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Photon

Leptons

❖ IsoQCD (C* bc’s) + RM123

❖ dynamical QCD+QED with C* bc’s

✦ Probing the SM through muon g-2 hadronic contributions 

✦ IB corrections important next step for improved precision  

✦ Compare the two approaches by computing a U-spin symmetric HVP-related observable [Altherr et al., 2506.19770 JHEP10(2025)158]

✦ Use C-periodic (C*) boundary conditions [Kronfeld and Wiese Nucl. Phys. B 357 (1991) 521, Lucini et al. JHEP02(2016)076] 

[WP25:  Aliberti et al., 2505.21476 [hep-ph], Phys. Rept. 1143 (2025) 1]

                compute hadronic observables in full QCD+QED using C* boundary 
conditions as FV QED prescription [Lucini et al. 1509.01636 JHEP02(2016)076, Campos 
et al. 1908.11673 EPJC 80 (2020) 3, Bushnaq et al.,2209.13183 JHEP03, 012 (2023)]

úRC

CRú
➡ expand about iso-symmetric theory

[RM123: Divitiis et al. 1303.4896 PRD 87 (2013) 11]

[Aguillard et al., arXiv:2506.03069 Phys.Rev.Lett. 135 (2025)]
2026 Breakthrough Prize in Fundamental 
Physics for the Muon g-2 experiment

Two approaches to HVP in QCD+QED by RC*
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 approach to lattice QCD+QEDQEDC

[openQ*D:  https://gitlab.com/rcstar/openQxD]

https://gitlab.com/rcstar/openQxD.


C⇤ b.c.s via orbifolding
Carmona, D’Elia, Di Giacomo, Lucini, Int. J. Mod. Phys. C 11, 637 (2000)
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Paola Tavella

[RBC/UKQCD: Boyle et al, 1706.05293 JHEP 09 (2017) 153]

✦ Which approach gives better statistical precision (for HVP)? 

✦ RM123 or QCD + QEDq

✦ RM123 or dynamical QCD + QED

[RC*: Paola Tavella @ 8th plenary workshop of the Muon g-2 TI Initiative; 
PoS LATTICE2025 (2026) 198, arXiv:2605.01085]

Alessandro Cotellucci Anian Altherr Klemen Kersic

Comparing the two approaches to HVP in QCD+QED

Letizia ParatoTim Harris Javad Komijani Roman Gruber
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✦ RM123 or full  simulationQCD + QED
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Scheme choice for QCD+QED and isoQCD

✦ unphysical point 

✦ SU(3) symmetry in isoQCD

✦ U-spin symmetry in QCD+QED: 

✦   improved Wilson fermions

Mπ ≈ 400 MeV

md = ms

Nf = 1 + 2 + 1 O(a)

[CLS: Bruno, Korzec, Schaefer 1608.08900 PRD 95 (2017) 074504]

[Credit: P. Tavella]



U-spin symmetric hadronic vacuum polarization: aU,w
μ

Local-local and local-conserved corr.

[Blum et al. PRL121, 022003 (2018)]

 aU
μ = 3

4 a33
μ [Gerardin, Harris, Meyer, PRD99, 014519 (2019)]

[Credit: P. Tavella]



Two ensembles with C* bc’s: isoQCD and QCD+QED 

✦ Comparison between two ensembles (QCD: ; full QCD+QED: 

) 

✦ Similar volume and similar pion mass, the same   different lattice 
spacing 

✦  improved Wilson fermions; Improvement coeff.  

[Fritzsch et al. JHEP06 (2018)025] and 

✦ Similar hopping parameters; same statistics:  gauge configurations 

αR = 0
α ≈ αem

β ⟶
a

O(a) cSU(3)
SW = 2.18859

cU(1)
SW = 1

2000

[https://rcstar.gitlab.io/ensembles/]

[RC*: Alther et al.  2506.19770 JHEP10(2025)158]

https://rcstar.gitlab.io/ensembles/
https://arxiv.org/abs/2506.19770


Matching isoQCD and QCD+QED [RC*: Alther et al.  2506.19770 JHEP10(2025)158]

[Bushnaq et al. JHEP03, 012 (2023)]

[RC*: Alther et al.  2605.01085 PoS(LATTICE2025)198]

✦ On the QCD+QED ensemble mass reweighting (RW) is applied to compare at the same point in the 

✦ RW coefficients taken from [Bushnaq et al. JHEP03, 012 (2023)]; small RW  no significant effect on the uncertainties 

(ϕ1, ϕ2)

→

https://arxiv.org/abs/2506.19770
https://arxiv.org/abs/2605.01085


Two strategies for comparison [RC*: Alther et al.  2506.19770 JHEP10(2025)158]
[RC*: Alther et al.  2605.01085 PoS(LATTICE2025)198]

[Credit: P. Tavella]

https://arxiv.org/abs/2506.19770
https://arxiv.org/abs/2605.01085


RM123: correction to aU,w
μ [RC*: Alther et al.  2506.19770 JHEP10(2025)158]

[RC*: Alther et al.  2605.01085 PoS(LATTICE2025)198]

[Credit: P. Tavella]

https://arxiv.org/abs/2506.19770
https://arxiv.org/abs/2605.01085


Ingredients at fixed bare parameters (valence vs. sea effects)

[Credit: P. Tavella]

Paola Tavella

Alessandro Cotellucci

[A. Cotellucci et al. 2502.03145] 

[RC*: Alther et al.  2506.19770 JHEP10(2025)158]
[RC*: Alther et al.  2605.01085 PoS(LATTICE2025)198]

https://arxiv.org/abs/2502.03145
https://arxiv.org/abs/2506.19770
https://arxiv.org/abs/2605.01085


Mass shifts and final comparison for  (incl. sea-sea effects)aU,w
μ

                                            

aU,w
μ × 1011

[RC*: Alther et al.  2506.19770 JHEP10(2025)158]
[RC*: Alther et al.  2605.01085 PoS(LATTICE2025)198]

[Credit: P. Tavella]

https://arxiv.org/abs/2506.19770
https://arxiv.org/abs/2605.01085


✦ Sampling of full QCD+QED path integral and perturbative QED (RM123) [Altherr et al. (RC*), 2506.19770 JHEP10(2025)158]

✦ U-spin symmetric intermediate window contribution , no disconnected contributions due to isospin symmetry

✦ RM123 includes sea-quark contributions at   [A. Cotellucci et al. 2502.03145]  , , fixed 

aU,w
μ

O(a) mπ ≈ 400 MeV L ≈ 1.7 fm a ≈ 0.05 fm

Summary: comparing the two approaches to QCD+QED

aU,w
μ × 1011 = {1094(21) RM123

1085(7) dynamical QCD + QED

[Sea-quark effects also fully included by BMW, see talk by Bálint Tóth, Wed. 10.30am]

https://arxiv.org/abs/2506.19770
https://arxiv.org/abs/2502.03145


Finite volume effects to the HVP

                                            

✦ Sampling of full QCD+QED path integral and QCD+RM123 approach [Altherr et al. (RC*), 2506.19770 JHEP10(2025)158]

[https://rcstar.gitlab.io/ensembles/]

https://arxiv.org/abs/2506.19770
https://rcstar.gitlab.io/ensembles/


                                            

✦ Three additional gauge ensembles with larger volume (isoQCD) in the usual RC* setup

[https://rcstar.gitlab.io/ensembles/]

Finite volume effects to  in isoQCDa33,w
μ

[Bernecker, Meyer  EPJA 47 (2011) 148]

a33,w
μ = ( α

π )
2

∫ dt G33(t)K̃(t; mμ)wI(t)

https://rcstar.gitlab.io/ensembles/


                                            

✦ Numerical estimate of the finite volume (FV) effects on four ensembles with same lattice spacing and similar pion mass 

✦ Expected pion mass dependence of the FV effects vs. measurements on RC* ensembles [Hansen, Patella, Phys.Rev.Lett. 123 (2019) 172001]

mπ ≈ 400 MeV

C* bc’s: Δa33,w
μ = a33,w

μ (∞) − a33,w
μ (L)

Δa
33

,w
μ

(L
)

Finite volume effects to  in isoQCDa33,w
μ



                                            

✦ Analytic estimate of the leading FV effects, Hamiltonian formalism: quantization along a spatial direction [Hansen, Patella, Phys.Rev.Lett. 123 (2019) 172001]

✦ Periodic bc’s [Hansen, Patella, Phys.Rev.Lett. 123 (2019) 172001] see also [Aubin et al.PRD93, 054508 (2016), Bijnens, Relefors JHEP 12, 114 (2017)]

➡  forward Compton scattering amplitude

➡ Dominant contribution: pion pole       [space-like form factor]

ΔG1+3(x0 |L) = − 1
3 ∑

q=0,±1
∫

dp3
2π

e−L m2
π + p2

3

4πL
× Re∫

dk3
2π

eik3x0 Tq(−k2
3 , − k3p3)

Tq

T±1 ≈ F2
π (−k2

3)

✦ C* bc’s [P. Tavella, LATT2026, 28 July, 4.30p]  see also [Martins,Patella, PoS LATTICE2022 (2023) 323, 2212.09565]

➡

➡ Additional contribution:      [Dominant: time-like form factor ]

ΔG1,C*(x0 |L) = − 1
3 ∫

dp3
2π

e−L m2
π + p2

3

4πL
× Re∫

dk3
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3 , − k3p3)

ΔG2a+2b(x0 |L) = − 1
2π ∫ dP3eiP3x0 ∫

∞

4m2π

ds
e− L

2 s + P2
3

s + P2
3

s ρππ(s) +O(e− 3
2 Lmπ) |Fπ (s) |2

Finite volume effects to  in isoQCDa33,w
μ

Paola Tavella

https://arxiv.org/abs/2212.09565


                                            

✦ Prediction for the leading* FV effects at physical pion mass [left]

✦ Plugging in time-like pion form factor [Erben, Green, Mohler, Wittig, PRD 101 (2020) 5, 054504] describes measured RC* data [right]

✦ NB: corrections beyond leading still need to be included

Finite volume effects to  in isoQCDa33,w
μ



                                            

[See poster and talk by Khai Phan, Thu. 12.15p]

✦ Alternate route to : the two-current subtraction [Blum et al., PRL 114 (2015) 012001], no four-point function; extends to fully dynamical 

QCD+QED with C* bc’s (leading disconnected automatically included)

✦ Leptonic benchmark against the exact perturbative target [Laporta, Remiddi, PLB 301 (1993) 440];  resolved on two geometries [left]

✦ Estimator statistics as a function of electromagnetic coupling : signal , subtracted variance  [right]

aHLbL
μ

F2 (Q2)

α ∝ α3 ∝ α6

Hadronic Light by Light with C* bc’s



✦ Compared two approaches to lattice QCD+QED: sampling of full QCD+QED path integral and perturbative QED (RM123)

✦                                                                                              [Altherr et al., 2506.19770 JHEP10(2025)158]  , , 

✦ Extend to other observables: baryons [Rosso et al., PoS(LATTICE2025)080, 2602.23910],  including IB; [E. Bäske @ LATT26]; renormalization 

of  [L. Holan @ LATT26];

✦ Better understanding of volume dependence in QCD [P. Tavella @ LATT26]; see also [Martins,Patella, PoS LATTICE2022 (2023) 323, 2212.09565]

✦ Ongoing: QED FV effects to meson masses [K. Kersic @ LATT26], disconnected HVP [A. Altherr, K. Kersic, T. Harris], HLbL contribution [see poster and 

talk by Kai Phan, Thu. 12.15p]

✦ Next steps HVP-related: QED FV effects to ,   dependence of , continuum limit

mπ ≈ 400 MeV L ≈ 1.7 fm a ≈ 0.05 fm

Γ(τ → Xντ)
HW

aHVP
μ mπ aHVP

μ

Summary & Outlook

aU,w
μ × 1011 = {1094(21) RM123

1085(7) full QCD + QED

https://arxiv.org/abs/2506.19770
https://pos.sissa.it/518/080/
https://arxiv.org/abs/2602.23910
https://arxiv.org/abs/2212.09565
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Additional slides



✦ Expand about isosymmetric theory: isoQCD (C* bc’s) + RM123 [RM123: Divitiis et al. 1303.4896 PRD 87 (2013) 11]

Mass corrections to  meson masses π±

                                            

[Credit: K. Kersic]



                                            

Mass corrections to  meson masses π±

[Credit: K. Kersic]

[Bushnaq et al. JHEP03, 012 (2023)]



✦ Including universal terms; one-parameter fit: using fitted isoQCD values, two-parameter fit: directly fitting IBE data

                                            

Mass corrections to  meson masses π±

[Credit: K. Kersic]



✦ Universal term subtracted using theoretical , ;  not present with C* bc’s [Lucini et al. JHEP02(2016)076] c1 c2 1/L3

                                            

[Credit: K. Kersic]

Mass corrections to  meson masses π±



                                            

✦ Numerical estimate of the finite volume (FV) effects on four ensembles with same lattice spacing and similar pion mass 

✦ Expected pion mass dependence of the FV effects vs. measurements on RC* ensembles [Hansen, Patella, Phys.Rev.Lett. 123 (2019) 172001]

mπ ≈ 400 MeV

Finite volume effects to  in QCDa33,w
μ



Leading FV effects to  in QCD: stepsa33,w
μ

                                            



Dynamical QCD+QED



Perturbative treatment of IB corrections: RM123

              

Coulomb gauge:  
3

∑
k=1

∂*Ak(x) = 0



Perturbative treatment of IB corrections: RM123



Non-perturbative calculations of hadronic contributions to the muon g-2                 

✦ Hadronic contributions are obtained by integrating over all possible virtual photon momenta

✦ P.T. cannot reliably compute full hadronic contribution

✦ Two-point & four-point correlation functions:

 
        HVP:            HLbL:            ⟨0 |T{jμ jν} |0⟩ ⟨0 |T{jμ jν jρ jσ} |0⟩

Introduction HVP HLbL Summary/Outlook References non-perturbative QED Perturbative QED in configuration space next steps

Hadronic light-by-light (HLbL) scattering

+ + · · ·

Models: (105 ± 26) ⇥ 10�11
[Prades et al., 2009, Benayoun et al., 2014]

(116 ± 40) ⇥ 10�11
[Jegerlehner and Ny↵eler, 2009]

systematic errors di�cult to quantify
Dispersive approach di�cult, but progress is being made
[Colangelo et al., 2014b, Colangelo et al., 2014a, Pauk and Vanderhaeghen, 2014b,

Pauk and Vanderhaeghen, 2014a, Colangelo et al., 2015]

First non-PT QED+QCD calculation [Blum et al., 2015]

Very rapid progress with pQED+QCD [Jin et al., 2015]

New HLbL scattering calculation by Mainz group [Green et al., 2015]

Tom Blum (UCONN / RBRC) Progress on computing the muon anomalous magnetic moment from lattice QCD(+QED)

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t ! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.

3

⇧̂(q2) = ⇧(q2)�⇧(0)aHVP,LO
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⇣↵
⇡
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Z

dq2!(q2) ⇧̂(q2)

The status of                    : BNL E821 experiment vs SM predictionIntro HLbL: gauge & crossing HLbL dispersive Conclusions Status of (g − 2)µ Approaches to HLbL

Status of (g − 2)µ, experiment vs SM
aµ

[

10−11
]

∆aµ
[

10−11
]

experiment 116 592089. 63.

QED O(α) 116140973.21 0.03
QED O(α2) 413217.63 0.01
QED O(α3) 30141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584718.95 0.04

electroweak, total 153.6 1.0
HVP (LO) [Hagiwara et al. 11] 6 949. 43.
HVP (NLO) [Hagiwara et al. 11] −98. 1.
HLbL [Jegerlehner-Nyffeler 09] 116. 40.

HVP (NNLO) [Kurz, Liu, Marquard, Steinhauser 14] 12.4 0.1
HLbL (NLO) [GC, Hoferichter, Nyffeler, Passera, Stoffer 14] 3. 2.

theory 116 591855. 59.

aµ = (g � 2)µ/2

aexp
µ � aSM

µ ⇠ 3 �

The Standard Model prediction for aµ

aµ [10−11] ∆aµ [10−11]

experiment 116 592 089. 63.

QED O(α) 116 140 973.21 0.03
QED O(α2) 413 217.63 0.01
QED O(α3) 30 141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584 718.85 0.04

electroweak 153.2 1.8

had. VP (LO) 6923. 42.
had. VP (NLO) –98. 1.

had. LbL 116. 40.

total 116 591 813. 58.

µ µ

hadrons

B. Kubis, Theπ0 and η Transition Form Factors and the Anomalous Magnetic Moment of the Muon – p. 5

[Muon g-2 theory Initiative, White Paper Update 
[WP25], Phys.Rept.1143 
(2025), 2505.21476 [hep-ph]]

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ
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