13)

where Mω denotes the mass of the charged pion. The form
factor fω

+
(0) ↔ 1↑7→10→6 deviates from unity by a negli-

gible amount due to the Behrends–Sirlin–Ademollo–Gatto
theorem [122–124], which ensures that IB corrections can
only enter quadratically. The phase-space factor evaluates
to

Iωε = 7.3767(41)→ 10→8
, (14)

where the uncertainty derives from the pion mass di!er-
ence, Mω ↑ Mω0 = 4.59364(48)MeV [125].6 Radiative
corrections are included in #ωε

RC
, which decomposes as

1 +#ωε

RC[
1 +#S̃EW(µϑ)

]2 = 1+
3ωϑ(µϑ)

2ϑ
log

µϑ

2E0

+#Iωε, (15)

4 We define the central value for Ref. [64] by the average of the two
discretizations therein. The systematic error given in Ref. [64] also
accounts for higher-twist e!ects, which are found to be subleading
compared to the discretization uncertainties. For increased Q0,
the impact of such power corrections should be reduced further.

5 GF can be identified with its value extracted from muon de-
cay GF = 1.1663785(6)→ 10→5 GeV→2 [84, 119], since the only
process-dependent corrections not accounted for via the con-
ventions (1) concern mass corrections to the W propagator
2”GW

F ↑ 3m2
µ/(5M

2
W ) ↑ 1→ 10→6 [120, 121].

6 This value includes corrections from the slope parameter ω+ =
0.036(3) [124], with uncertainties derived from higher-order e!ects
in the LEC Lr

6(Mω) = 6.6(6)→ 10→3 [126–128].

where #Iωε = ↑0.00378(8) [62], including an estimate

of higher chiral orders ↔
ϖ

ω

(
Mω
Mε

)2
↔ 7.5 → 10→5. In

this form, we isolated the only large logarithm that re-
mains in the phase-space correction #Iωε by virtue of the
Kinoshita–Lee–Nauenberg theorem [129–131], sensitive
to the endpoint energy E0 = (M2

ω
↑M

2

ω0 +m
2
e
)/(2Mω) =

4.51894(48)MeV. While we use the full relativistic calcu-
lation from Ref. [62], the value of #Iωε can be understood
from the integral over the Sirlin function, see End Matter.
Using Eq. (6), we find for the e!ective ϑϑ vector coupling

g
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V
(Mϱ) = 1.01084(2)↭̄ω

(3)µ[4]tot, (16)

where the first uncertainty is propagated from Eq. (12)7

and the second one indicates the residual perturbative un-
certainty estimated by varying the decoupling and match-
ing scales as in Ref. [35]. For the radiative-correction
factor #ωε
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we further need to consider the evolution to

µϑ ↔ 2E0, which gives
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= 0.03403(4)↭̄ω
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where the uncertainty denoted by µϑ comprises a variation
of µϑ within [2E0/

↗
2,
↗
2 2E0] and of the matching scale

within [Mϱ/
↗
2,
↗
2Mϱ], dominated by the latter.

Our result (17) di!ers substantially from #ωε
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|[64] =

0.0332(1)↭̄ω
(3)QED, primarily due to the low-energy RG

corrections and the quadratic terms in Eq. (15). In a fully
linearized form, the direct application of Eq. (16) would
give #ωε
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= 0.0335, which then increases by
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due to LL and quadratic terms. The final result in Eq. (17)
is obtained from the full RG solution, including another
↔ 0.6→ 10→4 from NLL.
Our improved evaluation of #ωε
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given in Eq. (17)

implies

V
ω
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= 0.97346(281)Br(9)ςω (5)!ωϖ
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(27)Iωϖ [283]tot, (19)

where the uncertainties refer to the branching fraction
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↓ ϑ
0
e
±
ϖe(ϱ)] = 1.038(6) → 10→8 [61] (slightly

adjusted to the current normalization from Br[ϑ±
↓

e
±
ϖe(ϱ)] = 1.2326(23) → 10→4 [119, 132–134]), the pion

lifetime ςω [119, 135, 136], #ωε

RC
, and the pion mass dif-

ference (14), respectively. Accordingly, the theory uncer-
tainty in the extraction of Vud due to #ωε

RC
is reduced by

7 For Ref. [66], we use the four-flavor analog of Eq. (6) [88], yielding
a gεV (Mω) that only di!ers by 3→10→6 from the three-flavor result
derived from Ref. [64]. Accordingly, we quote the average as our
final value.

4

obtain

103 → ↭̄V (3)

ω
(µ0)

∣∣
[64]

= 0.714(12)(28)↑ 0.023(6) (12)

= 0.691(31),

103 → ↭̄V (4)

ω
(µ0)

∣∣
[66]

= 0.709(27)↑ 0.020(4) = 0.690(28),

where the two terms refer to the contribution of the in-
tegral below Q0 and the remainder, respectively. For
the latter, the uncertainty derives from the di!erence to
the three-loop pQCD result, while for the integral the
uncertainties are propagated from the lattice-QCD cal-
culations. In the case of Ref. [64], this error is split into
statistical and systematic components, where the domi-
nant systematic e!ect concerns lattice artifacts, estimated
as the di!erence of the two discretizations considered.4

The corrections in Eq. (12) that arise from the improved
matching between the lattice-QCD results and the O(ωs)
pQCD asymptotics are of the same size as the lattice-
QCD errors, and thus control over the O(ω2

s
) terms in the

OPE subtraction in Eq. (9) would be required to further
improve the precision. The resulting integrand Mω(Q2)
and its subtracted form according to Eq. (9) are shown
in Fig. 1.
Pion ε decay—The master formula for pion ε decay

reads [62, 63]5

”
[
ϑ
+
↓ ϑ

0
e
+
ϖe(ϱ)

]
=

G
2

F
|Vud|

2
M

5
ω
|f

ω
+
(0)|2

64ϑ3

→
(
1 +#ωε

RC

)
Iωε, (13)

where Mω denotes the mass of the charged pion. The form
factor fω

+
(0) ↔ 1↑7→10→6 deviates from unity by a negli-
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Pion β decay

we performed the matching at the level of Green’s functions
obtained by differentiation of the generating functional with re-
spect to charge and weak spurions. The results could not be im-
mediately read off of Ref. [60], because for the LEFT a Pauli–
Villars regulator with on-shell subtraction scheme was used,
while we work in dimensional regularization and MS subtrac-
tion scheme (to resum logarithms to NLLs accuracy). As sum-
marized in Appendix A, following the logic of Ref. [60], we
arrived at an expression for Xω(µε, µ, a) in terms of the corre-
lation function

∫
dx e

ik·x
→0|T
{
V

a

µ (x)Vb

ϑ (0)
}
|ϖc
↑, where a, b, c are

SU(3) flavor indices. Finally, using a soft-pion theorem we re-
lated this matrix element to the object appearing in the ϱW box,
namely

∫
dx e

ik·x
→ϖd
|T
{
V

a

µ (x)Ab

ϑ(0)
}
|ϖc
↑, up to higher-order chi-

ral corrections. One of the advantages of the spurion method
is that it allows one to derive representations for any individual
LEC, and hence the combination Xω.

Second, we matched physical amplitudes for ϖ+ ↓ ϖ0
e
+ϑe

in LEFT and ChPT (salient features are summarized in Ap-
pendix B). The key point is that the O(ς) term in the matrix
element → f |Oφ|i↑ in LEFT can be written in terms of convolu-
tions of known kernels with nonperturbative matrix elements
of weak and electromagnetic quark currents between hadronic
states. Current algebra relates three-point and two-point corre-
lation functions [7, 9]. Inspection of the IR behavior of these
convolution integrals [5, 7] allows one to identify the parts of
the LEFT amplitude that are contained in the ChPT loops, leav-
ing the rest as contributions to the LECs. While this analysis
gives us access only to the linear combination of LECs con-
tributing to the decay rate, it reveals universal features of the
matching: Eq. (8) formally applies to the Fermi component of
any φ decay, provided one computes the T3 form factor appear-
ing in ↭̄V (µ0), as defined in Eq. (12), in the appropriate initial
and final state. Up to effects suppressed by Ee/Mhad, me/Mhad,
where Mhad denotes the mass of the decaying hadronic state and
me, Ee mass and energy of the electron, the long-distance cor-
rections are also universal (independent of the mass and spin
of the hadrons involved in the decay) and provided by the so-
called Sirlin function [5], up to a constant that depends on the
choice of ultraviolet (UV) regulator and is fixed by the match-
ing procedure. Consistently with the explicit calculation of the
neutron decay [26, 90] we find for the pion φ decay

dΓ = dΓ(0) [gϖ
V

(µε)]2
[
1 +
ς

2ϖ

(5
4
+ 3 log

µε
me

+ ĝ(Ee, E0)
)]

= dΓ(0)
[
1 + 2 ↭̄V

ϖ (µ0) +
ς

2ϖ

(
4
(
1 ↔
ςs(µ0)

4ϖ

)
log

MZ

µ0

+ 3 log
µ0

me

+ ĝ(Ee, E0)
)
+ O(ς2,ςςs)

]
, (18)

where in the second line we have provided the fixed-order ex-
pression and ĝ(Ee, E0) is the “subtracted” Sirlin function [5],
from which the large logarithm of Mhad/me has been subtracted:

ĝ(Ee, E0) = ↔
3
4
+

1 + φ2

φ
log

1 + φ
1 ↔ φ

+
1

12φ

(
Ē

Ee

)2
log

1 + φ
1 ↔ φ

+ 4
[

1
2φ

log
1 + φ
1 ↔ φ

↔ 1
] [

log
2Ē

me

↔
3
2
+

Ē

3Ee

]

+
1
φ

[
↔4 Li2

(
2φ

1 + φ

)
↔ log2

(
1 + φ
1 ↔ φ

)]
. (19)

Here φ = |pe|/Ee and Ē = E0 ↔ Ee, with the electron end-
point energy E0, which, to this order, is the only source through
which the hadron mass enters the radiative corrections. The
ChPT results [62] capture additional Mϖ-dependent nonuniver-
sal corrections, which we include in our analysis below.

3. Applications

3.1. Pion φ decay

The master formula for pion φ decay reads [62, 63]5

Γ
[
ϖ+ ↓ ϖ0

e
+ϑe(ϱ)

]
=

G
2
F
|Vud |

2
M

5
ϖ | f
ϖ
+ (0)|2

64ϖ3

1 + ∆ϖωRC


Iϖω (20)

where Mϖ denotes the mass of the charged pion. The form
factor f

ϖ
+ (0) ↗ 1 ↔ 7 ↘ 10↔6 deviates from unity by a negli-

gible amount due to the Behrends–Sirlin–Ademollo–Gatto the-
orem [94–96], which ensures that IB corrections can only enter
quadratically. The phase-space factor evaluates to6

Iϖω = 7.3767(41) ↘ 10↔8, (21)

where the uncertainty derives from the pion mass difference,
Mϖ ↔ Mϖ0 = 4.59364(48) MeV [100]. Radiative corrections are
included in ∆ϖωRC, which decomposes as

∆ϖωRC =
[
1+∆S̃ EW(µε)

]2
(
1+

3ςε(µε)
2ϖ

log
µε

2E0
+∆Iϖω

)
↔1, (22)

where ∆Iϖω = ↔0.00368(7) [62], including an estimate of higher
chiral orders. In this form, we isolated the only large loga-
rithm that remains in the phase-space correction ∆Iϖω by virtue
of the Kinoshita–Lee–Nauenberg theorem [101–103], sensi-
tive to the endpoint energy E0 = (M

2
ϖ ↔ M

2
ϖ0 + m

2
e
)/(2Mϖ) =

4.51894(48) MeV. While we use the full relativistic calculation
from Ref. [62], the value of ∆Iϖω can be understood from the
integral over the Sirlin function (19)
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(187
40
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2ϖ2

3

)
↗ ↔0.0044, (23)

where the last line, applicable in the limit me ↓ 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µε

2E0
in Eq. (22) indeed all logarithms disappear in ∆Iϖω [101]. Us-
ing the results from Sec. 2, we find for the effective ϖϖ vector
coupling

g
ϖ
V

(M↼) = 1.01084(2)↭̄ϖ (3)µ[4]tot, (24)

5
GF can be identified with its value extracted from muon decay GF =

1.1663785(6) ↘ 10↔5 GeV↔2 [82, 91], since the only process-dependent cor-
rections not accounted for via the conventions (1) concern mass corrections to
the W propagator 2∆G
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6This value includes corrections from the slope parameter ↽+ =

0.036(3) [96], with uncertainties derived from higher-order effects in the LEC
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the three-loop pQCD result, while for the integral the
uncertainties are propagated from the lattice-QCD cal-
culations. In the case of Ref. [64], this error is split into
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nant systematic e!ect concerns lattice artifacts, estimated
as the di!erence of the two discretizations considered.4

The corrections in Eq. (12) that arise from the improved
matching between the lattice-QCD results and the O(ωs)
pQCD asymptotics are of the same size as the lattice-
QCD errors, and thus control over the O(ω2

s
) terms in the

OPE subtraction in Eq. (9) would be required to further
improve the precision. The resulting integrand Mω(Q2)
and its subtracted form according to Eq. (9) are shown
in Fig. 1.
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where Mω denotes the mass of the charged pion. The form
factor fω

+
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gible amount due to the Behrends–Sirlin–Ademollo–Gatto
theorem [122–124], which ensures that IB corrections can
only enter quadratically. The phase-space factor evaluates
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process-dependent corrections not accounted for via the con-
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Using Eq. (6), we find for the e!ective ϑϑ vector coupling
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where the first uncertainty is propagated from Eq. (12)7

and the second one indicates the residual perturbative un-
certainty estimated by varying the decoupling and match-
ing scales as in Ref. [35]. For the radiative-correction
factor #ωε
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due to LL and quadratic terms. The final result in Eq. (17)
is obtained from the full RG solution, including another
↔ 0.6→ 10→4 from NLL.
Our improved evaluation of #ωε

RC
given in Eq. (17)

implies
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= 0.97346(281)Br(9)ςω (5)!ωϖ

RC
(27)Iωϖ [283]tot, (19)

where the uncertainties refer to the branching fraction
Br[ϑ±

↓ ϑ
0
e
±
ϖe(ϱ)] = 1.038(6) → 10→8 [61] (slightly

adjusted to the current normalization from Br[ϑ±
↓

e
±
ϖe(ϱ)] = 1.2326(23) → 10→4 [119, 132–134]), the pion

lifetime ςω [119, 135, 136], #ωε

RC
, and the pion mass dif-

ference (14), respectively. Accordingly, the theory uncer-
tainty in the extraction of Vud due to #ωε

RC
is reduced by

7 For Ref. [66], we use the four-flavor analog of Eq. (6) [88], yielding
a gεV (Mω) that only di!ers by 3→10→6 from the three-flavor result
derived from Ref. [64]. Accordingly, we quote the average as our
final value.
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where the two terms refer to the contribution of the in-
tegral below Q0 and the remainder, respectively. For
the latter, the uncertainty derives from the di!erence to
the three-loop pQCD result, while for the integral the
uncertainties are propagated from the lattice-QCD cal-
culations. In the case of Ref. [64], this error is split into
statistical and systematic components, where the domi-
nant systematic e!ect concerns lattice artifacts, estimated
as the di!erence of the two discretizations considered.4

The corrections in Eq. (12) that arise from the improved
matching between the lattice-QCD results and the O(ωs)
pQCD asymptotics are of the same size as the lattice-
QCD errors, and thus control over the O(ω2

s
) terms in the

OPE subtraction in Eq. (9) would be required to further
improve the precision. The resulting integrand Mω(Q2)
and its subtracted form according to Eq. (9) are shown
in Fig. 1.
Pion ε decay—The master formula for pion ε decay

reads [62, 63]5
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where Mω denotes the mass of the charged pion. The form
factor fω

+
(0) ↔ 1↑7→10→6 deviates from unity by a negli-

gible amount due to the Behrends–Sirlin–Ademollo–Gatto
theorem [122–124], which ensures that IB corrections can
only enter quadratically. The phase-space factor evaluates
to

Iωε = 7.3767(41)→ 10→8
, (14)

where the uncertainty derives from the pion mass di!er-
ence, Mω ↑ Mω0 = 4.59364(48)MeV [125].6 Radiative
corrections are included in #ωε
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4 We define the central value for Ref. [64] by the average of the two
discretizations therein. The systematic error given in Ref. [64] also
accounts for higher-twist e!ects, which are found to be subleading
compared to the discretization uncertainties. For increased Q0,
the impact of such power corrections should be reduced further.

5 GF can be identified with its value extracted from muon de-
cay GF = 1.1663785(6)→ 10→5 GeV→2 [84, 119], since the only
process-dependent corrections not accounted for via the con-
ventions (1) concern mass corrections to the W propagator
2”GW

F ↑ 3m2
µ/(5M

2
W ) ↑ 1→ 10→6 [120, 121].

6 This value includes corrections from the slope parameter ω+ =
0.036(3) [124], with uncertainties derived from higher-order e!ects
in the LEC Lr

6(Mω) = 6.6(6)→ 10→3 [126–128].

where #Iωε = ↑0.00378(8) [62], including an estimate
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Kinoshita–Lee–Nauenberg theorem [129–131], sensitive
to the endpoint energy E0 = (M2
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ω0 +m
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)/(2Mω) =

4.51894(48)MeV. While we use the full relativistic calcu-
lation from Ref. [62], the value of #Iωε can be understood
from the integral over the Sirlin function, see End Matter.
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where the first uncertainty is propagated from Eq. (12)7

and the second one indicates the residual perturbative un-
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Our result (17) di!ers substantially from #ωε
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|[64] =

0.0332(1)↭̄ω
(3)QED, primarily due to the low-energy RG

corrections and the quadratic terms in Eq. (15). In a fully
linearized form, the direct application of Eq. (16) would
give #ωε
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= 0.0335, which then increases by
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due to LL and quadratic terms. The final result in Eq. (17)
is obtained from the full RG solution, including another
↔ 0.6→ 10→4 from NLL.
Our improved evaluation of #ωε

RC
given in Eq. (17)

implies
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where the uncertainties refer to the branching fraction
Br[ϑ±

↓ ϑ
0
e
±
ϖe(ϱ)] = 1.038(6) → 10→8 [61] (slightly

adjusted to the current normalization from Br[ϑ±
↓

e
±
ϖe(ϱ)] = 1.2326(23) → 10→4 [119, 132–134]), the pion

lifetime ςω [119, 135, 136], #ωε

RC
, and the pion mass dif-

ference (14), respectively. Accordingly, the theory uncer-
tainty in the extraction of Vud due to #ωε

RC
is reduced by

7 For Ref. [66], we use the four-flavor analog of Eq. (6) [88], yielding
a gεV (Mω) that only di!ers by 3→10→6 from the three-flavor result
derived from Ref. [64]. Accordingly, we quote the average as our
final value.

• Form factor & phase space : 

• Radiative corrections: 

we performed the matching at the level of Green’s functions
obtained by differentiation of the generating functional with re-
spect to charge and weak spurions. The results could not be im-
mediately read off of Ref. [60], because for the LEFT a Pauli–
Villars regulator with on-shell subtraction scheme was used,
while we work in dimensional regularization and MS subtrac-
tion scheme (to resum logarithms to NLLs accuracy). As sum-
marized in Appendix A, following the logic of Ref. [60], we
arrived at an expression for Xω(µε, µ, a) in terms of the corre-
lation function

∫
dx e

ik·x
→0|T
{
V

a

µ (x)Vb

ϑ (0)
}
|ϖc
↑, where a, b, c are

SU(3) flavor indices. Finally, using a soft-pion theorem we re-
lated this matrix element to the object appearing in the ϱW box,
namely

∫
dx e

ik·x
→ϖd
|T
{
V

a

µ (x)Ab

ϑ(0)
}
|ϖc
↑, up to higher-order chi-

ral corrections. One of the advantages of the spurion method
is that it allows one to derive representations for any individual
LEC, and hence the combination Xω.

Second, we matched physical amplitudes for ϖ+ ↓ ϖ0
e
+ϑe

in LEFT and ChPT (salient features are summarized in Ap-
pendix B). The key point is that the O(ς) term in the matrix
element → f |Oφ|i↑ in LEFT can be written in terms of convolu-
tions of known kernels with nonperturbative matrix elements
of weak and electromagnetic quark currents between hadronic
states. Current algebra relates three-point and two-point corre-
lation functions [7, 9]. Inspection of the IR behavior of these
convolution integrals [5, 7] allows one to identify the parts of
the LEFT amplitude that are contained in the ChPT loops, leav-
ing the rest as contributions to the LECs. While this analysis
gives us access only to the linear combination of LECs con-
tributing to the decay rate, it reveals universal features of the
matching: Eq. (8) formally applies to the Fermi component of
any φ decay, provided one computes the T3 form factor appear-
ing in ↭̄V (µ0), as defined in Eq. (12), in the appropriate initial
and final state. Up to effects suppressed by Ee/Mhad, me/Mhad,
where Mhad denotes the mass of the decaying hadronic state and
me, Ee mass and energy of the electron, the long-distance cor-
rections are also universal (independent of the mass and spin
of the hadrons involved in the decay) and provided by the so-
called Sirlin function [5], up to a constant that depends on the
choice of ultraviolet (UV) regulator and is fixed by the match-
ing procedure. Consistently with the explicit calculation of the
neutron decay [26, 90] we find for the pion φ decay

dΓ = dΓ(0) [gϖ
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(µε)]2
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)
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+ O(ς2,ςςs)

]
, (18)

where in the second line we have provided the fixed-order ex-
pression and ĝ(Ee, E0) is the “subtracted” Sirlin function [5],
from which the large logarithm of Mhad/me has been subtracted:
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+
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[
↔4 Li2

(
2φ

1 + φ
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)]
. (19)

Here φ = |pe|/Ee and Ē = E0 ↔ Ee, with the electron end-
point energy E0, which, to this order, is the only source through
which the hadron mass enters the radiative corrections. The
ChPT results [62] capture additional Mϖ-dependent nonuniver-
sal corrections, which we include in our analysis below.

3. Applications

3.1. Pion φ decay

The master formula for pion φ decay reads [62, 63]5
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
Iϖω (20)

where Mϖ denotes the mass of the charged pion. The form
factor f

ϖ
+ (0) ↗ 1 ↔ 7 ↘ 10↔6 deviates from unity by a negli-

gible amount due to the Behrends–Sirlin–Ademollo–Gatto the-
orem [94–96], which ensures that IB corrections can only enter
quadratically. The phase-space factor evaluates to6

Iϖω = 7.3767(41) ↘ 10↔8, (21)

where the uncertainty derives from the pion mass difference,
Mϖ ↔ Mϖ0 = 4.59364(48) MeV [100]. Radiative corrections are
included in ∆ϖωRC, which decomposes as

∆ϖωRC =
[
1+∆S̃ EW(µε)

]2
(
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3ςε(µε)
2ϖ

log
µε
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2E0
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↔ 1 (23)

g
ϖ
V

(µε) ≃ 1 + ∆S̃ EW(µε)

where ∆Iϖω = ↔0.00368(7) [62], including an estimate of
higher chiral orders. In this form, we isolated the only large log-
arithm that remains in the phase-space correction ∆Iϖω by virtue
of the Kinoshita–Lee–Nauenberg theorem [101–103], sensi-
tive to the endpoint energy E0 = (M

2
ϖ ↔ M

2
ϖ0 + m

2
e
)/(2Mϖ) =

4.51894(48) MeV. While we use the full relativistic calculation
from Ref. [62], the value of ∆Iϖω can be understood from the
integral over the Sirlin function (19)
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5
GF can be identified with its value extracted from muon decay GF =

1.1663785(6) ↘ 10↔5 GeV↔2 [82, 91], since the only process-dependent cor-
rections not accounted for via the conventions (1) concern mass corrections to
the W propagator 2∆G

W

F
↗ 3m

2
µ/(5M

2
W

) ↗ 1 ↘ 10↔6 [92, 93].
6This value includes corrections from the slope parameter ↼+ =

0.036(3) [96], with uncertainties derived from higher-order effects in the LEC
L

r

6(M↽) = 6.6(6) ↘ 10↔3 [97–99].
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obtain

103 → ↭̄V (3)
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(µ0)
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[64]

= 0.714(12)(28)↑ 0.023(6) (12)

= 0.691(31),

103 → ↭̄V (4)

ω
(µ0)

∣∣
[66]

= 0.709(27)↑ 0.020(4) = 0.690(28),

where the two terms refer to the contribution of the in-
tegral below Q0 and the remainder, respectively. For
the latter, the uncertainty derives from the di!erence to
the three-loop pQCD result, while for the integral the
uncertainties are propagated from the lattice-QCD cal-
culations. In the case of Ref. [64], this error is split into
statistical and systematic components, where the domi-
nant systematic e!ect concerns lattice artifacts, estimated
as the di!erence of the two discretizations considered.4

The corrections in Eq. (12) that arise from the improved
matching between the lattice-QCD results and the O(ωs)
pQCD asymptotics are of the same size as the lattice-
QCD errors, and thus control over the O(ω2

s
) terms in the

OPE subtraction in Eq. (9) would be required to further
improve the precision. The resulting integrand Mω(Q2)
and its subtracted form according to Eq. (9) are shown
in Fig. 1.
Pion ε decay—The master formula for pion ε decay

reads [62, 63]5
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where Mω denotes the mass of the charged pion. The form
factor fω

+
(0) ↔ 1↑7→10→6 deviates from unity by a negli-

gible amount due to the Behrends–Sirlin–Ademollo–Gatto
theorem [122–124], which ensures that IB corrections can
only enter quadratically. The phase-space factor evaluates
to

Iωε = 7.3767(41)→ 10→8
, (14)

where the uncertainty derives from the pion mass di!er-
ence, Mω ↑ Mω0 = 4.59364(48)MeV [125].6 Radiative
corrections are included in #ωε

RC
, which decomposes as
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1 +#S̃EW(µϑ)

]2 = 1+
3ωϑ(µϑ)

2ϑ
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4 We define the central value for Ref. [64] by the average of the two
discretizations therein. The systematic error given in Ref. [64] also
accounts for higher-twist e!ects, which are found to be subleading
compared to the discretization uncertainties. For increased Q0,
the impact of such power corrections should be reduced further.

5 GF can be identified with its value extracted from muon de-
cay GF = 1.1663785(6)→ 10→5 GeV→2 [84, 119], since the only
process-dependent corrections not accounted for via the con-
ventions (1) concern mass corrections to the W propagator
2”GW

F ↑ 3m2
µ/(5M

2
W ) ↑ 1→ 10→6 [120, 121].

6 This value includes corrections from the slope parameter ω+ =
0.036(3) [124], with uncertainties derived from higher-order e!ects
in the LEC Lr

6(Mω) = 6.6(6)→ 10→3 [126–128].

where #Iωε = ↑0.00378(8) [62], including an estimate

of higher chiral orders ↔
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↔ 7.5 → 10→5. In

this form, we isolated the only large logarithm that re-
mains in the phase-space correction #Iωε by virtue of the
Kinoshita–Lee–Nauenberg theorem [129–131], sensitive
to the endpoint energy E0 = (M2

ω
↑M

2

ω0 +m
2
e
)/(2Mω) =

4.51894(48)MeV. While we use the full relativistic calcu-
lation from Ref. [62], the value of #Iωε can be understood
from the integral over the Sirlin function, see End Matter.
Using Eq. (6), we find for the e!ective ϑϑ vector coupling
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V
(Mϱ) = 1.01084(2)↭̄ω

(3)µ[4]tot, (16)

where the first uncertainty is propagated from Eq. (12)7

and the second one indicates the residual perturbative un-
certainty estimated by varying the decoupling and match-
ing scales as in Ref. [35]. For the radiative-correction
factor #ωε

RC
we further need to consider the evolution to

µϑ ↔ 2E0, which gives

#ωε
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= 0.03403(4)↭̄ω

(5)µ(5)µϑ(8)ChPT[11]tot, (17)

where the uncertainty denoted by µϑ comprises a variation
of µϑ within [2E0/
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2,
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2Mϱ], dominated by the latter.

Our result (17) di!ers substantially from #ωε
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|[64] =

0.0332(1)↭̄ω
(3)QED, primarily due to the low-energy RG

corrections and the quadratic terms in Eq. (15). In a fully
linearized form, the direct application of Eq. (16) would
give #ωε
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= 0.0335, which then increases by
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due to LL and quadratic terms. The final result in Eq. (17)
is obtained from the full RG solution, including another
↔ 0.6→ 10→4 from NLL.
Our improved evaluation of #ωε

RC
given in Eq. (17)

implies
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(27)Iωϖ [283]tot, (19)

where the uncertainties refer to the branching fraction
Br[ϑ±

↓ ϑ
0
e
±
ϖe(ϱ)] = 1.038(6) → 10→8 [61] (slightly

adjusted to the current normalization from Br[ϑ±
↓

e
±
ϖe(ϱ)] = 1.2326(23) → 10→4 [119, 132–134]), the pion

lifetime ςω [119, 135, 136], #ωε

RC
, and the pion mass dif-

ference (14), respectively. Accordingly, the theory uncer-
tainty in the extraction of Vud due to #ωε

RC
is reduced by

7 For Ref. [66], we use the four-flavor analog of Eq. (6) [88], yielding
a gεV (Mω) that only di!ers by 3→10→6 from the three-flavor result
derived from Ref. [64]. Accordingly, we quote the average as our
final value.
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where the two terms refer to the contribution of the in-
tegral below Q0 and the remainder, respectively. For
the latter, the uncertainty derives from the di!erence to
the three-loop pQCD result, while for the integral the
uncertainties are propagated from the lattice-QCD cal-
culations. In the case of Ref. [64], this error is split into
statistical and systematic components, where the domi-
nant systematic e!ect concerns lattice artifacts, estimated
as the di!erence of the two discretizations considered.4

The corrections in Eq. (12) that arise from the improved
matching between the lattice-QCD results and the O(ωs)
pQCD asymptotics are of the same size as the lattice-
QCD errors, and thus control over the O(ω2

s
) terms in the

OPE subtraction in Eq. (9) would be required to further
improve the precision. The resulting integrand Mω(Q2)
and its subtracted form according to Eq. (9) are shown
in Fig. 1.
Pion ε decay—The master formula for pion ε decay

reads [62, 63]5
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where Mω denotes the mass of the charged pion. The form
factor fω

+
(0) ↔ 1↑7→10→6 deviates from unity by a negli-

gible amount due to the Behrends–Sirlin–Ademollo–Gatto
theorem [122–124], which ensures that IB corrections can
only enter quadratically. The phase-space factor evaluates
to

Iωε = 7.3767(41)→ 10→8
, (14)

where the uncertainty derives from the pion mass di!er-
ence, Mω ↑ Mω0 = 4.59364(48)MeV [125].6 Radiative
corrections are included in #ωε
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4 We define the central value for Ref. [64] by the average of the two
discretizations therein. The systematic error given in Ref. [64] also
accounts for higher-twist e!ects, which are found to be subleading
compared to the discretization uncertainties. For increased Q0,
the impact of such power corrections should be reduced further.

5 GF can be identified with its value extracted from muon de-
cay GF = 1.1663785(6)→ 10→5 GeV→2 [84, 119], since the only
process-dependent corrections not accounted for via the con-
ventions (1) concern mass corrections to the W propagator
2”GW

F ↑ 3m2
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2
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lation from Ref. [62], the value of #Iωε can be understood
from the integral over the Sirlin function, see End Matter.
Using Eq. (6), we find for the e!ective ϑϑ vector coupling
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where the first uncertainty is propagated from Eq. (12)7

and the second one indicates the residual perturbative un-
certainty estimated by varying the decoupling and match-
ing scales as in Ref. [35]. For the radiative-correction
factor #ωε

RC
we further need to consider the evolution to

µϑ ↔ 2E0, which gives

#ωε

RC
= 0.03403(4)↭̄ω

(5)µ(5)µϑ(8)ChPT[11]tot, (17)

where the uncertainty denoted by µϑ comprises a variation
of µϑ within [2E0/

↗
2,
↗
2 2E0] and of the matching scale

within [Mϱ/
↗
2,
↗
2Mϱ], dominated by the latter.

Our result (17) di!ers substantially from #ωε

RC
|[64] =

0.0332(1)↭̄ω
(3)QED, primarily due to the low-energy RG

corrections and the quadratic terms in Eq. (15). In a fully
linearized form, the direct application of Eq. (16) would
give #ωε

RC
= 0.0335, which then increases by

#ωε

RC

∣∣
LL+quad.

↔

(
ω

ϑ

)2[17
16

log2
Mϱ

2E0

(18)

+

(
log

MZ

Mϱ

+
3

4
log

Mϱ

2E0

)2]
↔ 4.7→ 10→4

due to LL and quadratic terms. The final result in Eq. (17)
is obtained from the full RG solution, including another
↔ 0.6→ 10→4 from NLL.
Our improved evaluation of #ωε

RC
given in Eq. (17)

implies

V
ω

ud
= 0.97346(281)Br(9)ςω (5)!ωϖ

RC
(27)Iωϖ [283]tot, (19)

where the uncertainties refer to the branching fraction
Br[ϑ±

↓ ϑ
0
e
±
ϖe(ϱ)] = 1.038(6) → 10→8 [61] (slightly

adjusted to the current normalization from Br[ϑ±
↓

e
±
ϖe(ϱ)] = 1.2326(23) → 10→4 [119, 132–134]), the pion

lifetime ςω [119, 135, 136], #ωε

RC
, and the pion mass dif-

ference (14), respectively. Accordingly, the theory uncer-
tainty in the extraction of Vud due to #ωε

RC
is reduced by

7 For Ref. [66], we use the four-flavor analog of Eq. (6) [88], yielding
a gεV (Mω) that only di!ers by 3→10→6 from the three-flavor result
derived from Ref. [64]. Accordingly, we quote the average as our
final value.

ChPT: 

  μχ:  varied around Mρ and 2E0

  μ:  varied around all thresholds
2510.27648

Difference from 0.0332(1)box(3)HO, QED [2003.09798] understood in terms of (N)LL and gV running in ChPT 

VC,  M. Hoferichter, N. Valori 2602.11253
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Pion β decay

we performed the matching at the level of Green’s functions
obtained by differentiation of the generating functional with re-
spect to charge and weak spurions. The results could not be im-
mediately read off of Ref. [60], because for the LEFT a Pauli–
Villars regulator with on-shell subtraction scheme was used,
while we work in dimensional regularization and MS subtrac-
tion scheme (to resum logarithms to NLLs accuracy). As sum-
marized in Appendix A, following the logic of Ref. [60], we
arrived at an expression for Xω(µε, µ, a) in terms of the corre-
lation function

∫
dx e

ik·x
→0|T
{
V

a

µ (x)Vb

ϑ (0)
}
|ϖc
↑, where a, b, c are

SU(3) flavor indices. Finally, using a soft-pion theorem we re-
lated this matrix element to the object appearing in the ϱW box,
namely

∫
dx e

ik·x
→ϖd
|T
{
V

a

µ (x)Ab

ϑ(0)
}
|ϖc
↑, up to higher-order chi-

ral corrections. One of the advantages of the spurion method
is that it allows one to derive representations for any individual
LEC, and hence the combination Xω.

Second, we matched physical amplitudes for ϖ+ ↓ ϖ0
e
+ϑe

in LEFT and ChPT (salient features are summarized in Ap-
pendix B). The key point is that the O(ς) term in the matrix
element → f |Oφ|i↑ in LEFT can be written in terms of convolu-
tions of known kernels with nonperturbative matrix elements
of weak and electromagnetic quark currents between hadronic
states. Current algebra relates three-point and two-point corre-
lation functions [7, 9]. Inspection of the IR behavior of these
convolution integrals [5, 7] allows one to identify the parts of
the LEFT amplitude that are contained in the ChPT loops, leav-
ing the rest as contributions to the LECs. While this analysis
gives us access only to the linear combination of LECs con-
tributing to the decay rate, it reveals universal features of the
matching: Eq. (8) formally applies to the Fermi component of
any φ decay, provided one computes the T3 form factor appear-
ing in ↭̄V (µ0), as defined in Eq. (12), in the appropriate initial
and final state. Up to effects suppressed by Ee/Mhad, me/Mhad,
where Mhad denotes the mass of the decaying hadronic state and
me, Ee mass and energy of the electron, the long-distance cor-
rections are also universal (independent of the mass and spin
of the hadrons involved in the decay) and provided by the so-
called Sirlin function [5], up to a constant that depends on the
choice of ultraviolet (UV) regulator and is fixed by the match-
ing procedure. Consistently with the explicit calculation of the
neutron decay [26, 90] we find for the pion φ decay

dΓ = dΓ(0) [gϖ
V

(µε)]2
[
1 +
ς

2ϖ

(5
4
+ 3 log

µε
me

+ ĝ(Ee, E0)
)]

= dΓ(0)
[
1 + 2 ↭̄V

ϖ (µ0) +
ς

2ϖ

(
4
(
1 ↔
ςs(µ0)

4ϖ

)
log

MZ

µ0

+ 3 log
µ0

me

+ ĝ(Ee, E0)
)
+ O(ς2,ςςs)

]
, (18)

where in the second line we have provided the fixed-order ex-
pression and ĝ(Ee, E0) is the “subtracted” Sirlin function [5],
from which the large logarithm of Mhad/me has been subtracted:

ĝ(Ee, E0) = ↔
3
4
+

1 + φ2

φ
log

1 + φ
1 ↔ φ

+
1

12φ

(
Ē

Ee

)2
log

1 + φ
1 ↔ φ

+ 4
[

1
2φ

log
1 + φ
1 ↔ φ

↔ 1
] [

log
2Ē

me

↔
3
2
+

Ē

3Ee

]

+
1
φ

[
↔4 Li2

(
2φ

1 + φ

)
↔ log2

(
1 + φ
1 ↔ φ

)]
. (19)

Here φ = |pe|/Ee and Ē = E0 ↔ Ee, with the electron end-
point energy E0, which, to this order, is the only source through
which the hadron mass enters the radiative corrections. The
ChPT results [62] capture additional Mϖ-dependent nonuniver-
sal corrections, which we include in our analysis below.

3. Applications

3.1. Pion φ decay

The master formula for pion φ decay reads [62, 63]5

Γ
[
ϖ+ ↓ ϖ0

e
+ϑe(ϱ)

]
=

G
2
F
|Vud |

2
M

5
ϖ | f
ϖ
+ (0)|2

64ϖ3

1 + ∆ϖωRC


Iϖω (20)

where Mϖ denotes the mass of the charged pion. The form
factor f

ϖ
+ (0) ↗ 1 ↔ 7 ↘ 10↔6 deviates from unity by a negli-

gible amount due to the Behrends–Sirlin–Ademollo–Gatto the-
orem [94–96], which ensures that IB corrections can only enter
quadratically. The phase-space factor evaluates to6

Iϖω = 7.3767(41) ↘ 10↔8, (21)

where the uncertainty derives from the pion mass difference,
Mϖ ↔ Mϖ0 = 4.59364(48) MeV [100]. Radiative corrections are
included in ∆ϖωRC, which decomposes as

∆ϖωRC =
[
1+∆S̃ EW(µε)

]2
(
1+

3ςε(µε)
2ϖ

log
µε

2E0
+∆Iϖω

)
↔1, (22)

where ∆Iϖω = ↔0.00368(7) [62], including an estimate of higher
chiral orders. In this form, we isolated the only large loga-
rithm that remains in the phase-space correction ∆Iϖω by virtue
of the Kinoshita–Lee–Nauenberg theorem [101–103], sensi-
tive to the endpoint energy E0 = (M

2
ϖ ↔ M

2
ϖ0 + m

2
e
)/(2Mϖ) =

4.51894(48) MeV. While we use the full relativistic calculation
from Ref. [62], the value of ∆Iϖω can be understood from the
integral over the Sirlin function (19)

∆Iϖω ↗
ς

2ϖ

[5
4
+ 3 log

2E0

me

+
64

M
5
ϖIϖω


E0

me

dEe E
2
e
Ē

2φ ĝ(Ee, E0)
]

↗
ς

ϖ

(187
40
↔

2ϖ2

3

)
↗ ↔0.0044, (23)

where the last line, applicable in the limit me ↓ 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µε

2E0
in Eq. (22) indeed all logarithms disappear in ∆Iϖω [101]. Us-
ing the results from Sec. 2, we find for the effective ϖϖ vector
coupling

g
ϖ
V

(M↼) = 1.01084(2)↭̄ϖ (3)µ[4]tot, (24)

5
GF can be identified with its value extracted from muon decay GF =

1.1663785(6) ↘ 10↔5 GeV↔2 [82, 91], since the only process-dependent cor-
rections not accounted for via the conventions (1) concern mass corrections to
the W propagator 2∆G

W

F
↗ 3m

2
µ/(5M

2
W

) ↗ 1 ↘ 10↔6 [92, 93].
6This value includes corrections from the slope parameter ↽+ =

0.036(3) [96], with uncertainties derived from higher-order effects in the LEC
L

r

6(M↼) = 6.6(6) ↘ 10↔3 [97–99].

5

4

obtain

103 → ↭̄V (3)

ω
(µ0)

∣∣
[64]

= 0.714(12)(28)↑ 0.023(6) (12)

= 0.691(31),

103 → ↭̄V (4)

ω
(µ0)

∣∣
[66]

= 0.709(27)↑ 0.020(4) = 0.690(28),

where the two terms refer to the contribution of the in-
tegral below Q0 and the remainder, respectively. For
the latter, the uncertainty derives from the di!erence to
the three-loop pQCD result, while for the integral the
uncertainties are propagated from the lattice-QCD cal-
culations. In the case of Ref. [64], this error is split into
statistical and systematic components, where the domi-
nant systematic e!ect concerns lattice artifacts, estimated
as the di!erence of the two discretizations considered.4

The corrections in Eq. (12) that arise from the improved
matching between the lattice-QCD results and the O(ωs)
pQCD asymptotics are of the same size as the lattice-
QCD errors, and thus control over the O(ω2

s
) terms in the

OPE subtraction in Eq. (9) would be required to further
improve the precision. The resulting integrand Mω(Q2)
and its subtracted form according to Eq. (9) are shown
in Fig. 1.
Pion ε decay—The master formula for pion ε decay

reads [62, 63]5

”
[
ϑ
+
↓ ϑ

0
e
+
ϖe(ϱ)

]
=

G
2

F
|Vud|

2
M

5
ω
|f

ω
+
(0)|2

64ϑ3

→
(
1 +#ωε

RC

)
Iωε, (13)

where Mω denotes the mass of the charged pion. The form
factor fω

+
(0) ↔ 1↑7→10→6 deviates from unity by a negli-

gible amount due to the Behrends–Sirlin–Ademollo–Gatto
theorem [122–124], which ensures that IB corrections can
only enter quadratically. The phase-space factor evaluates
to

Iωε = 7.3767(41)→ 10→8
, (14)

where the uncertainty derives from the pion mass di!er-
ence, Mω ↑ Mω0 = 4.59364(48)MeV [125].6 Radiative
corrections are included in #ωε

RC
, which decomposes as

1 +#ωε

RC[
1 +#S̃EW(µϑ)

]2 = 1+
3ωϑ(µϑ)

2ϑ
log

µϑ

2E0

+#Iωε, (15)

4 We define the central value for Ref. [64] by the average of the two
discretizations therein. The systematic error given in Ref. [64] also
accounts for higher-twist e!ects, which are found to be subleading
compared to the discretization uncertainties. For increased Q0,
the impact of such power corrections should be reduced further.

5 GF can be identified with its value extracted from muon de-
cay GF = 1.1663785(6)→ 10→5 GeV→2 [84, 119], since the only
process-dependent corrections not accounted for via the con-
ventions (1) concern mass corrections to the W propagator
2”GW

F ↑ 3m2
µ/(5M

2
W ) ↑ 1→ 10→6 [120, 121].

6 This value includes corrections from the slope parameter ω+ =
0.036(3) [124], with uncertainties derived from higher-order e!ects
in the LEC Lr

6(Mω) = 6.6(6)→ 10→3 [126–128].

where #Iωε = ↑0.00378(8) [62], including an estimate

of higher chiral orders ↔
ϖ

ω

(
Mω
Mε

)2
↔ 7.5 → 10→5. In

this form, we isolated the only large logarithm that re-
mains in the phase-space correction #Iωε by virtue of the
Kinoshita–Lee–Nauenberg theorem [129–131], sensitive
to the endpoint energy E0 = (M2

ω
↑M

2

ω0 +m
2
e
)/(2Mω) =

4.51894(48)MeV. While we use the full relativistic calcu-
lation from Ref. [62], the value of #Iωε can be understood
from the integral over the Sirlin function, see End Matter.
Using Eq. (6), we find for the e!ective ϑϑ vector coupling

g
ω

V
(Mϱ) = 1.01084(2)↭̄ω

(3)µ[4]tot, (16)

where the first uncertainty is propagated from Eq. (12)7

and the second one indicates the residual perturbative un-
certainty estimated by varying the decoupling and match-
ing scales as in Ref. [35]. For the radiative-correction
factor #ωε

RC
we further need to consider the evolution to

µϑ ↔ 2E0, which gives

#ωε

RC
= 0.03403(4)↭̄ω

(5)µ(5)µϑ(8)ChPT[11]tot, (17)

where the uncertainty denoted by µϑ comprises a variation
of µϑ within [2E0/

↗
2,
↗
2 2E0] and of the matching scale

within [Mϱ/
↗
2,
↗
2Mϱ], dominated by the latter.

Our result (17) di!ers substantially from #ωε

RC
|[64] =

0.0332(1)↭̄ω
(3)QED, primarily due to the low-energy RG

corrections and the quadratic terms in Eq. (15). In a fully
linearized form, the direct application of Eq. (16) would
give #ωε

RC
= 0.0335, which then increases by

#ωε

RC

∣∣
LL+quad.

↔

(
ω

ϑ

)2[17
16

log2
Mϱ

2E0

(18)

+

(
log

MZ

Mϱ

+
3

4
log

Mϱ

2E0

)2]
↔ 4.7→ 10→4

due to LL and quadratic terms. The final result in Eq. (17)
is obtained from the full RG solution, including another
↔ 0.6→ 10→4 from NLL.
Our improved evaluation of #ωε

RC
given in Eq. (17)

implies

V
ω

ud
= 0.97346(281)Br(9)ςω (5)!ωϖ

RC
(27)Iωϖ [283]tot, (19)

where the uncertainties refer to the branching fraction
Br[ϑ±

↓ ϑ
0
e
±
ϖe(ϱ)] = 1.038(6) → 10→8 [61] (slightly

adjusted to the current normalization from Br[ϑ±
↓

e
±
ϖe(ϱ)] = 1.2326(23) → 10→4 [119, 132–134]), the pion

lifetime ςω [119, 135, 136], #ωε

RC
, and the pion mass dif-

ference (14), respectively. Accordingly, the theory uncer-
tainty in the extraction of Vud due to #ωε

RC
is reduced by

7 For Ref. [66], we use the four-flavor analog of Eq. (6) [88], yielding
a gεV (Mω) that only di!ers by 3→10→6 from the three-flavor result
derived from Ref. [64]. Accordingly, we quote the average as our
final value.
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where the two terms refer to the contribution of the in-
tegral below Q0 and the remainder, respectively. For
the latter, the uncertainty derives from the di!erence to
the three-loop pQCD result, while for the integral the
uncertainties are propagated from the lattice-QCD cal-
culations. In the case of Ref. [64], this error is split into
statistical and systematic components, where the domi-
nant systematic e!ect concerns lattice artifacts, estimated
as the di!erence of the two discretizations considered.4

The corrections in Eq. (12) that arise from the improved
matching between the lattice-QCD results and the O(ωs)
pQCD asymptotics are of the same size as the lattice-
QCD errors, and thus control over the O(ω2

s
) terms in the

OPE subtraction in Eq. (9) would be required to further
improve the precision. The resulting integrand Mω(Q2)
and its subtracted form according to Eq. (9) are shown
in Fig. 1.
Pion ε decay—The master formula for pion ε decay

reads [62, 63]5
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where Mω denotes the mass of the charged pion. The form
factor fω

+
(0) ↔ 1↑7→10→6 deviates from unity by a negli-

gible amount due to the Behrends–Sirlin–Ademollo–Gatto
theorem [122–124], which ensures that IB corrections can
only enter quadratically. The phase-space factor evaluates
to

Iωε = 7.3767(41)→ 10→8
, (14)

where the uncertainty derives from the pion mass di!er-
ence, Mω ↑ Mω0 = 4.59364(48)MeV [125].6 Radiative
corrections are included in #ωε

RC
, which decomposes as

1 +#ωε

RC[
1 +#S̃EW(µϑ)

]2 = 1+
3ωϑ(µϑ)

2ϑ
log

µϑ

2E0

+#Iωε, (15)

4 We define the central value for Ref. [64] by the average of the two
discretizations therein. The systematic error given in Ref. [64] also
accounts for higher-twist e!ects, which are found to be subleading
compared to the discretization uncertainties. For increased Q0,
the impact of such power corrections should be reduced further.

5 GF can be identified with its value extracted from muon de-
cay GF = 1.1663785(6)→ 10→5 GeV→2 [84, 119], since the only
process-dependent corrections not accounted for via the con-
ventions (1) concern mass corrections to the W propagator
2”GW

F ↑ 3m2
µ/(5M

2
W ) ↑ 1→ 10→6 [120, 121].

6 This value includes corrections from the slope parameter ω+ =
0.036(3) [124], with uncertainties derived from higher-order e!ects
in the LEC Lr
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where #Iωε = ↑0.00378(8) [62], including an estimate

of higher chiral orders ↔
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)2
↔ 7.5 → 10→5. In

this form, we isolated the only large logarithm that re-
mains in the phase-space correction #Iωε by virtue of the
Kinoshita–Lee–Nauenberg theorem [129–131], sensitive
to the endpoint energy E0 = (M2
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↑M

2

ω0 +m
2
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)/(2Mω) =

4.51894(48)MeV. While we use the full relativistic calcu-
lation from Ref. [62], the value of #Iωε can be understood
from the integral over the Sirlin function, see End Matter.
Using Eq. (6), we find for the e!ective ϑϑ vector coupling

g
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V
(Mϱ) = 1.01084(2)↭̄ω

(3)µ[4]tot, (16)

where the first uncertainty is propagated from Eq. (12)7

and the second one indicates the residual perturbative un-
certainty estimated by varying the decoupling and match-
ing scales as in Ref. [35]. For the radiative-correction
factor #ωε
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we further need to consider the evolution to

µϑ ↔ 2E0, which gives

#ωε

RC
= 0.03403(4)↭̄ω
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where the uncertainty denoted by µϑ comprises a variation
of µϑ within [2E0/

↗
2,
↗
2 2E0] and of the matching scale

within [Mϱ/
↗
2,
↗
2Mϱ], dominated by the latter.

Our result (17) di!ers substantially from #ωε

RC
|[64] =

0.0332(1)↭̄ω
(3)QED, primarily due to the low-energy RG

corrections and the quadratic terms in Eq. (15). In a fully
linearized form, the direct application of Eq. (16) would
give #ωε

RC
= 0.0335, which then increases by

#ωε
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+
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due to LL and quadratic terms. The final result in Eq. (17)
is obtained from the full RG solution, including another
↔ 0.6→ 10→4 from NLL.
Our improved evaluation of #ωε

RC
given in Eq. (17)

implies

V
ω

ud
= 0.97346(281)Br(9)ςω (5)!ωϖ

RC
(27)Iωϖ [283]tot, (19)

where the uncertainties refer to the branching fraction
Br[ϑ±

↓ ϑ
0
e
±
ϖe(ϱ)] = 1.038(6) → 10→8 [61] (slightly

adjusted to the current normalization from Br[ϑ±
↓

e
±
ϖe(ϱ)] = 1.2326(23) → 10→4 [119, 132–134]), the pion

lifetime ςω [119, 135, 136], #ωε

RC
, and the pion mass dif-

ference (14), respectively. Accordingly, the theory uncer-
tainty in the extraction of Vud due to #ωε

RC
is reduced by

7 For Ref. [66], we use the four-flavor analog of Eq. (6) [88], yielding
a gεV (Mω) that only di!ers by 3→10→6 from the three-flavor result
derived from Ref. [64]. Accordingly, we quote the average as our
final value.

• Form factor & phase space : 

• Radiative corrections: 

we performed the matching at the level of Green’s functions
obtained by differentiation of the generating functional with re-
spect to charge and weak spurions. The results could not be im-
mediately read off of Ref. [60], because for the LEFT a Pauli–
Villars regulator with on-shell subtraction scheme was used,
while we work in dimensional regularization and MS subtrac-
tion scheme (to resum logarithms to NLLs accuracy). As sum-
marized in Appendix A, following the logic of Ref. [60], we
arrived at an expression for Xω(µε, µ, a) in terms of the corre-
lation function

∫
dx e

ik·x
→0|T
{
V

a

µ (x)Vb

ϑ (0)
}
|ϖc
↑, where a, b, c are

SU(3) flavor indices. Finally, using a soft-pion theorem we re-
lated this matrix element to the object appearing in the ϱW box,
namely

∫
dx e

ik·x
→ϖd
|T
{
V

a

µ (x)Ab

ϑ(0)
}
|ϖc
↑, up to higher-order chi-

ral corrections. One of the advantages of the spurion method
is that it allows one to derive representations for any individual
LEC, and hence the combination Xω.

Second, we matched physical amplitudes for ϖ+ ↓ ϖ0
e
+ϑe

in LEFT and ChPT (salient features are summarized in Ap-
pendix B). The key point is that the O(ς) term in the matrix
element → f |Oφ|i↑ in LEFT can be written in terms of convolu-
tions of known kernels with nonperturbative matrix elements
of weak and electromagnetic quark currents between hadronic
states. Current algebra relates three-point and two-point corre-
lation functions [7, 9]. Inspection of the IR behavior of these
convolution integrals [5, 7] allows one to identify the parts of
the LEFT amplitude that are contained in the ChPT loops, leav-
ing the rest as contributions to the LECs. While this analysis
gives us access only to the linear combination of LECs con-
tributing to the decay rate, it reveals universal features of the
matching: Eq. (8) formally applies to the Fermi component of
any φ decay, provided one computes the T3 form factor appear-
ing in ↭̄V (µ0), as defined in Eq. (12), in the appropriate initial
and final state. Up to effects suppressed by Ee/Mhad, me/Mhad,
where Mhad denotes the mass of the decaying hadronic state and
me, Ee mass and energy of the electron, the long-distance cor-
rections are also universal (independent of the mass and spin
of the hadrons involved in the decay) and provided by the so-
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Ē

3Ee

]

+
1
φ

[
↔4 Li2

(
2φ

1 + φ

)
↔ log2

(
1 + φ
1 ↔ φ

)]
. (19)

Here φ = |pe|/Ee and Ē = E0 ↔ Ee, with the electron end-
point energy E0, which, to this order, is the only source through
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3. Applications
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where Mϖ denotes the mass of the charged pion. The form
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gible amount due to the Behrends–Sirlin–Ademollo–Gatto the-
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where ∆Iϖω = ↔0.00368(7) [62], including an estimate of
higher chiral orders. In this form, we isolated the only large log-
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where the two terms refer to the contribution of the in-
tegral below Q0 and the remainder, respectively. For
the latter, the uncertainty derives from the di!erence to
the three-loop pQCD result, while for the integral the
uncertainties are propagated from the lattice-QCD cal-
culations. In the case of Ref. [64], this error is split into
statistical and systematic components, where the domi-
nant systematic e!ect concerns lattice artifacts, estimated
as the di!erence of the two discretizations considered.4

The corrections in Eq. (12) that arise from the improved
matching between the lattice-QCD results and the O(ωs)
pQCD asymptotics are of the same size as the lattice-
QCD errors, and thus control over the O(ω2

s
) terms in the

OPE subtraction in Eq. (9) would be required to further
improve the precision. The resulting integrand Mω(Q2)
and its subtracted form according to Eq. (9) are shown
in Fig. 1.
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where Mω denotes the mass of the charged pion. The form
factor fω
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4 We define the central value for Ref. [64] by the average of the two
discretizations therein. The systematic error given in Ref. [64] also
accounts for higher-twist e!ects, which are found to be subleading
compared to the discretization uncertainties. For increased Q0,
the impact of such power corrections should be reduced further.
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4.51894(48)MeV. While we use the full relativistic calcu-
lation from Ref. [62], the value of #Iωε can be understood
from the integral over the Sirlin function, see End Matter.
Using Eq. (6), we find for the e!ective ϑϑ vector coupling
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where the first uncertainty is propagated from Eq. (12)7

and the second one indicates the residual perturbative un-
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ference (14), respectively. Accordingly, the theory uncer-
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is reduced by

7 For Ref. [66], we use the four-flavor analog of Eq. (6) [88], yielding
a gεV (Mω) that only di!ers by 3→10→6 from the three-flavor result
derived from Ref. [64]. Accordingly, we quote the average as our
final value.
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10�10 [18]). We note that the quoted references did not include isospin breaking in the ⇢⇡⇡ coupling. The origin
and possible size of this correction is discussed in Section 0.1.4.

These corrections were evaluated using a number of di↵erent parameterizations in Ref. [18], taking inputs for the
IB in the ⇢masses and widths consistent with Ref. [4] and the PDG [35]. Based on analyticity tests, the dispersive form
factor based on Ref. [36] is taken as the reference result. The central value is obtained from the dispersive result in the
case where it has a conformal polynomial of fourth degree (constrained to comply with P-wave behaviour) accounting
for inelasticities. This yields �aHVP, LO

µ [⇡⇡, ⌧] = (+1.53+1.74
�1.73)⇥10�10 for the form factors correction [18]. The sum of all

IB corrections entering Eq. (1) gives �aHVP, LO
µ [⇡⇡, ⌧] = (�15.20+1.90

�2.27)⇥10�10. The associated systematic uncertainties
are estimated from the di↵erences among the various dispersive results, and adding linearly a 2% uncertainty to
account for the small di↵erence with respect to the GS value, leading to �aHVP, LO

µ [⇡⇡, ⌧] = (�15.20+2.26
�2.63)⇥ 10�10 [18].

Finally, we comment on ⇢–� mixing. First, we note that for a proper treatment of the ⇢ one just needs to correctly
describe the resonant behavior of pion form factors, either of the weak or the electromagnetic currents. The constraint
FV
⇡ (0) = 1, which is respected in any theoretically sound approach, completely settles the issue of a possible ⇢–
� mixing. This is obviously the case in a dispersive approach, but also holds in any Lagrangian framework that
couples hadrons to external sources representing the currents (this is the case in chiral perturbation theory, resonance
chiral theory, and any resonance model made consistent with chiral symmetry). The ⇢–� mixing issue may arise
in intermediate steps of calculations within a given Lagrangian model. For example, in Ref. [37] the e↵ect of such
a mixing was studied within the hidden local symmetry model. In QFT the mixing of two fields can be addressed
through a field redefinition. Since physical results should not depend on the field parameterization and given that the
⇢ meson is not an asymptotic state, performing the field redefinition that diagonalizes the ⇢–� quadratic terms is a
possible, but far from necessary choice. In most approaches it turned out to be more convenient not to perform this
diagonalization. However, if one performs the redefinition, the re-defined ‘⇢’ field couples to all charged particles, and
the resulting ⇢ee and ⇢µµ couplings should be taken into account, given that they a↵ect the leptonic QED cross section
used to normalize �(e+e� ! ⇡+⇡�). This e↵ect and its interplay with higher order corrections was not discussed in
Ref. [37]. Moreover, the large mixing corrections at

p
s � M⇢ and the large slope at

p
s ⌧ M⇢, leading to sizable

numerical e↵ects in Ref. [37], seem to arise from the fact that the pion form factor adopted does not incorporate the
basic short-distance asymptotic conditions imposed by QCD (i.e. vanishing at high momentum transfer), a constraint
whose relevance even at low energy has been thoroughly discussed in Ref. [24].

0.1.2. The dispersive approach
To first order in isospin breaking the photon-inclusive di↵erential decay rate for ⌧�(l1)! ⇡�(q1)⇡0(q2)⌫⌧(l2)[�(k)]

is given by [2, 3]
d�⇡⇡[�]

ds
= S ⇡⇡EW K�(s) �3

⇡±⇡0 (s)
��� f+(s)

���2 GEM(s) , (6)

where s = (q1 + q2)2 and f+(s) is the ⇡�⇡0 form factor. GEM(s) the electromagnetic correction factor defined as:

GEM(s) =

R tmax(s)
tmin(s) dt D(s, t)

⇥
1 + 2 f loop

elm (s, t) + grad(s, t)
⇤

R tmax(s)
tmin(s) dt D(s, t)

, (7)

with Mandelstam variable t = (l1 � q1)2, tmin,max(s) its lower, upper phase-space borders, and

D(s, t) =
m2
⌧

2
(m2
⌧ � s) + 2M2

⇡M2
⇡0 � 2t(m2

⌧ � s + M2
⇡ + M2

⇡0 ) + 2t2 . (8)

The functions f loop
elm (s, t) and grad(s, t) in Eq. (7) account for virtual and real corrections, respectively. While previously

these functions were calculated in (resonance) ChPT [2, 3, 15, 18], in this section we outline progress in a dispersive
approach [38]. First, the approximation of only taking into account intermediate hadronic states up to two pions is
justified phenomenologically: in the energy region and in the channel of interest inelastic e↵ects are known to be
small. Radiative corrections to them are therefore considered to be negligible. In this approximation the contribution
to f loop

elm in the dispersive framework is depicted in Fig. 1(a), where the light-blue blobs denote the pion vector form
factor (VFF).
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0.1. Theoretical input for the HVP analysis based on ⌧ data
Since the hadronic weak charged current and the isovector component of the electromagnetic current belong to

the same triplet of the isospin group, semi-leptonic ⌧ decays can provide independent input for the computation
of HVP [1]. In the limit of exact isospin symmetry, a simple kinematic factor relates the hadronic invariant mass
distributions in e+e� ! h and in ⌧ ! ⌫⌧h0, where h and h0 denote hadronic states related by an isospin rotation.
However, an analysis of HVP to sub-percent level requires an appropriate set of isospin-breaking (IB) corrections,
whose theoretical status and prospects we summarize below.

We focus on the dominant ⌧ ! ⇡⇡⌫⌧[�] channel and denote with s the ⇡⇡ invariant mass squared. The photon-
inclusive di↵erential decay spectrum d�⇡⇡[�]/ds can be used to evaluate aHVP,LO

µ (⇡⇡) according to the following dis-
persive formula [2–4]

aHVP, LO
µ [⇡⇡, ⌧] =

1
4⇡3

Z
1

sthr

ds K(s)
"

K�(s)
K�(s)

d�⇡⇡[�]
ds

#
⇥

RIB(s)
S ⇡⇡EW

, (1)

where K(s) is the QED kernel [5],

K�(s) =
⇡↵2

3s
, K�(s) =

�e|Vud |
2

2m2
⌧

 
1 �

s
m2
⌧

!2  
1 +

2s
m2
⌧

!
, (2)

and the IB corrections are encoded in the product of several s-dependent factors

RIB(s) =
FSR(s)
GEM(s)

�3
⇡+⇡� (s)
�3
⇡±⇡0 (s)

������
FV
⇡ (s)

f+(s)

������

2

. (3)

The physical origin and meaning of the various IB corrections can be summarized as follows:

• The factor S ⇡⇡EW = S EW/S
sub,lept
EW [6] is the s-independent short-distance electromagnetic correction to the weak

semi-leptonic decay ⌧! ⇡⇡⌫⌧. The numerator

S EW = 1 +
2↵
⇡

log
MZ

m⌧
+ · · · (4)

encodes the universal leading logarithmic correction that a↵ects all semileptonic decays [7–13] and is now
known to next-to-leading logarithmic accuracy [12, 13]. The denominator S sub, lept

EW = 1 + ↵(m⌧)
2⇡

� 25
4 � ⇡

2� is the
radiative correction to the purely leptonic decay width

�e ⌘ �(⌧! e⌫⌧⌫̄e) =
G2

Fm5
⌧

192⇡3 ⇥


1 + O

✓m2
e

m2
⌧

◆�
⇥ S sub, lept

EW , (5)

and needs to be included because the measurements provide ⌧ ! ⇡⇡⌫⌧ normalized to the leptonic mode. This
is made explicit by expressing K�(s) in terms of �e in Eq. (2).

• The GEM(s) factor [2, 3, 14, 15] includes the long-distance QED corrections to the ⌧� ! ⇡�⇡0⌫⌧ decay with
virtual plus real photon radiation. The FSR(s) factor, first introduced in RIB in Ref. [4], originates from final-
state-radiation corrections to the ⇡+⇡� channel [16, 17]. Both FSR(s) and GEM(s) are so far computed at O(↵)
and with the help of hadronic models as specified below. However, the scheme-dependent non-logarithmic
term in GEM(s) is not currently known. In both cases, Eq. (3) implies a factorization assumption, separating
long-range radiative e↵ects subsumed in FSR(s) and GEM(s) from radiative corrections to the matrix elements,
see ?? for the case of FV

⇡ (s).

• The ⇡±–⇡0 mass di↵erence generates a mismatch in the phase space factors resulting in the term �3
⇡�⇡+ (s)/�3

⇡�⇡0 (s),
with �PP0 (s) = 2pcms(s)/

p
s, where pcms is the magnitude of the pion momentum in the di-pion center of mass

frame. This kinematic correction is large for s near threshold and carries negligible uncertainty.

• The last factor in Eq. (3) amounts to the ratio between the electromagnetic and the weak pion form factors
FV
⇡ (s) and f+(s), respectively, with IB only due to quark mass di↵erence and to radiatively induced hadronic

mass di↵erences. Currently, this is the correction that carries the largest uncertainty, in particular because it is
di�cult to characterize in a model-independent way.
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Prior to this work

where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
ε
ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV
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LL(ϱ) ↘ +3 · 10↗4

∆gV
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LL(ϱϱs)

↘ ↗1.6 · 10↗4
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↘ ↗0.6 · 10↗4 (29)
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NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.

S
εε
EW = S EW(mς) ↗ ∆S
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EW ≃ 1 + ∆S̄
εε
EW

S EW(µ) =
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ε
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GEM(s) = G0(s)

Γe =
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192ε3 ↔ (1 + ∆S
e
EW) (31)

3.2. ς→ εεφς

The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S
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EWGEM(s),
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Γe|Vud |
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ς
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1 ↗

s

m2
ς
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2s
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ς

)
, (32)

where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
(
1,

M
2
ε

s
,

M
2
ε0

s

)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
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1 + ∆S̃ EW(µω)
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Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m

2
ς/M

2
W
↑ 5 ↔

10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]

GEM(s)
∣∣∣
Xϑ(µω)=0 = GEM(s)
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Xϑ(µω)=X̄ϑ(µω)

+ e
2
X̄ϑ(µω). (35)
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where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives
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Our result (26) differs substantially from ∆εϑRC|[64] =
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earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)
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V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)
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0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
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rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling
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V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/
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2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by
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due to LL and quadratic terms. The final result in Eq. (26) is
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10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies
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±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV

∣∣∣
LL(ϱ) ↘ +3 · 10↗4

∆gV

∣∣∣
LL(ϱϱs)

↘ ↗1.6 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ ↗1.0 · 10↗4

∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)

∆gV

∣∣∣
LL(ϱ) ↘ +1.7 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.

S
εε
EW = S EW(mς) ↗ ∆S

e

EW ≃ 1 + ∆S̄
εε
EW

S EW(µ) =
[
C

LL
↽ (µ)

]2
↑ 1 +

2ϱ
ε

log
MZ

µ

GEM(s) = G0(s) + ∆Ḡ
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in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling
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(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
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0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
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∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)
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10↗4 from NLL.
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the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV

∣∣∣
LL(ϱ) ↘ +3 · 10↗4

∆gV

∣∣∣
LL(ϱϱs)

↘ ↗1.6 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ ↗1.0 · 10↗4

∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)

∆gV

∣∣∣
LL(ϱ) ↘ +1.7 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.

S
εε
EW = S EW(mς) ↗ ∆S

e

EW ≃ 1 + ∆S̄
εε
EW

S EW(µ) =
[
C

LL
↽ (µ)

]2
↑ 1 +

2ϱ
ε

log
MZ

µ

GEM(s) = G0(s) + ∆Ḡ

∆Ḡ = ↗4εϱ

X̄ϑ(mϖ) ↗

1
4ε2 log

m
2
ς

m2
ϖ


 X̄ϑ(mϖ) = 14 ↔ 10↗3

GEM(s) = G0(s)

Γe =
G

2
F

m
5
ς

192ε3 ↔ (1 + ∆S
e
EW) (31)

3.2. ς→ εεφς

The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S

εε
EWGEM(s),

KΓ(s) =
Γe|Vud |

2

2m2
ς

(
1 ↗

s

m2
ς

)2(
1 +

2s

m2
ς

)
, (32)

where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
(
1,

M
2
ε

s
,

M
2
ε0

s

)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
EW =

[
1 + ∆S̃ EW(µω)

]2
↗ ∆S

e

EW ≃ = 1 + ∆S
εε
EW (34)

∆S
e

EW =
ϱ

2ε

(25
4
↗ ε2
)
.

1 + ∆S̃ EW(µω) = C
NLLs
↽ (µ, a)

[
1 ↗ 2εϱXϑ(µ, µω, a)

]

∆

S
εε
EWGEM(s)


NEW- OLD

= ∆S
εε
EW ↗ (∆S̄

εε
EW + ∆Ḡ)

Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m

2
ς/M

2
W
↑ 5 ↔

10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]

GEM(s)
∣∣∣
Xϑ(µω)=0 = GEM(s)

∣∣∣
Xϑ(µω)=X̄ϑ(µω)

+ e
2
X̄ϑ(µω). (35)
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10�10 [18]). We note that the quoted references did not include isospin breaking in the ⇢⇡⇡ coupling. The origin
and possible size of this correction is discussed in Section 0.1.4.

These corrections were evaluated using a number of di↵erent parameterizations in Ref. [18], taking inputs for the
IB in the ⇢masses and widths consistent with Ref. [4] and the PDG [35]. Based on analyticity tests, the dispersive form
factor based on Ref. [36] is taken as the reference result. The central value is obtained from the dispersive result in the
case where it has a conformal polynomial of fourth degree (constrained to comply with P-wave behaviour) accounting
for inelasticities. This yields �aHVP, LO

µ [⇡⇡, ⌧] = (+1.53+1.74
�1.73)⇥10�10 for the form factors correction [18]. The sum of all

IB corrections entering Eq. (1) gives �aHVP, LO
µ [⇡⇡, ⌧] = (�15.20+1.90

�2.27)⇥10�10. The associated systematic uncertainties
are estimated from the di↵erences among the various dispersive results, and adding linearly a 2% uncertainty to
account for the small di↵erence with respect to the GS value, leading to �aHVP, LO

µ [⇡⇡, ⌧] = (�15.20+2.26
�2.63)⇥ 10�10 [18].

Finally, we comment on ⇢–� mixing. First, we note that for a proper treatment of the ⇢ one just needs to correctly
describe the resonant behavior of pion form factors, either of the weak or the electromagnetic currents. The constraint
FV
⇡ (0) = 1, which is respected in any theoretically sound approach, completely settles the issue of a possible ⇢–
� mixing. This is obviously the case in a dispersive approach, but also holds in any Lagrangian framework that
couples hadrons to external sources representing the currents (this is the case in chiral perturbation theory, resonance
chiral theory, and any resonance model made consistent with chiral symmetry). The ⇢–� mixing issue may arise
in intermediate steps of calculations within a given Lagrangian model. For example, in Ref. [37] the e↵ect of such
a mixing was studied within the hidden local symmetry model. In QFT the mixing of two fields can be addressed
through a field redefinition. Since physical results should not depend on the field parameterization and given that the
⇢ meson is not an asymptotic state, performing the field redefinition that diagonalizes the ⇢–� quadratic terms is a
possible, but far from necessary choice. In most approaches it turned out to be more convenient not to perform this
diagonalization. However, if one performs the redefinition, the re-defined ‘⇢’ field couples to all charged particles, and
the resulting ⇢ee and ⇢µµ couplings should be taken into account, given that they a↵ect the leptonic QED cross section
used to normalize �(e+e� ! ⇡+⇡�). This e↵ect and its interplay with higher order corrections was not discussed in
Ref. [37]. Moreover, the large mixing corrections at

p
s � M⇢ and the large slope at

p
s ⌧ M⇢, leading to sizable

numerical e↵ects in Ref. [37], seem to arise from the fact that the pion form factor adopted does not incorporate the
basic short-distance asymptotic conditions imposed by QCD (i.e. vanishing at high momentum transfer), a constraint
whose relevance even at low energy has been thoroughly discussed in Ref. [24].

0.1.2. The dispersive approach
To first order in isospin breaking the photon-inclusive di↵erential decay rate for ⌧�(l1)! ⇡�(q1)⇡0(q2)⌫⌧(l2)[�(k)]

is given by [2, 3]
d�⇡⇡[�]

ds
= S ⇡⇡EW K�(s) �3

⇡±⇡0 (s)
��� f+(s)

���2 GEM(s) , (6)

where s = (q1 + q2)2 and f+(s) is the ⇡�⇡0 form factor. GEM(s) the electromagnetic correction factor defined as:

GEM(s) =

R tmax(s)
tmin(s) dt D(s, t)

⇥
1 + 2 f loop

elm (s, t) + grad(s, t)
⇤

R tmax(s)
tmin(s) dt D(s, t)

, (7)

with Mandelstam variable t = (l1 � q1)2, tmin,max(s) its lower, upper phase-space borders, and

D(s, t) =
m2
⌧

2
(m2
⌧ � s) + 2M2

⇡M2
⇡0 � 2t(m2

⌧ � s + M2
⇡ + M2

⇡0 ) + 2t2 . (8)

The functions f loop
elm (s, t) and grad(s, t) in Eq. (7) account for virtual and real corrections, respectively. While previously

these functions were calculated in (resonance) ChPT [2, 3, 15, 18], in this section we outline progress in a dispersive
approach [38]. First, the approximation of only taking into account intermediate hadronic states up to two pions is
justified phenomenologically: in the energy region and in the channel of interest inelastic e↵ects are known to be
small. Radiative corrections to them are therefore considered to be negligible. In this approximation the contribution
to f loop

elm in the dispersive framework is depicted in Fig. 1(a), where the light-blue blobs denote the pion vector form
factor (VFF).

3

0.1. Theoretical input for the HVP analysis based on ⌧ data
Since the hadronic weak charged current and the isovector component of the electromagnetic current belong to

the same triplet of the isospin group, semi-leptonic ⌧ decays can provide independent input for the computation
of HVP [1]. In the limit of exact isospin symmetry, a simple kinematic factor relates the hadronic invariant mass
distributions in e+e� ! h and in ⌧ ! ⌫⌧h0, where h and h0 denote hadronic states related by an isospin rotation.
However, an analysis of HVP to sub-percent level requires an appropriate set of isospin-breaking (IB) corrections,
whose theoretical status and prospects we summarize below.

We focus on the dominant ⌧ ! ⇡⇡⌫⌧[�] channel and denote with s the ⇡⇡ invariant mass squared. The photon-
inclusive di↵erential decay spectrum d�⇡⇡[�]/ds can be used to evaluate aHVP,LO

µ (⇡⇡) according to the following dis-
persive formula [2–4]

aHVP, LO
µ [⇡⇡, ⌧] =

1
4⇡3

Z
1

sthr

ds K(s)
"

K�(s)
K�(s)

d�⇡⇡[�]
ds

#
⇥

RIB(s)
S ⇡⇡EW

, (1)

where K(s) is the QED kernel [5],

K�(s) =
⇡↵2

3s
, K�(s) =

�e|Vud |
2

2m2
⌧

 
1 �

s
m2
⌧

!2  
1 +

2s
m2
⌧

!
, (2)

and the IB corrections are encoded in the product of several s-dependent factors

RIB(s) =
FSR(s)
GEM(s)

�3
⇡+⇡� (s)
�3
⇡±⇡0 (s)

������
FV
⇡ (s)

f+(s)

������

2

. (3)

The physical origin and meaning of the various IB corrections can be summarized as follows:

• The factor S ⇡⇡EW = S EW/S
sub,lept
EW [6] is the s-independent short-distance electromagnetic correction to the weak

semi-leptonic decay ⌧! ⇡⇡⌫⌧. The numerator

S EW = 1 +
2↵
⇡

log
MZ

m⌧
+ · · · (4)

encodes the universal leading logarithmic correction that a↵ects all semileptonic decays [7–13] and is now
known to next-to-leading logarithmic accuracy [12, 13]. The denominator S sub, lept

EW = 1 + ↵(m⌧)
2⇡

� 25
4 � ⇡

2� is the
radiative correction to the purely leptonic decay width

�e ⌘ �(⌧! e⌫⌧⌫̄e) =
G2

Fm5
⌧

192⇡3 ⇥


1 + O

✓m2
e

m2
⌧

◆�
⇥ S sub, lept

EW , (5)

and needs to be included because the measurements provide ⌧ ! ⇡⇡⌫⌧ normalized to the leptonic mode. This
is made explicit by expressing K�(s) in terms of �e in Eq. (2).

• The GEM(s) factor [2, 3, 14, 15] includes the long-distance QED corrections to the ⌧� ! ⇡�⇡0⌫⌧ decay with
virtual plus real photon radiation. The FSR(s) factor, first introduced in RIB in Ref. [4], originates from final-
state-radiation corrections to the ⇡+⇡� channel [16, 17]. Both FSR(s) and GEM(s) are so far computed at O(↵)
and with the help of hadronic models as specified below. However, the scheme-dependent non-logarithmic
term in GEM(s) is not currently known. In both cases, Eq. (3) implies a factorization assumption, separating
long-range radiative e↵ects subsumed in FSR(s) and GEM(s) from radiative corrections to the matrix elements,
see ?? for the case of FV

⇡ (s).

• The ⇡±–⇡0 mass di↵erence generates a mismatch in the phase space factors resulting in the term �3
⇡�⇡+ (s)/�3

⇡�⇡0 (s),
with �PP0 (s) = 2pcms(s)/

p
s, where pcms is the magnitude of the pion momentum in the di-pion center of mass

frame. This kinematic correction is large for s near threshold and carries negligible uncertainty.

• The last factor in Eq. (3) amounts to the ratio between the electromagnetic and the weak pion form factors
FV
⇡ (s) and f+(s), respectively, with IB only due to quark mass di↵erence and to radiatively induced hadronic

mass di↵erences. Currently, this is the correction that carries the largest uncertainty, in particular because it is
di�cult to characterize in a model-independent way.

1

Prior to this work

where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
ε
ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV

∣∣∣
LL(ϱ) ↘ +3 · 10↗4

∆gV

∣∣∣
LL(ϱϱs)

↘ ↗1.6 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ ↗1.0 · 10↗4

∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)

∆gV

∣∣∣
LL(ϱ) ↘ +1.7 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.

S
εε
EW = S EW(mς) ↗ ∆S

e

EW ≃ 1 + ∆S̄
εε
EW

S EW(µ) =
[
C

LL
↽ (µ)

]2
↑ 1 +

2ϱ
ε

log
MZ

µ

GEM(s) = G0(s) + ∆Ḡ

∆Ḡ = ↗4εϱ

X̄ϑ(mϖ) ↗

1
4ε2 log

m
2
ς

m2
ϖ


 X̄ϑ(mϖ) = 14 ↔ 10↗3

GEM(s) = G0(s)

Γe =
G

2
F

m
5
ς

192ε3 ↔ (1 + ∆S
e
EW) (31)

3.2. ς→ εεφς

The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S

εε
EWGEM(s),

KΓ(s) =
Γe|Vud |

2

2m2
ς

(
1 ↗

s

m2
ς

)2(
1 +

2s

m2
ς

)
, (32)

where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
(
1,

M
2
ε

s
,

M
2
ε0

s

)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
EW =

[
1 + ∆S̃ EW(µω)

]2
↗ ∆S

e

EW ≃ = 1 + ∆S
εε
EW (34)

∆S
e

EW =
ϱ

2ε

(25
4
↗ ε2
)
.

1 + ∆S̃ EW(µω) = C
NLLs
↽ (µ, a)

[
1 ↗ 2εϱXϑ(µ, µω, a)

]

∆

S
εε
EWGEM(s)


NEW- OLD

= ∆S
εε
EW ↗ (∆S̄

εε
EW + ∆Ḡ)

Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m

2
ς/M

2
W
↑ 5 ↔

10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]

GEM(s)
∣∣∣
Xϑ(µω)=0 = GEM(s)

∣∣∣
Xϑ(µω)=X̄ϑ(µω)

+ e
2
X̄ϑ(µω). (35)
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in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling
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ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/
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2E0] and of the matching scale within
[Mϖ/
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2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by
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↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
ε
ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV

∣∣∣
LL(ϱ) ↘ +3 · 10↗4

∆gV

∣∣∣
LL(ϱϱs)

↘ ↗1.6 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ ↗1.0 · 10↗4

∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)
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LL(ϱ) ↘ +1.7 · 10↗4

∆gV
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NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.

S
εε
EW = S EW(mς) ↗ ∆S

e

EW ≃ 1 + ∆S̄
εε
EW

S EW(µ) =
[
C

LL
↽ (µ)

]2
↑ 1 +

2ϱ
ε

log
MZ

µ

GEM(s) = G0(s) + ∆Ḡ

∆Ḡ = ↗4εϱ

X̄ϑ(mϖ) ↗

1
4ε2 log

m
2
ς

m2
ϖ


 X̄ϑ(mϖ) = 14 ↔ 10↗3

GEM(s) = G0(s)

Γe =
G

2
F

m
5
ς

192ε3 ↔ (1 + ∆S
e
EW) (31)

3.2. ς→ εεφς

The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S

εε
EWGEM(s),

KΓ(s) =
Γe|Vud |

2
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ς

(
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s

m2
ς

)2(
1 +

2s
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ς

)
, (32)

where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
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ε

s
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2
ε0

s

)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate
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10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
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in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
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(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
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2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
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obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies
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where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives
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0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
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10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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ing the results from Sec. 2, we find for the effective εε vector
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(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
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Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
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10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives
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and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
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∆gV

∣∣∣
LL(ϱ) ↘ +3 · 10↗4

∆gV

∣∣∣
LL(ϱϱs)

↘ ↗1.6 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ ↗1.0 · 10↗4

∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)

∆gV

∣∣∣
LL(ϱ) ↘ +1.7 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.

S
εε
EW = S EW(mς) ↗ ∆S

e

EW ≃ 1 + ∆S̄
εε
EW

S EW(µ) =
[
C

LL
↽ (µ)

]2
↑ 1 +

2ϱ
ε

log
MZ

µ

GEM(s) = G0(s) + ∆Ḡ
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The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S
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where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
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1,

M
2
ε

s
,

M
2
ε0

s

)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
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1 + ∆S̃ EW(µω)

]2
↗ ∆S

e

EW ≃ = 1 + ∆S
εε
EW (34)
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
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EWGEM(s)
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EW ↗ (∆S̄

εε
EW + ∆Ḡ)

Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m

2
ς/M

2
W
↑ 5 ↔

10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]

GEM(s)
∣∣∣
Xϑ(µω)=0 = GEM(s)

∣∣∣
Xϑ(µω)=X̄ϑ(µω)

+ e
2
X̄ϑ(µω). (35)
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where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
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2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by
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due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies
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ud
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where the uncertainties refer to the branching fraction Br[ε± →
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±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔
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and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV

∣∣∣
LL(ϱ) ↘ +3 · 10↗4

∆gV

∣∣∣
LL(ϱϱs)

↘ ↗1.6 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ ↗1.0 · 10↗4

∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)

∆gV

∣∣∣
LL(ϱ) ↘ +1.7 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
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(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.
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3.2. ς→ εεφς
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convention also avoids mass corrections ↑ m

2
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↑ 5 ↔

10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]
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∣∣∣
Xϑ(µω)=X̄ϑ(µω)

+ e
2
X̄ϑ(µω). (35)

6

This work

VC,  M. Hoferichter, N. Valori 2602.11253



Colangelo, Cottini, Hoferichter, Holz, 
2510.26871,  2511.07507

16

Radiative corrections to 𝜏→ππν𝜏

10�10 [18]). We note that the quoted references did not include isospin breaking in the ⇢⇡⇡ coupling. The origin
and possible size of this correction is discussed in Section 0.1.4.

These corrections were evaluated using a number of di↵erent parameterizations in Ref. [18], taking inputs for the
IB in the ⇢masses and widths consistent with Ref. [4] and the PDG [35]. Based on analyticity tests, the dispersive form
factor based on Ref. [36] is taken as the reference result. The central value is obtained from the dispersive result in the
case where it has a conformal polynomial of fourth degree (constrained to comply with P-wave behaviour) accounting
for inelasticities. This yields �aHVP, LO

µ [⇡⇡, ⌧] = (+1.53+1.74
�1.73)⇥10�10 for the form factors correction [18]. The sum of all

IB corrections entering Eq. (1) gives �aHVP, LO
µ [⇡⇡, ⌧] = (�15.20+1.90

�2.27)⇥10�10. The associated systematic uncertainties
are estimated from the di↵erences among the various dispersive results, and adding linearly a 2% uncertainty to
account for the small di↵erence with respect to the GS value, leading to �aHVP, LO

µ [⇡⇡, ⌧] = (�15.20+2.26
�2.63)⇥ 10�10 [18].

Finally, we comment on ⇢–� mixing. First, we note that for a proper treatment of the ⇢ one just needs to correctly
describe the resonant behavior of pion form factors, either of the weak or the electromagnetic currents. The constraint
FV
⇡ (0) = 1, which is respected in any theoretically sound approach, completely settles the issue of a possible ⇢–
� mixing. This is obviously the case in a dispersive approach, but also holds in any Lagrangian framework that
couples hadrons to external sources representing the currents (this is the case in chiral perturbation theory, resonance
chiral theory, and any resonance model made consistent with chiral symmetry). The ⇢–� mixing issue may arise
in intermediate steps of calculations within a given Lagrangian model. For example, in Ref. [37] the e↵ect of such
a mixing was studied within the hidden local symmetry model. In QFT the mixing of two fields can be addressed
through a field redefinition. Since physical results should not depend on the field parameterization and given that the
⇢ meson is not an asymptotic state, performing the field redefinition that diagonalizes the ⇢–� quadratic terms is a
possible, but far from necessary choice. In most approaches it turned out to be more convenient not to perform this
diagonalization. However, if one performs the redefinition, the re-defined ‘⇢’ field couples to all charged particles, and
the resulting ⇢ee and ⇢µµ couplings should be taken into account, given that they a↵ect the leptonic QED cross section
used to normalize �(e+e� ! ⇡+⇡�). This e↵ect and its interplay with higher order corrections was not discussed in
Ref. [37]. Moreover, the large mixing corrections at

p
s � M⇢ and the large slope at

p
s ⌧ M⇢, leading to sizable

numerical e↵ects in Ref. [37], seem to arise from the fact that the pion form factor adopted does not incorporate the
basic short-distance asymptotic conditions imposed by QCD (i.e. vanishing at high momentum transfer), a constraint
whose relevance even at low energy has been thoroughly discussed in Ref. [24].

0.1.2. The dispersive approach
To first order in isospin breaking the photon-inclusive di↵erential decay rate for ⌧�(l1)! ⇡�(q1)⇡0(q2)⌫⌧(l2)[�(k)]

is given by [2, 3]
d�⇡⇡[�]

ds
= S ⇡⇡EW K�(s) �3

⇡±⇡0 (s)
��� f+(s)

���2 GEM(s) , (6)

where s = (q1 + q2)2 and f+(s) is the ⇡�⇡0 form factor. GEM(s) the electromagnetic correction factor defined as:

GEM(s) =

R tmax(s)
tmin(s) dt D(s, t)

⇥
1 + 2 f loop

elm (s, t) + grad(s, t)
⇤

R tmax(s)
tmin(s) dt D(s, t)

, (7)

with Mandelstam variable t = (l1 � q1)2, tmin,max(s) its lower, upper phase-space borders, and

D(s, t) =
m2
⌧

2
(m2
⌧ � s) + 2M2

⇡M2
⇡0 � 2t(m2

⌧ � s + M2
⇡ + M2

⇡0 ) + 2t2 . (8)

The functions f loop
elm (s, t) and grad(s, t) in Eq. (7) account for virtual and real corrections, respectively. While previously

these functions were calculated in (resonance) ChPT [2, 3, 15, 18], in this section we outline progress in a dispersive
approach [38]. First, the approximation of only taking into account intermediate hadronic states up to two pions is
justified phenomenologically: in the energy region and in the channel of interest inelastic e↵ects are known to be
small. Radiative corrections to them are therefore considered to be negligible. In this approximation the contribution
to f loop

elm in the dispersive framework is depicted in Fig. 1(a), where the light-blue blobs denote the pion vector form
factor (VFF).

3

0.1. Theoretical input for the HVP analysis based on ⌧ data
Since the hadronic weak charged current and the isovector component of the electromagnetic current belong to

the same triplet of the isospin group, semi-leptonic ⌧ decays can provide independent input for the computation
of HVP [1]. In the limit of exact isospin symmetry, a simple kinematic factor relates the hadronic invariant mass
distributions in e+e� ! h and in ⌧ ! ⌫⌧h0, where h and h0 denote hadronic states related by an isospin rotation.
However, an analysis of HVP to sub-percent level requires an appropriate set of isospin-breaking (IB) corrections,
whose theoretical status and prospects we summarize below.

We focus on the dominant ⌧ ! ⇡⇡⌫⌧[�] channel and denote with s the ⇡⇡ invariant mass squared. The photon-
inclusive di↵erential decay spectrum d�⇡⇡[�]/ds can be used to evaluate aHVP,LO

µ (⇡⇡) according to the following dis-
persive formula [2–4]

aHVP, LO
µ [⇡⇡, ⌧] =

1
4⇡3

Z
1

sthr

ds K(s)
"

K�(s)
K�(s)

d�⇡⇡[�]
ds

#
⇥

RIB(s)
S ⇡⇡EW

, (1)

where K(s) is the QED kernel [5],

K�(s) =
⇡↵2

3s
, K�(s) =

�e|Vud |
2

2m2
⌧

 
1 �

s
m2
⌧

!2  
1 +

2s
m2
⌧

!
, (2)

and the IB corrections are encoded in the product of several s-dependent factors

RIB(s) =
FSR(s)
GEM(s)

�3
⇡+⇡� (s)
�3
⇡±⇡0 (s)

������
FV
⇡ (s)

f+(s)

������

2

. (3)

The physical origin and meaning of the various IB corrections can be summarized as follows:

• The factor S ⇡⇡EW = S EW/S
sub,lept
EW [6] is the s-independent short-distance electromagnetic correction to the weak

semi-leptonic decay ⌧! ⇡⇡⌫⌧. The numerator

S EW = 1 +
2↵
⇡

log
MZ

m⌧
+ · · · (4)

encodes the universal leading logarithmic correction that a↵ects all semileptonic decays [7–13] and is now
known to next-to-leading logarithmic accuracy [12, 13]. The denominator S sub, lept

EW = 1 + ↵(m⌧)
2⇡

� 25
4 � ⇡

2� is the
radiative correction to the purely leptonic decay width

�e ⌘ �(⌧! e⌫⌧⌫̄e) =
G2

Fm5
⌧

192⇡3 ⇥


1 + O

✓m2
e

m2
⌧

◆�
⇥ S sub, lept

EW , (5)

and needs to be included because the measurements provide ⌧ ! ⇡⇡⌫⌧ normalized to the leptonic mode. This
is made explicit by expressing K�(s) in terms of �e in Eq. (2).

• The GEM(s) factor [2, 3, 14, 15] includes the long-distance QED corrections to the ⌧� ! ⇡�⇡0⌫⌧ decay with
virtual plus real photon radiation. The FSR(s) factor, first introduced in RIB in Ref. [4], originates from final-
state-radiation corrections to the ⇡+⇡� channel [16, 17]. Both FSR(s) and GEM(s) are so far computed at O(↵)
and with the help of hadronic models as specified below. However, the scheme-dependent non-logarithmic
term in GEM(s) is not currently known. In both cases, Eq. (3) implies a factorization assumption, separating
long-range radiative e↵ects subsumed in FSR(s) and GEM(s) from radiative corrections to the matrix elements,
see ?? for the case of FV

⇡ (s).

• The ⇡±–⇡0 mass di↵erence generates a mismatch in the phase space factors resulting in the term �3
⇡�⇡+ (s)/�3

⇡�⇡0 (s),
with �PP0 (s) = 2pcms(s)/

p
s, where pcms is the magnitude of the pion momentum in the di-pion center of mass

frame. This kinematic correction is large for s near threshold and carries negligible uncertainty.

• The last factor in Eq. (3) amounts to the ratio between the electromagnetic and the weak pion form factors
FV
⇡ (s) and f+(s), respectively, with IB only due to quark mass di↵erence and to radiatively induced hadronic

mass di↵erences. Currently, this is the correction that carries the largest uncertainty, in particular because it is
di�cult to characterize in a model-independent way.

1

Prior to this work

where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC
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(
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3
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)2]

↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
ε
ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV
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LL(ϱ) ↘ +3 · 10↗4
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↘ ↗1.6 · 10↗4
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7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.
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3.2. ς→ εεφς

The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
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where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
(
1,

M
2
ε

s
,

M
2
ε0

s

)
,

⇀(a, b, c) = a
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and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S
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Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m
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10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]
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ing the results from Sec. 2, we find for the effective εε vector
coupling
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(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/
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2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.
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and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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V
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where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
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Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
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10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω
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in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling
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V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/
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2E0] and of the matching scale within
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2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by
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due to LL and quadratic terms. The final result in Eq. (26) is
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10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies
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±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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ing the results from Sec. 2, we find for the effective εε vector
coupling
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(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
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0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
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10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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∆Ḡ = ↗4εϱ

X̄ϑ(mϖ) ↗

1
4ε2 log

m
2
ς

m2
ϖ


 X̄ϑ(mϖ) = 14 ↔ 10↗3

GEM(s) = G0(s)

Γe =
G

2
F

m
5
ς

192ε3 ↔ (1 + ∆S
e
EW) (31)

3.2. ς→ εεφς

The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S

εε
EWGEM(s),

KΓ(s) =
Γe|Vud |

2

2m2
ς

(
1 ↗

s

m2
ς

)2(
1 +

2s

m2
ς

)
, (32)

where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
(
1,

M
2
ε

s
,

M
2
ε0

s

)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
EW =

[
1 + ∆S̃ EW(µω)

]2
↗ ∆S

e

EW ≃ = 1 + ∆S
εε
EW (34)

∆S
e

EW =
ϱ

2ε

(25
4
↗ ε2
)
.

1 + ∆S̃ EW(µω) = C
NLLs
↽ (µ, a)

[
1 ↗ 2εϱXϑ(µ, µω, a)

]

∆

S
εε
EWGEM(s)


NEW- OLD

= ∆S
εε
EW ↗ (∆S̄

εε
EW + ∆Ḡ)
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in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
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where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
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2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
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±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔
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where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives
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10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/
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2E0] and of the matching scale within
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↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by
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due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies
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(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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Ref. [104]. For the radiative-correction factor ∆εϑRC we further
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earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
ε
ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-
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and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
EW =

[
1 + ∆S̃ EW(µω)

]2
↗ ∆S

e

EW ≃ 1 + ∆S
εε
EW (34)

∆S
e

EW =
ϱ

2ε

(25
4
↗ ε2
)
.

1 + ∆S̃ EW(µω) = C
NLLs
↽ (µ, a)

[
1 ↗ 2εϱXϑ(µ, µω, a)

]

∆

S
εε
EWGEM(s)


NEW- OLD

= ∆S
εε
EW ↗ (∆S̄

εε
EW + ∆Ḡ)

Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m

2
ς/M

2
W
↑ 5 ↔

10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]

GEM(s)
∣∣∣
Xϑ(µω)=0 = GEM(s)

∣∣∣
Xϑ(µω)=X̄ϑ(µω)

+ e
2
X̄ϑ(µω). (35)

6

where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
ε
ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV
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LL(ϱ) ↘ +3 · 10↗4
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LL(ϱϱs)

↘ ↗1.6 · 10↗4
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∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)

∆gV

∣∣∣
LL(ϱ) ↘ +1.7 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.
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GEM(s) = G0(s)

Γe =
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2
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m
5
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e
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3.2. ς→ εεφς

The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S
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EWGEM(s),
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Γe|Vud |
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, (32)

where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
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2
ε

s
,
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ε0
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)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
EW =

[
1 + ∆S̃ EW(µω)

]2
↗ ∆S
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EW ≃ 1 + ∆S
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EW (34)
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∆
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EW + ∆Ḡ)

Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m

2
ς/M

2
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↑ 5 ↔
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10�10 [18]). We note that the quoted references did not include isospin breaking in the ⇢⇡⇡ coupling. The origin
and possible size of this correction is discussed in Section 0.1.4.

These corrections were evaluated using a number of di↵erent parameterizations in Ref. [18], taking inputs for the
IB in the ⇢masses and widths consistent with Ref. [4] and the PDG [35]. Based on analyticity tests, the dispersive form
factor based on Ref. [36] is taken as the reference result. The central value is obtained from the dispersive result in the
case where it has a conformal polynomial of fourth degree (constrained to comply with P-wave behaviour) accounting
for inelasticities. This yields �aHVP, LO

µ [⇡⇡, ⌧] = (+1.53+1.74
�1.73)⇥10�10 for the form factors correction [18]. The sum of all

IB corrections entering Eq. (1) gives �aHVP, LO
µ [⇡⇡, ⌧] = (�15.20+1.90

�2.27)⇥10�10. The associated systematic uncertainties
are estimated from the di↵erences among the various dispersive results, and adding linearly a 2% uncertainty to
account for the small di↵erence with respect to the GS value, leading to �aHVP, LO

µ [⇡⇡, ⌧] = (�15.20+2.26
�2.63)⇥ 10�10 [18].

Finally, we comment on ⇢–� mixing. First, we note that for a proper treatment of the ⇢ one just needs to correctly
describe the resonant behavior of pion form factors, either of the weak or the electromagnetic currents. The constraint
FV
⇡ (0) = 1, which is respected in any theoretically sound approach, completely settles the issue of a possible ⇢–
� mixing. This is obviously the case in a dispersive approach, but also holds in any Lagrangian framework that
couples hadrons to external sources representing the currents (this is the case in chiral perturbation theory, resonance
chiral theory, and any resonance model made consistent with chiral symmetry). The ⇢–� mixing issue may arise
in intermediate steps of calculations within a given Lagrangian model. For example, in Ref. [37] the e↵ect of such
a mixing was studied within the hidden local symmetry model. In QFT the mixing of two fields can be addressed
through a field redefinition. Since physical results should not depend on the field parameterization and given that the
⇢ meson is not an asymptotic state, performing the field redefinition that diagonalizes the ⇢–� quadratic terms is a
possible, but far from necessary choice. In most approaches it turned out to be more convenient not to perform this
diagonalization. However, if one performs the redefinition, the re-defined ‘⇢’ field couples to all charged particles, and
the resulting ⇢ee and ⇢µµ couplings should be taken into account, given that they a↵ect the leptonic QED cross section
used to normalize �(e+e� ! ⇡+⇡�). This e↵ect and its interplay with higher order corrections was not discussed in
Ref. [37]. Moreover, the large mixing corrections at

p
s � M⇢ and the large slope at

p
s ⌧ M⇢, leading to sizable

numerical e↵ects in Ref. [37], seem to arise from the fact that the pion form factor adopted does not incorporate the
basic short-distance asymptotic conditions imposed by QCD (i.e. vanishing at high momentum transfer), a constraint
whose relevance even at low energy has been thoroughly discussed in Ref. [24].

0.1.2. The dispersive approach
To first order in isospin breaking the photon-inclusive di↵erential decay rate for ⌧�(l1)! ⇡�(q1)⇡0(q2)⌫⌧(l2)[�(k)]

is given by [2, 3]
d�⇡⇡[�]

ds
= S ⇡⇡EW K�(s) �3

⇡±⇡0 (s)
��� f+(s)

���2 GEM(s) , (6)

where s = (q1 + q2)2 and f+(s) is the ⇡�⇡0 form factor. GEM(s) the electromagnetic correction factor defined as:

GEM(s) =

R tmax(s)
tmin(s) dt D(s, t)

⇥
1 + 2 f loop

elm (s, t) + grad(s, t)
⇤

R tmax(s)
tmin(s) dt D(s, t)

, (7)

with Mandelstam variable t = (l1 � q1)2, tmin,max(s) its lower, upper phase-space borders, and

D(s, t) =
m2
⌧

2
(m2
⌧ � s) + 2M2

⇡M2
⇡0 � 2t(m2

⌧ � s + M2
⇡ + M2

⇡0 ) + 2t2 . (8)

The functions f loop
elm (s, t) and grad(s, t) in Eq. (7) account for virtual and real corrections, respectively. While previously

these functions were calculated in (resonance) ChPT [2, 3, 15, 18], in this section we outline progress in a dispersive
approach [38]. First, the approximation of only taking into account intermediate hadronic states up to two pions is
justified phenomenologically: in the energy region and in the channel of interest inelastic e↵ects are known to be
small. Radiative corrections to them are therefore considered to be negligible. In this approximation the contribution
to f loop

elm in the dispersive framework is depicted in Fig. 1(a), where the light-blue blobs denote the pion vector form
factor (VFF).

3

0.1. Theoretical input for the HVP analysis based on ⌧ data
Since the hadronic weak charged current and the isovector component of the electromagnetic current belong to

the same triplet of the isospin group, semi-leptonic ⌧ decays can provide independent input for the computation
of HVP [1]. In the limit of exact isospin symmetry, a simple kinematic factor relates the hadronic invariant mass
distributions in e+e� ! h and in ⌧ ! ⌫⌧h0, where h and h0 denote hadronic states related by an isospin rotation.
However, an analysis of HVP to sub-percent level requires an appropriate set of isospin-breaking (IB) corrections,
whose theoretical status and prospects we summarize below.

We focus on the dominant ⌧ ! ⇡⇡⌫⌧[�] channel and denote with s the ⇡⇡ invariant mass squared. The photon-
inclusive di↵erential decay spectrum d�⇡⇡[�]/ds can be used to evaluate aHVP,LO

µ (⇡⇡) according to the following dis-
persive formula [2–4]

aHVP, LO
µ [⇡⇡, ⌧] =

1
4⇡3

Z
1

sthr

ds K(s)
"

K�(s)
K�(s)

d�⇡⇡[�]
ds

#
⇥

RIB(s)
S ⇡⇡EW

, (1)

where K(s) is the QED kernel [5],

K�(s) =
⇡↵2

3s
, K�(s) =

�e|Vud |
2

2m2
⌧

 
1 �

s
m2
⌧

!2  
1 +

2s
m2
⌧

!
, (2)

and the IB corrections are encoded in the product of several s-dependent factors

RIB(s) =
FSR(s)
GEM(s)

�3
⇡+⇡� (s)
�3
⇡±⇡0 (s)

������
FV
⇡ (s)

f+(s)

������

2

. (3)

The physical origin and meaning of the various IB corrections can be summarized as follows:

• The factor S ⇡⇡EW = S EW/S
sub,lept
EW [6] is the s-independent short-distance electromagnetic correction to the weak

semi-leptonic decay ⌧! ⇡⇡⌫⌧. The numerator

S EW = 1 +
2↵
⇡

log
MZ

m⌧
+ · · · (4)

encodes the universal leading logarithmic correction that a↵ects all semileptonic decays [7–13] and is now
known to next-to-leading logarithmic accuracy [12, 13]. The denominator S sub, lept

EW = 1 + ↵(m⌧)
2⇡

� 25
4 � ⇡

2� is the
radiative correction to the purely leptonic decay width

�e ⌘ �(⌧! e⌫⌧⌫̄e) =
G2

Fm5
⌧

192⇡3 ⇥


1 + O

✓m2
e

m2
⌧

◆�
⇥ S sub, lept

EW , (5)

and needs to be included because the measurements provide ⌧ ! ⇡⇡⌫⌧ normalized to the leptonic mode. This
is made explicit by expressing K�(s) in terms of �e in Eq. (2).

• The GEM(s) factor [2, 3, 14, 15] includes the long-distance QED corrections to the ⌧� ! ⇡�⇡0⌫⌧ decay with
virtual plus real photon radiation. The FSR(s) factor, first introduced in RIB in Ref. [4], originates from final-
state-radiation corrections to the ⇡+⇡� channel [16, 17]. Both FSR(s) and GEM(s) are so far computed at O(↵)
and with the help of hadronic models as specified below. However, the scheme-dependent non-logarithmic
term in GEM(s) is not currently known. In both cases, Eq. (3) implies a factorization assumption, separating
long-range radiative e↵ects subsumed in FSR(s) and GEM(s) from radiative corrections to the matrix elements,
see ?? for the case of FV

⇡ (s).

• The ⇡±–⇡0 mass di↵erence generates a mismatch in the phase space factors resulting in the term �3
⇡�⇡+ (s)/�3

⇡�⇡0 (s),
with �PP0 (s) = 2pcms(s)/

p
s, where pcms is the magnitude of the pion momentum in the di-pion center of mass

frame. This kinematic correction is large for s near threshold and carries negligible uncertainty.

• The last factor in Eq. (3) amounts to the ratio between the electromagnetic and the weak pion form factors
FV
⇡ (s) and f+(s), respectively, with IB only due to quark mass di↵erence and to radiatively induced hadronic

mass di↵erences. Currently, this is the correction that carries the largest uncertainty, in particular because it is
di�cult to characterize in a model-independent way.

1

Prior to this work

where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
ε
ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV

∣∣∣
LL(ϱ) ↘ +3 · 10↗4

∆gV

∣∣∣
LL(ϱϱs)

↘ ↗1.6 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ ↗1.0 · 10↗4

∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)

∆gV

∣∣∣
LL(ϱ) ↘ +1.7 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.

S
εε
EW = S EW(mς) ↗ ∆S

e

EW ≃ 1 + ∆S̄
εε
EW

S EW(µ) =
[
C

LL
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]2
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2ϱ
ε
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GEM(s) = G0(s) + ∆Ḡ

∆Ḡ = ↗4εϱ
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1
4ε2 log

m
2
ς
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ϖ


 X̄ϑ(mϖ) = 14 ↔ 10↗3

GEM(s) = G0(s)

Γe =
G

2
F

m
5
ς

192ε3 ↔ (1 + ∆S
e
EW) (31)

3.2. ς→ εεφς

The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S

εε
EWGEM(s),

KΓ(s) =
Γe|Vud |

2

2m2
ς

(
1 ↗

s
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ς

)2(
1 +

2s

m2
ς

)
, (32)

where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
(
1,

M
2
ε

s
,

M
2
ε0

s

)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
EW =

[
1 + ∆S̃ EW(µω)
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e
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EW (34)
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↽ (µ, a)

[
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∆
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= ∆S
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EW ↗ (∆S̄

εε
EW + ∆Ḡ)

Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m

2
ς/M

2
W
↑ 5 ↔

10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]

GEM(s)
∣∣∣
Xϑ(µω)=0 = GEM(s)

∣∣∣
Xϑ(µω)=X̄ϑ(µω)

+ e
2
X̄ϑ(µω). (35)
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where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by
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due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies
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±φe(↼)] = 1.2326(23) ↔
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the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
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Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
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and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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ing the results from Sec. 2, we find for the effective εε vector
coupling
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V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/
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2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by
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10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies
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±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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∆Ḡ = ↗4εϱ

X̄ϑ(mϖ) ↗

1
4ε2 log

m
2
ς

m2
ϖ


 X̄ϑ(mϖ) = 14 ↔ 10↗3

GEM(s) = G0(s)

Γe =
G

2
F

m
5
ς

192ε3 ↔ (1 + ∆S
e
EW) (31)

3.2. ς→ εεφς

The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S

εε
EWGEM(s),

KΓ(s) =
Γe|Vud |

2

2m2
ς

(
1 ↗

s

m2
ς

)2(
1 +

2s

m2
ς

)
, (32)

where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
(
1,

M
2
ε

s
,

M
2
ε0

s

)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
EW =

[
1 + ∆S̃ EW(µω)

]2
↗ ∆S

e

EW ≃ = 1 + ∆S
εε
EW (34)

∆S
e

EW =
ϱ

2ε

(25
4
↗ ε2
)
.

1 + ∆S̃ EW(µω) = C
NLLs
↽ (µ, a)

[
1 ↗ 2εϱXϑ(µ, µω, a)

]

∆

S
εε
EWGEM(s)


NEW- OLD

= ∆S
εε
EW ↗ (∆S̄

εε
EW + ∆Ḡ)
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where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)
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0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
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10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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ing the results from Sec. 2, we find for the effective εε vector
coupling
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(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by
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↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
ε
ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
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that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.

S
εε
EW = S EW(mς) ↗ ∆S

e

EW ≃ 1 + ∆S̄
εε
EW

S EW(µ) =
[
C

LL
↽ (µ)

]2
↑ 1 +

2ϱ
ε

log
MZ

µ

GEM(s) = G0(s) + ∆Ḡ
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3.2. ς→ εεφς
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and S
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is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S
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instead. The chiral LECs are contained in GEM(s), depending
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where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by
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due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies
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ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
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that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.
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10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]
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where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by
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due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies
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ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.
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instead. The chiral LECs are contained in GEM(s), depending
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where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by
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↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
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ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.
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7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.
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3.2. ς→ εεφς
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Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m
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W
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10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]
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where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling
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ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by
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due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
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ud
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(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0
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±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV

∣∣∣
LL(ϱ) ↘ +3 · 10↗4

∆gV

∣∣∣
LL(ϱϱs)

↘ ↗1.6 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ ↗1.0 · 10↗4

∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)

∆gV

∣∣∣
LL(ϱ) ↘ +1.7 · 10↗4

∆gV

∣∣∣
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7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.
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a factor of three, while all other sources of uncertainty are
of experimental origin. The PIONEER experiment aims
at improving the uncertainty in the branching fraction by
an order of magnitude, at which level the uncertainty in
the pion mass di!erence becomes the limiting factor.
ω → εεϑω—The photon-inclusive ω → εεϑω decay rate

is expressed as

d”
[
ω
±
→ ε

±
ε
0
ϑω (ϖ)

]

K!(s)ds
=

[
ϱεε0(s)

]3
|f+(s)|

2
S
εε

EW
GEM(s),

(20)
where

K!(s) =
”e|Vud|

2

2m2
ω

(
1↑

s

m2
ω

)2(
1 +

2s

m2
ω

)
, (21)

”e ↓ ”[ω → eϑω ϑ̄e], ϱεε0 denotes the phase-space factor

ϱεε0(s) = ς
1/2

(
1,

M
2
ε

s
,
M

2

ε0

s

)
,

ς(a, b, c) = a
2 + b

2 + c
2
↑ 2(ab+ ac+ bc), (22)

and S
εε

EW
[10, 137–142] includes short-distance e!ects.

The rate is normalized to the leptonic decay width ”e,
which requires that the respective radiative corrections
#S

e

EW
= ϑ

2ε

(
25

4
↑ ε

2
)
that connect it to GF be removed

S
εε

EW
=

[
1 +#S̃EW(µϖ)

]2
↑#S

e

EW
. (23)

Besides providing a convenient normalization channel,
this convention also avoids mass corrections ↔ m

2
ω
/M

2

W
↔

5↗ 10→4 [120, 121], as would arise when using GF from
muon decay instead. The chiral LECs are contained in
GEM(s), depending linearly on Xϱ(µϖ) [83]

GEM(s)
∣∣
Xω(µε)=0

= GEM(s)
∣∣
Xω(µε)=X̄ω(µε)

+ e
2
X̄ϱ(µϖ).

(24)
The analysis of GEM(s) in Refs. [82, 83] is performed for
the reference value X̄ϱ(Mς) = 14↗10→3 [65], which can be
easily adjusted to an arbitrary value by means of Eq. (24).
It is evident that only the product Sεε

EW
GEM(s) is scale

and scheme independent, and in the following we will
therefore only consider the combined e!ect. Since both
S
εε

EW
and the relevant terms in GEM(s) do not depend on

the εε invariant mass s, the respective IB corrections for
the HVP contribution to aµ can simply be obtained by
scaling #āµ[Sεε

EW
] = ↑12.166(56)(8)↗10→10 accordingly,8

so that the analysis of Refs. [82, 83] can be updated via

#aµ[εε, ω ]↑#āµ[εε, ω ]

=
[#S

εε

EW
↑#ḠEM

#S̄εε

EW

↑ 1
]
#āµ[S

εε

EW
]

= ↑0.07(4)↗ 10→10
, (25)

8 Quantities taken from Refs. [82, 83] are indicated by a bar.

where #S
εε

EW
= S

εε

EW
↑ 1 from Eq. (23), #S̄

εε

EW
= 0.0233,

and

#ḠEM = ↑e
2

(
X̄ϱ(Mς)↑

1

4ε2
log

m
2
ω

M2
ς

)
. (26)

Including phase-space corrections in addition to S
εε

EW
and

GEM(s), we obtain

#aµ[εε, ω ] = ↑24.9(1)exp(5)th(1)SD ↗ 10→10
, (27)

with central value almost identical to Refs. [82, 83], but
the uncertainty from the short-distance matching, previ-
ously estimated as 1.3↗10→10 [77], has become negligible.
Accordingly, the uncertainty of isospin breaking in the
matrix elements, |FV

ε
/f+|, estimated as 4.7 ↗ 10→10 in

Ref. [77], now constitutes by far the dominant limitation
for the use of hadronic ω data in the evaluation of the
HVP contribution to aµ.
Conclusions—In this Letter, we presented the match-

ing of short-distance contributions and hadronic matrix
elements for pion ϱ decay and ω → εεϑω at NLL accuracy.
To this end, we first derived the required matching rela-
tions between ChPT and LEFT, both with the spurion
method, which yields explicit expressions for the relevant
LECs, and based on general properties of the amplitude
related to Ward identities, current algebra, and the IR
structure, which confirms the spurion analysis and reveals
a remarkable universality feature of the matching relation.
For the phenomenological analysis, we combined our

matching relations with recent results for the hadronic
matrix elements in lattice QCD and NLL corrections in
the strong coupling. As key results, we substantially im-
proved the radiative corrections to pion ϱ decay and the
short-distance contributions to ω → εεϑω . The remaining
theory uncertainty in Vud extracted from pion ϱ decay
now lies a factor of five below the precision goal of the
PIONEER experiment, rendering the phase-space factor
and thus the pion mass di!erence the limiting factor be-
sides the measurement of the branching fraction. For
ω → εεϑω , the main application concerns IB corrections
for the HVP contribution to aµ, in which case the remain-
ing uncertainties from the short-distance matching are
now negligible.
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that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
EW =

[
1 + ∆S̃ EW(µω)

]2
↗ ∆S

e

EW ≃ 1 + ∆S
εε
EW (34)

∆S
e

EW =
ϱ

2ε

(25
4
↗ ε2
)
.

1 + ∆S̃ EW(µω) = C
NLLs
↽ (µ, a)

[
1 ↗ 2εϱXϑ(µ, µω, a)

]

∆

S
εε
EWGEM(s)


NEW- OLD

= ∆S
εε
EW ↗ (∆S̄

εε
EW + ∆Ḡ)

Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m

2
ς/M

2
W
↑ 5 ↔

10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]

GEM(s)
∣∣∣
Xϑ(µω)=0 = GEM(s)

∣∣∣
Xϑ(µω)=X̄ϑ(µω)

+ e
2
X̄ϑ(µω). (35)
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a factor of three, while all other sources of uncertainty are
of experimental origin. The PIONEER experiment aims
at improving the uncertainty in the branching fraction by
an order of magnitude, at which level the uncertainty in
the pion mass di!erence becomes the limiting factor.
ω → εεϑω—The photon-inclusive ω → εεϑω decay rate

is expressed as

d”
[
ω
±
→ ε

±
ε
0
ϑω (ϖ)

]

K!(s)ds
=

[
ϱεε0(s)

]3
|f+(s)|

2
S
εε

EW
GEM(s),

(20)
where

K!(s) =
”e|Vud|

2

2m2
ω

(
1↑

s

m2
ω

)2(
1 +

2s

m2
ω

)
, (21)

”e ↓ ”[ω → eϑω ϑ̄e], ϱεε0 denotes the phase-space factor

ϱεε0(s) = ς
1/2

(
1,

M
2
ε

s
,
M

2

ε0

s

)
,

ς(a, b, c) = a
2 + b

2 + c
2
↑ 2(ab+ ac+ bc), (22)

and S
εε

EW
[10, 137–142] includes short-distance e!ects.

The rate is normalized to the leptonic decay width ”e,
which requires that the respective radiative corrections
#S

e

EW
= ϑ

2ε

(
25

4
↑ ε

2
)
that connect it to GF be removed

S
εε

EW
=

[
1 +#S̃EW(µϖ)

]2
↑#S

e

EW
. (23)

Besides providing a convenient normalization channel,
this convention also avoids mass corrections ↔ m

2
ω
/M

2

W
↔

5↗ 10→4 [120, 121], as would arise when using GF from
muon decay instead. The chiral LECs are contained in
GEM(s), depending linearly on Xϱ(µϖ) [83]

GEM(s)
∣∣
Xω(µε)=0

= GEM(s)
∣∣
Xω(µε)=X̄ω(µε)

+ e
2
X̄ϱ(µϖ).

(24)
The analysis of GEM(s) in Refs. [82, 83] is performed for
the reference value X̄ϱ(Mς) = 14↗10→3 [65], which can be
easily adjusted to an arbitrary value by means of Eq. (24).
It is evident that only the product Sεε

EW
GEM(s) is scale

and scheme independent, and in the following we will
therefore only consider the combined e!ect. Since both
S
εε

EW
and the relevant terms in GEM(s) do not depend on

the εε invariant mass s, the respective IB corrections for
the HVP contribution to aµ can simply be obtained by
scaling #āµ[Sεε

EW
] = ↑12.166(56)(8)↗10→10 accordingly,8

so that the analysis of Refs. [82, 83] can be updated via

#aµ[εε, ω ]↑#āµ[εε, ω ]

=
[#S

εε

EW
↑#ḠEM

#S̄εε

EW

↑ 1
]
#āµ[S

εε

EW
]

= ↑0.07(4)↗ 10→10
, (25)

8 Quantities taken from Refs. [82, 83] are indicated by a bar.

where #S
εε

EW
= S

εε

EW
↑ 1 from Eq. (23), #S̄

εε

EW
= 0.0233,

and

#ḠEM = ↑e
2

(
X̄ϱ(Mς)↑

1

4ε2
log

m
2
ω

M2
ς

)
. (26)

Including phase-space corrections in addition to S
εε

EW
and

GEM(s), we obtain

#aµ[εε, ω ] = ↑24.9(1)exp(5)th(1)SD ↗ 10→10
, (27)

with central value almost identical to Refs. [82, 83], but
the uncertainty from the short-distance matching, previ-
ously estimated as 1.3↗10→10 [77], has become negligible.
Accordingly, the uncertainty of isospin breaking in the
matrix elements, |FV

ε
/f+|, estimated as 4.7 ↗ 10→10 in

Ref. [77], now constitutes by far the dominant limitation
for the use of hadronic ω data in the evaluation of the
HVP contribution to aµ.
Conclusions—In this Letter, we presented the match-

ing of short-distance contributions and hadronic matrix
elements for pion ϱ decay and ω → εεϑω at NLL accuracy.
To this end, we first derived the required matching rela-
tions between ChPT and LEFT, both with the spurion
method, which yields explicit expressions for the relevant
LECs, and based on general properties of the amplitude
related to Ward identities, current algebra, and the IR
structure, which confirms the spurion analysis and reveals
a remarkable universality feature of the matching relation.
For the phenomenological analysis, we combined our

matching relations with recent results for the hadronic
matrix elements in lattice QCD and NLL corrections in
the strong coupling. As key results, we substantially im-
proved the radiative corrections to pion ϱ decay and the
short-distance contributions to ω → εεϑω . The remaining
theory uncertainty in Vud extracted from pion ϱ decay
now lies a factor of five below the precision goal of the
PIONEER experiment, rendering the phase-space factor
and thus the pion mass di!erence the limiting factor be-
sides the measurement of the branching fraction. For
ω → εεϑω , the main application concerns IB corrections
for the HVP contribution to aµ, in which case the remain-
ing uncertainties from the short-distance matching are
now negligible.
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where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
ε
ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV

∣∣∣
LL(ϱ) ↘ +3 · 10↗4

∆gV

∣∣∣
LL(ϱϱs)

↘ ↗1.6 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ ↗1.0 · 10↗4

∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)

∆gV

∣∣∣
LL(ϱ) ↘ +1.7 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.

S
εε
EW = S EW(mς) ↗ ∆S

e

EW ≃ 1 + ∆S̄
εε
EW

S EW(µ) =
[
C

LL
↽ (µ)

]2
↑ 1 +

2ϱ
ε

log
MZ

µ

GEM(s) = G0(s) + ∆Ḡ

∆Ḡ = ↗4εϱ

X̄ϑ(mϖ) ↗

1
4ε2 log

m
2
ς

m2
ϖ


 X̄ϑ(mϖ) = 14 ↔ 10↗3

GEM(s) = G0(s)

Γe =
G

2
F

m
5
ς

192ε3 ↔ (1 + ∆S
e
EW) (31)

3.2. ς→ εεφς

The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S

εε
EWGEM(s),

KΓ(s) =
Γe|Vud |

2

2m2
ς

(
1 ↗

s

m2
ς

)2(
1 +

2s

m2
ς

)
, (32)

where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
(
1,

M
2
ε

s
,

M
2
ε0

s

)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
EW =

[
1 + ∆S̃ EW(µω)

]2
↗ ∆S

e

EW ≃ 1 + ∆S
εε
EW (34)

∆S
e

EW =
ϱ

2ε

(25
4
↗ ε2
)
.

1 + ∆S̃ EW(µω) = C
NLLs
↽ (µ, a)

[
1 ↗ 2εϱXϑ(µ, µω, a)

]

∆

S
εε
EWGEM(s)


NEW- OLD

= ∆S
εε
EW ↗ (∆S̄

εε
EW + ∆Ḡ)

Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m

2
ς/M

2
W
↑ 5 ↔

10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]

GEM(s)
∣∣∣
Xϑ(µω)=0 = GEM(s)

∣∣∣
Xϑ(µω)=X̄ϑ(µω)

+ e
2
X̄ϑ(µω). (35)
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where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
ε
ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV

∣∣∣
LL(ϱ) ↘ +3 · 10↗4

∆gV

∣∣∣
LL(ϱϱs)

↘ ↗1.6 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ ↗1.0 · 10↗4

∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)

∆gV

∣∣∣
LL(ϱ) ↘ +1.7 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.

S
εε
EW = S EW(mς) ↗ ∆S

e

EW ≃ 1 + ∆S̄
εε
EW

S EW(µ) =
[
C

LL
↽ (µ)

]2
↑ 1 +

2ϱ
ε

log
MZ

µ

GEM(s) = G0(s) + ∆Ḡ

∆Ḡ = ↗4εϱ

X̄ϑ(mϖ) ↗

1
4ε2 log

m
2
ς

m2
ϖ


 X̄ϑ(mϖ) = 14 ↔ 10↗3

GEM(s) = G0(s)

Γe =
G

2
F

m
5
ς

192ε3 ↔ (1 + ∆S
e
EW) (31)

3.2. ς→ εεφς

The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S

εε
EWGEM(s),

KΓ(s) =
Γe|Vud |

2

2m2
ς

(
1 ↗

s

m2
ς

)2(
1 +

2s

m2
ς

)
, (32)

where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
(
1,

M
2
ε

s
,

M
2
ε0

s

)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (33)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
EW =

[
1 + ∆S̃ EW(µω)

]2
↗ ∆S

e

EW ≃ 1 + ∆S
εε
EW (34)

∆S
e

EW =
ϱ

2ε

(25
4
↗ ε2
)
.

1 + ∆S̃ EW(µω) = C
NLLs
↽ (µ, a)

[
1 ↗ 2εϱXϑ(µ, µω, a)

]

∆

S
εε
EWGEM(s)


NEW- OLD

= ∆S
εε
EW ↗ (∆S̄

εε
EW + ∆Ḡ)

Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m

2
ς/M

2
W
↑ 5 ↔

10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]

GEM(s)
∣∣∣
Xϑ(µω)=0 = GEM(s)

∣∣∣
Xϑ(µω)=X̄ϑ(µω)

+ e
2
X̄ϑ(µω). (35)
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∆aµ[ωω, ε]→∆āµ[ωω, ε] =
(∆S

ωω
EW → ∆ḠEM

∆S̄
ωω
EW

→1
)
∆āµ[S ωωEW] = → 0.07(4)↑10→10

Appendix A. Matching with the spurion method

The LECs entering Eq. (6) were obtained by matching LEFT
correlators onto ChPT ones at the one-loop level, following the
spurion method outlined in Refs. [26, 60]. This method consists
of promoting the parameters responsible for the chiral symme-
try breaking, i.e., quark masses and electroweak charges, to
dynamical fields transforming under SU(3)L↑ SU(3)R in such
a way that the LEFT Lagrangian preserves the chiral symme-
try. Then, following Refs. [83, 84], it is possible to build a
complete basis of effective operators involving leptons, pho-
tons, light mesons, and spurion sources up to order p

4 in the
chiral expansion and respecting chiral symmetry. By comput-
ing correlators at the one-loop level in both theories, it is then
possible to extract the renormalized LECs, which encode the
short-distance physics and the nonperturbative matrix elements
at a given order.

These correlators are defined by taking the functional deriva-
tives of the generating functional of the connected diagrams
(W) with respect to the spurion sources and computing matrix
elements between lepton and pion external states as

∫
d

4
x

〈
l(p)ϑ̄(q)

∣∣∣∣∣
ϖ2W(qA,qV ,qW )
ϖqb

V(A)(x)ϖqc

W
(0)

∣∣∣∣∣ω
c(r)
〉
, (A.1)

where qV(A) are the spurion sources associated with the vector
and axial-vector electric charge, while qW is the spurion field
associated with the weak current, both expressed in the adjoint
representation of SU(3). We adopt the LECs basis proposed in
Ref. [60], which allows one to separate the electroweak con-
tribution (X̂6) from the strong interaction one (X̂1, X̂2) in the
charged lepton kinetic term (X6) as

X6 = X̂6 +
4
3

X̂1 + 4X̂2. (A.2)

By adapting the results of Refs. [60, 116] to the MS (LEFT)
and MSϱ (ChPT) schemes, respectively, we find:

X̂6 =
1

16ω2

(
1 → log

µ2
ϱ

µ2

)
,

X̂1 + X1 = i
3
4

∫
d

d
k

(2ω)d

[
ΓVV (k, r)

k2 →
1

k2(k2 → µ2
0)

]

+
1

16ω2

[
→

3
4

log
µ2

µ2
0
+

3
2

B(a) +
33
8

+
ςs

4ω

(
3 log

µ2

µ2
0
+

3
2

Bs(a) → 3
)]
,

X̂2 = i
3
8

∫
d

d
k

(2ω)d

[
Ξ(k2) →

1
k2(k2 → µ2

0)

]
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10�10 [18]). We note that the quoted references did not include isospin breaking in the ⇢⇡⇡ coupling. The origin
and possible size of this correction is discussed in Section 0.1.4.

These corrections were evaluated using a number of di↵erent parameterizations in Ref. [18], taking inputs for the
IB in the ⇢masses and widths consistent with Ref. [4] and the PDG [35]. Based on analyticity tests, the dispersive form
factor based on Ref. [36] is taken as the reference result. The central value is obtained from the dispersive result in the
case where it has a conformal polynomial of fourth degree (constrained to comply with P-wave behaviour) accounting
for inelasticities. This yields �aHVP, LO

µ [⇡⇡, ⌧] = (+1.53+1.74
�1.73)⇥10�10 for the form factors correction [18]. The sum of all

IB corrections entering Eq. (1) gives �aHVP, LO
µ [⇡⇡, ⌧] = (�15.20+1.90

�2.27)⇥10�10. The associated systematic uncertainties
are estimated from the di↵erences among the various dispersive results, and adding linearly a 2% uncertainty to
account for the small di↵erence with respect to the GS value, leading to �aHVP, LO

µ [⇡⇡, ⌧] = (�15.20+2.26
�2.63)⇥ 10�10 [18].

Finally, we comment on ⇢–� mixing. First, we note that for a proper treatment of the ⇢ one just needs to correctly
describe the resonant behavior of pion form factors, either of the weak or the electromagnetic currents. The constraint
FV
⇡ (0) = 1, which is respected in any theoretically sound approach, completely settles the issue of a possible ⇢–
� mixing. This is obviously the case in a dispersive approach, but also holds in any Lagrangian framework that
couples hadrons to external sources representing the currents (this is the case in chiral perturbation theory, resonance
chiral theory, and any resonance model made consistent with chiral symmetry). The ⇢–� mixing issue may arise
in intermediate steps of calculations within a given Lagrangian model. For example, in Ref. [37] the e↵ect of such
a mixing was studied within the hidden local symmetry model. In QFT the mixing of two fields can be addressed
through a field redefinition. Since physical results should not depend on the field parameterization and given that the
⇢ meson is not an asymptotic state, performing the field redefinition that diagonalizes the ⇢–� quadratic terms is a
possible, but far from necessary choice. In most approaches it turned out to be more convenient not to perform this
diagonalization. However, if one performs the redefinition, the re-defined ‘⇢’ field couples to all charged particles, and
the resulting ⇢ee and ⇢µµ couplings should be taken into account, given that they a↵ect the leptonic QED cross section
used to normalize �(e+e� ! ⇡+⇡�). This e↵ect and its interplay with higher order corrections was not discussed in
Ref. [37]. Moreover, the large mixing corrections at

p
s � M⇢ and the large slope at

p
s ⌧ M⇢, leading to sizable

numerical e↵ects in Ref. [37], seem to arise from the fact that the pion form factor adopted does not incorporate the
basic short-distance asymptotic conditions imposed by QCD (i.e. vanishing at high momentum transfer), a constraint
whose relevance even at low energy has been thoroughly discussed in Ref. [24].

0.1.2. The dispersive approach
To first order in isospin breaking the photon-inclusive di↵erential decay rate for ⌧�(l1)! ⇡�(q1)⇡0(q2)⌫⌧(l2)[�(k)]

is given by [2, 3]
d�⇡⇡[�]

ds
= S ⇡⇡EW K�(s) �3

⇡±⇡0 (s)
��� f+(s)

���2 GEM(s) , (6)

where s = (q1 + q2)2 and f+(s) is the ⇡�⇡0 form factor. GEM(s) the electromagnetic correction factor defined as:

GEM(s) =

R tmax(s)
tmin(s) dt D(s, t)

⇥
1 + 2 f loop

elm (s, t) + grad(s, t)
⇤

R tmax(s)
tmin(s) dt D(s, t)

, (7)

with Mandelstam variable t = (l1 � q1)2, tmin,max(s) its lower, upper phase-space borders, and

D(s, t) =
m2
⌧

2
(m2
⌧ � s) + 2M2

⇡M2
⇡0 � 2t(m2

⌧ � s + M2
⇡ + M2

⇡0 ) + 2t2 . (8)

The functions f loop
elm (s, t) and grad(s, t) in Eq. (7) account for virtual and real corrections, respectively. While previously

these functions were calculated in (resonance) ChPT [2, 3, 15, 18], in this section we outline progress in a dispersive
approach [38]. First, the approximation of only taking into account intermediate hadronic states up to two pions is
justified phenomenologically: in the energy region and in the channel of interest inelastic e↵ects are known to be
small. Radiative corrections to them are therefore considered to be negligible. In this approximation the contribution
to f loop

elm in the dispersive framework is depicted in Fig. 1(a), where the light-blue blobs denote the pion vector form
factor (VFF).

3

• Factorization into Wilson coefficient ⨉ hadronic threshold correction  and  Hadronic Matrix Element is  
now under control at NLL

• Further factorization into ‘long-distance radiative corrections’ and  ‘form factor’ (matrix element of the 
hadronic current, which still contains IB) entails some additional choice (scheme) 

• ChPT and dispersive approach define form factor corrections as whatever is left after removing 
from the amplitude the long-distance radiative corrections and short-distance effects (LECs) 

• To compare, need a definition that can be implemented in any method, including Lattice QCD
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Challenge: isolating ‘form factor’  
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these functions were calculated in (resonance) ChPT [2, 3, 15, 18], in this section we outline progress in a dispersive
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• ChPT and dispersive approach define form factor corrections as whatever is left after removing 
from the amplitude the long-distance radiative corrections and short-distance effects (LECs) 

• To compare, need a definition that can be implemented in any method, including Lattice QCD
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Conclusions

• Described semileptonic CC processes involving low-energy pions beyond leading logarithms 

• Matched ‘LEFT’ to χPT to NLLs (ɑɑS) accuracy  

• Used lattice QCD results to evaluate the non-perturbative input

• Pion beta decay  (π+→π0e+νe):    

• Reduced theory uncertainty by factor of 3, now below the smallest expt. uncertainties 

• Even ‘cleaner’ avenue to extract Vud — need ten-fold exp. improvement (PIONEER) 

• 𝜏→ππν𝜏  and implications for tau-based HVP: 

• Uncertainty from short-distance matching reduced from 1.3⨉10-10 to 0.1⨉10-10

• Dominant uncertainty is in the form factor ratio:  need definition of  ‘form factor’ corrections  
that can be implemented in multiple methods, including LQCD
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Impact of NLL corrections

• From hadronic scale to endpoint 

where the last line, applicable in the limit me → 0 and neglect-
ing recoil corrections, demonstrates that with the choice log µω

2E0
in Eq. (23) indeed all logarithms disappear in ∆Iεϑ [101]. Us-
ing the results from Sec. 2, we find for the effective εε vector
coupling

g
ε
V

(Mϖ) = 1.01084(2)↭̄ε (3)µ[4]tot, (25)

where the first uncertainty is propagated from Eq. (17)7 and
the second one indicates the residual perturbative uncertainty
estimated by varying the decoupling and matching scales as in
Ref. [104]. For the radiative-correction factor ∆εϑRC we further
need to consider the evolution to µω ↑ 2E0, which gives

∆εϑRC = 0.03411(4)↭̄ε (5)µ(5)µω (7)ChPT[11]tot (26)

where the uncertainty denoted by µω comprises a variation of
µω within [E0/

↓
2,
↓

2E0] and of the matching scale within
[Mϖ/

↓
2,
↓

2Mϖ], dominated by the latter.
Our result (26) differs substantially from ∆εϑRC|[64] =

0.0332(1)↭̄ε (3)QED, primarily due to the low-energy RG cor-
rections and the quadratic terms in Eq. (23). In a fully lin-
earized form, the direct application of Eq. (25) would give
∆εϑRC = 0.0335, which then increases by

∆εϑRC

∣∣∣
LL+quadratic ↑

(ϱ
ε

)2[17
16

log2 Mϖ

2E0
+
(

log
MZ

Mϖ
+

3
4

log
Mϖ

2E0

)2]

↑ 4.7 ↔ 10↗4 (27)

due to LL and quadratic terms. The final result in Eq. (26) is
obtained from the full RG solution, including another ↑ 0.6 ↔
10↗4 from NLL.

Our improved evaluation of ∆εϑRC given in Eq. (26) implies

V
ε
ud
= 0.97342(281)Br(9)ςε (5)∆εϑRC

(27)Iεϑ [283]tot (28)

where the uncertainties refer to the branching fraction Br[ε± →
ε0

e
±φe(↼)] = 1.038(6) ↔ 10↗8 [61] (slightly adjusted to the cur-

rent normalization from Br[ε± → e
±φe(↼)] = 1.2326(23) ↔

10↗4 [91, 105–107]), the pion lifetime ςε [91, 108, 109], ∆εϑRC,
and the pion mass difference (21), respectively. Accordingly,
the theory uncertainty in the extraction of Vud due to ∆εϑRC is re-
duced by a factor of three, while all other sources of uncertainty
are of experimental origin.

∆gV

∣∣∣
LL(ϱ) ↘ +3 · 10↗4

∆gV

∣∣∣
LL(ϱϱs)

↘ ↗1.6 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ ↗1.0 · 10↗4

∆gV

∣∣∣
NLL(ϱϱs)

↘ ↗0.6 · 10↗4 (29)

∆gV

∣∣∣
LL(ϱ) ↘ +1.7 · 10↗4

∆gV

∣∣∣
NLL(ϱ) ↘ +0.5 · 10↗4 (30)

7For Ref. [66], we use the four-flavor analog of Eq. (8), yielding a g
ε
V

(Mϖ)
that only differs by 3↔ 10↗6 from the three-flavor result derived from Ref. [64].
Accordingly, we quote the average as our final value.

3.2. ς→ εεφς
The photon-inclusive ς→ εεφς decay rate is expressed as

dΓ
[
ς± → ε±ε0φς(↼)

]

ds
= KΓ(s)

[
↽εε0 (s)

]3
| f+(s)|2S

εε
EWGEM(s),

KΓ(s) =
Γe|Vud |

2

2m2
ς

(
1 ↗

s

m2
ς

)2(
1 +

2s

m2
ς

)
, (31)

where Γe ≃ Γ[ς→ eφςφ̄e], ↽εε0 denotes the phase-space factor

↽εε0 (s) = ⇀1/2
(
1,

M
2
ε

s
,

M
2
ε0

s

)
,

⇀(a, b, c) = a
2 + b

2 + c
2
↗ 2(ab + ac + bc), (32)

and S
εε
EW [10, 110–115] includes short-distance effects. The rate

is normalized to the leptonic decay width Γe, which requires
that the respective radiative corrections ∆S

e

EW that connect it to
GF be removed

S
εε
EW =

[
1 + ∆S̃ EW(µω)

]2
↗ ∆S

e

EW, ∆S
e

EW =
ϱ

2ε

(25
4
↗ ε2
)
.

(33)
Besides providing a convenient normalization channel, this
convention also avoids mass corrections ↑ m

2
ς/M

2
W
↑ 5 ↔

10↗4 [92, 93], as would arise when using GF from muon decay
instead. The chiral LECs are contained in GEM(s), depending
linearly on Xϑ(µω) [81]

GEM(s)
∣∣∣
Xϑ(µω)=0 = GEM(s)

∣∣∣
Xϑ(µω)=X̄ϑ(µω)

+ e
2
X̄ϑ(µω). (34)

The analysis of GEM(s) in Refs. [80, 81] is performed for the
reference value X̄ϑ(Mϖ) = 14 ↔ 10↗3 [65], which can be eas-
ily adjusted to an arbitrary value by means of Eq. (33). It is
evident that only the product S

εε
EWGEM(s) is scale and scheme

independent, reflecting the fact that a separation into long- and
short-distance corrections must at least depend on the separa-
tion scale. Since both S

εε
EW and the relevant terms in GEM(s) do

not depend on the εε invariant mass s, the respective IB correc-
tions for the HVP contribution to aµ can simply be obtained by
scaling ∆āµ[S εεEW] = ↗12.166(56)(8) ↔ 10↗10 accordingly,8 so
that the analysis of Refs. [80, 81] can be updated via

∆aµ[εε, ς] = ∆āµ[εε, ς] +
(∆S

εε
EW ↗ ∆ḠEM

∆S̄
εε
EW

↗ 1
)
∆āµ[S εεEW]

= ∆āµ[εε, ς] ↗ 0.07(4) ↔ 10↗10, (35)

where ∆S
εε
EW = S

εε
EW ↗ 1 from Eq. (32), ∆S̄

εε
EW = 0.0233, and

∆ḠEM = ↗e
2
(
X̄ϑ(Mϖ) ↗

1
4ε2 log

m
2
ς

M2
ϖ

)
. (36)

Including phase-space corrections in addition to S
εε
EW and

GEM(s), we obtain

∆aµ[εε, ς] = ↗24.9(1)exp(5)th(1)SD ↔ 10↗10, (37)

with central value almost identical to Refs. [80, 81], but the
uncertainty from the short-distance matching has become neg-
ligible.

8Quantities taken from Refs. [80, 81] are indicated by a bar.
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More details on matching

ω̃0 = 4, ω̃( f )
1 = a

28
27

(33 → 2n f ) +
10
9

n f → 33,

ε( f )
0 = →

4
3

Q2, ε( f )
1 = →4 Q4,

ε( f )
0s
=

33 → 2n f

3
, ε( f )

1s
= 102 →

38
3

n f , (C.3)

where n f = nu + nd is the total number of active quark fla-
vors, (with nu and nd the number of up and down quark flavors)
and Qn = 3(nuQ

n

u
+ ndQ

n

d
) + nϑQ

n

ϑ is the appropriate average of
fermionic charges (Qu = 2/3, Qd = →1/3, Qϑ = →1).

The solution to the RGE to NLLs accuracy can be written
as [35]
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Solving the RGE with initial condition given in Eq. (3) for
C

(5)
ε (µ, a) in the n f = 5 flavor theory at the weak scale and tak-

ing into account the various heavy-quark thresholds one obtains
for the three-quark theory (defined by integrating out simulta-
neously the charm quark and ς lepton) [35]

C
(3)
ε (µ, a) = J3(µ, a) u3(µ) M̂4 M̂5 Ĉ, (C.5)

with

Ĉ = u
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5 (µ, a) C

(5)(µ),

M̂ f = u
→1
f→1(µ) J

→1
f→1(µ, a) J f (µ, a) u f (µ). (C.6)

Neither Ĉ nor M̂ f depend on µ and a to NLLs accuracy [35].
Matching to ChPT as discussed in Appendix A and Ap-

pendix B, combining the results from Refs. [26, 35], we can
write

g
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Here the entire expression multiplying C
(3)
ε (µ, a) can be consid-

ered as the scheme- and scale-dependent matrix elements of the
Fermi operator Oε in the three-flavor theory (up to soft-photon
contributions that go into the Sirlin function). The scheme-
dependent finite correction Z

s.c.
O,O(µ, µ0, a) was worked out to

O(ϖ) in Ref. [26] and to O(ϖϖs) in Ref. [35]:
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As discussed in Appendix B, the first line in Eq. (C.7) corre-
sponds to the combination of LECs 1→(2e

2/3)(X1+ X̂1) (arising
from insertion of the isoscalar electromagnetic current), while
the term in the second line multiplying C

(3)
ε (µ, a) corresponds

to 1 → e
2
X̂6/2 → 2e

2(X̂2 → K12) (arising from insertions of the
isovector electromagnetic current).

Finally, one can write g
ϱ
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(µφ) = C̄
( f )
ε (µ) Ō

( f )
ε (µ, µφ) as

the product of the separately scheme-independent (but scale-
dependent) factors
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C
(3)
ε (µ, a),

Ō
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Using the explicit form of Z
s.c.
O,O(µ, µ0, a) and J3(µ, a) we arrive at

Eq. (6). All the terms of O(ϖ) and the logarithmic terms propor-
tional to ϖϖs agree with Ref. [26], once one takes into account
that the definitions of scheme-independent Wilson coefficients
adopted here and in that reference differ, which affects the non-
logarithmic coefficient of O(ϖ). The nonlogarithmic terms of
O(ϖϖs) arise from the NLLs analysis of Ref. [35].

In order to use the lattice-QCD results from Ref. [66] we also
match ChPT to LEFT with four active quark flavors. The inter-
mediate steps of the analysis are formally identical to what has
been described above, except that at µ ↓ 1.8 GeV we integrate
out only the ς and not the charm quark. Renaming the Wilson
coefficient and coupling constants below the ς threshold as C

(4̃)
ε ,

ϖ(4̃), ϖ(4̃)
s , we find that Eq. (6) is replaced by
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The input for the solution of the RGE is determined as fol-
lows. For ϖs we use [96, 122–132]

ϖ(5)
s

(MZ) = 0.1181(7), (C.11)

which we evolve [93, 94] using decoupling scales µb = mb

and µc = 1.8 GeV. For ϖ, we start from the Thomson limit
ϖ→1 = 137.0359991(1) [133–135] and evolve it to MZ in the
on-shell scheme, using the four-loop leptonic running ∆ϖlept =
314.979(2) ↑ 10→4 [136] and a range of hadronic contributions
∆ϖhad = 277.5(1.5) ↑ 10→4 that covers recent evaluations both
from lattice QCD and phenomenology [137–141]. Converting
to MS using ∆ϖ(5)


MS→∆ϖ

(5)

on-shell = 71.22(5)↑10→4 [96, 142],

we obtain
1/ϖ(5)(MZ) = 127.94(2). (C.12)

By convention, this MS value at MZ includes W
± loops, which

thus need to be removed to obtain the initial condition for the
RG in QED+QCD [26, 143]

1/ϖ(5)(MW ) = 127.925(20). (C.13)
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where n f = nu + nd is the total number of active quark fla-
vors, (with nu and nd the number of up and down quark flavors)
and Qn = 3(nuQ
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ϑ is the appropriate average of
fermionic charges (Qu = 2/3, Qd = →1/3, Qϑ = →1).
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Solving the RGE with initial condition given in Eq. (3) for
C

(5)
ε (µ, a) in the n f = 5 flavor theory at the weak scale and tak-

ing into account the various heavy-quark thresholds one obtains
for the three-quark theory (defined by integrating out simulta-
neously the charm quark and ς lepton) [35]

C
(3)
ε (µ, a) = J3(µ, a) u3(µ) M̂4 M̂5 Ĉ, (C.5)
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which we evolve [93, 94] using decoupling scales µb = mb

and µc = 1.8 GeV. For ϖ, we start from the Thomson limit
ϖ→1 = 137.0359991(1) [133–135] and evolve it to MZ in the
on-shell scheme, using the four-loop leptonic running ∆ϖlept =
314.979(2) ↑ 10→4 [136] and a range of hadronic contributions
∆ϖhad = 277.5(1.5) ↑ 10→4 that covers recent evaluations both
from lattice QCD and phenomenology [137–141]. Converting
to MS using ∆ϖ(5)
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on-shell = 71.22(5)↑10→4 [96, 142],

we obtain
1/ϖ(5)(MZ) = 127.94(2). (C.12)

By convention, this MS value at MZ includes W
± loops, which
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