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Challenges to matching FNAL E989 prec. from lattice QCD
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Critical slowdown of 
Markov Update

Quick overview of improvements to all three

lim
a→0

mu ≠ md

α ≠ 0 Cij = ⟨O†
i Oj⟩

QED / Isospin-breaking Variational approach



Addressing the diffusion aspect:
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see arXiv:2502.05452

Towards the continuum limit

• Markov update has a diffusion process that scales naively as   
and a tunneling process that scales exponentially in the lattice spacing

a−2

Addressing the tunneling aspect:

• Applying a field transformation, U = f(V), and integrating in V instead of U can speed up the diffusive process 
by slowing down the movement of high-frequency modes and rescaling the trajectory length 
(FTHMC)

• Add bias potential V(Q) to the action with appropriately smeared Q to re-gain control over global topological 
sectors.
for bias potential, see arXiv:2307.04742



Diffusive scaling
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• Let’s look at FTHMC with stout smearing ( ), Iwasaki gauge, 2+1+1f Mobius DWF, physical  and 
and  ; dimensionless trajectory length is  

• FTHMC and large  approximately 3x faster than regular HMC, effects from FTHMC and large  compound 

• Autocorrelation (with stochastically local measure):

ρ = 0.12 ms mc
mu = md = ms τu

τu τu
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• With very large  simulation at 10 GeV scales better than τu a−2



Tunneling
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• Topological tunneling needs separate attention, problem is mild at large physical volumes 

• We take control again of topological sectors by adding a bias potential V(Q) with GPT’s automatic differentiation 
features;  then perform separate streams in fixed sectors and combine them with locally determined susceptibility: 
 

     with    ⟨Q2⟩ = lim
r→∞

⟨Q2⟩r ⟨Q2⟩r = ∑
x,|δ|<r

⟨Q(x)Q(x + δ)⟩
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• Plot shows  for two ensembles after adjusting for 
their 
volume and lattice spacing 

• C is a  physical pion mass ensemble at 
 

• 128I is a  physical pion mass ensemble at 

⟨Q2⟩r

643 × 128
a−1 = 1.73 GeV

1283 × 288
a−1 = 3.54 GeV



New 2+1 and 2+1+1 flavor ensembles
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data produced at Aurora (< 10 GeV) and JUPITER = 10 GeV using 
GPT (production code at https://github.com/lehner/gpt)
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• Unitary charm for 2+1+1 flavor ( =1.8) 

• Crucial for precision in short-distance HVP window and 
for  decays
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https://github.com/lehner/gpt


Noisy QED diagrams
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FIG. 1: QCD + QED diagrams considered in this work. Diagrams related by symmetry are identified by their
common topology. The black dots represent the insertion of an external operator.

with diagrams defined in Fig. 1. Symmetry factors, signs related to fermion loops, and the →ie charge factors are
kept explicit throughout this paper. Suppressing the coordinates, diagram (c) therefore stands for Tr[D→1ωiD→1ωi]
for a fixed value of spatial i. Since the vector currents transform in the three-dimensional Tu

1 representation of the
octahedral symmetry group, each fixed value of spatial i gives the same result. We can therefore equivalently consider
the diagrams to represent the average over the spatial i.

For su!ciently long temporal extents, the correlators can be written in terms of sums over all eigenstates n of the
finite-volume Hamiltonian

G(t) =
∑

n

cne
→Ent =

∑

n

c(0)
n

e→E
(0)
n t + e2

∑

n

(c(2)
n

→ tE(2)
n

c(0)
n

)e→E
(0)
n t (4)

with cn = c(0)n +e2c(2)n = |↑0|Vi|n↓|2 and En = E(0)
n +e2E(2)

n . Linear terms in e are absent due to the charge-conjugation
symmetry of the theory. The sum over n is over all states of the QCD+QED system, i.e., it includes ε+ε→ states,
a ϑ state, as well as states with a photon such as ε0ω. States including a photon do not contribute in leading order

and, therefore, must have c(0)n = 0 in this expression. The contribution of the ε0ω state in the second-order diagrams

in e therefore can be written simply as e2c(2)ωε e→E
(0)
ωε t. States that are already present in pure QCD such as the ϑ or

εε states receive a correction to both their amplitude and their energy.
The external vector currents need to be renormalized by multiplying appropriate factors of the vector current

renormalization factor ZV = ZQCD
V

ZQED
V

. If conserved vector currents are used in the lattice calculation, we have

ZQCD
V

= 1. It is useful to write ZQED
V

= 1 + e2ZQED,(2)
V

such that at second order in e the renormalized correlator is

Gren(t) = Z2
V
G(t) = (ZQCD

V
)2

∑

n

c(0)
n

e→E
(0)
n t + e2(ZQCD

V
)2

∑

n

((c(2)
n

+ 2ZQED,(2)
V

c(0)
n

)→ tE(2)
n

c(0)
n

)e→E
(0)
n t . (5)

Two additional powers of ZQCD
V

for the e2 term need to be included if local currents are used to couple to the photons
in the action. We adopt this choice in this work and therefore additional photon tadpole diagrams are absent in Fig. 1.

The amplitudes c(2)n for states that are already present in pure QCD are therefore modified by this renormalization

procedure, however, the energy corrections E(2)
n and the new state amplitudes such as c(2)ωε are well-defined even without

the inclusion of ZQED
V

. Note that additional diagrams to account for shifts of the quark masses need to be included
as well to complete the renormalization of the theory but this is not needed for the long-distance reconstruction
considered in this work.

In order to reconstruct the long-distance behavior of G(2), we need to determine c(2)n and E(0)
n for the new states

including a photon as well as c(0)n , c(2)n , E(0)
n , and E(2)

n for the states already present in pure QCD. This can be achieved
by studying a correlation matrix

Cij = ↑OiO
†
j
↓ , (6)

• Needed for muon g-2 HVP at desired precision, long-distance component not yet well studied 

• Burger diagrams (D1) and (D1d) are a particular challenge (reweighting) that universally applies to 
all quantities at sufficiently high precision 

• See Julian Parrino’s talk for an update on all apart from (D1) and (D1d) and (D3)
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Long-distance reconstruction of QED corrections to the hadronic vacuum polarization
for the muon g-2

C. Lehner,1, → J. Parrino,1 and A. Völklein1

1Fakultät für Physik, Universität Regensburg, Universitätsstraße 31, 93040 Regensburg, Germany
(Dated: September 1, 2025)

The long-distance contribution of QED corrections to the hadronic vacuum polarization is par-
ticularly challenging to compute in lattice QCD+QED. Currently, it is one of the limiting factors
towards matching the precision of the recent result by the Fermilab E989 experiment for the muon
g-2. In this work, we present a method for obtaining high-precision results for this contribution
by reconstructing exclusive finite-volume state contributions. We find relations between the pion-
photon contributions of individual diagrams and demonstrate the reconstruction method with lattice
QCD+QED data at a single lattice spacing of a→1 → 1.73 GeV and mω → 275 MeV.

PACS numbers: 12.38.Gc

I. INTRODUCTION

In the recent whitepaper of the Muon g-2 Theory Initiative [1], lattice QCD+QED calculations have for the first
time been used to provide the standard model result for the hadronic vacuum polarization contribution to the muon
g-2. This has been made possible by a concerted e!ort of the lattice community over the past decade to subdivide the
calculation into individual contributions with specific challenges that are then addressed in a targeted approach. The
calculations are typically organized as an expansion around an isospin symmetric QCD calculation, and correctons
are added to leading order in the fine-structure constant ω = e2/(4ε) as well as the mass di!erence of up- and
down-quarks. The currently available results [2–6] unfortunately do not compute the long distance part of the QED
corrections from first principles but instead either truncate at some distance or replace the long distance part with a
model such as the phenomenological model of Ref. [7].

For the isospin symmetric QCD contribution, the challenges of large statistical noise and finite-volume e!ects at
long distances have recently been successfully addressed by a reconstruction of the long-distance part from a dedicated
study of exclusive finite-volume states [6, 8] completing an e!ort started many years ago that even included a study
of four-pion states [9]. In the current paper, we extend this idea to QCD+QED calculations by providing a method
to reconstruct the long-distance part of the QED corrections to the hadronic vacuum polarization.

In Sec. II, we describe the method and provide a first numerical demonstration in Sec. III for a single lattice spacing
of a↑1 = 1.7312(28) GeV, mω = 274.8(2.5) MeV, mK = 530.1(3.1) MeV with mωL = 3.8 on a 243 → 48→ 24 Mobius
Domain Wall ensemble with Iwasaki gauge action [8, 10]. We use the QEDL [11] but our results directly translate to
other QED regulators with a well-defined transfer matrix such as QEDr [12].

II. METHODOLOGY

A. QCD + QED correlation functions

Let us consider the spectral representation of the light vector-vector correlator G(t) in Euclidean QCD+QED at
second order in the electromagnetic charge e,

G(t) ↑ 1

3

∑

i

↓Vi(t, ϑp = 0)V †
i
(t = 0, ϑp = 0)↔ = G(0)(t) + e2G(2)(t) (1)

with sum over spatial i and

Vj(t, ϑp) =
1↗
L3

∑

εx

eiεx·εp
(
i
2

3
ū(t, ϑx)ϖju(t, ϑx)↘ i

1

3
d̄(t, ϑx)ϖjd(t, ϑx)

)
, (2)

where u and d are the up and down quark fields and L3 is the spatial volume. Performing the Wick contractions gives

G =
5

9
(c)↘ 1

9
(d) + e2

(
↘17

81
((V ) + 2(S)) +

25

81
(F ) +

14

81
((T ) + (D3))↘ 10

81
(Td)

+
25

162
(D1)↘ 5

162
((D1d) + (D2)) +

1

162
(D2d)

)
(3)
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See C. Lehner talk at CERN on July 8, 2026 on how to simulate 
dynamical DWF QCD+QED with local vector currents (https://
indico.cern.ch/event/1616325/)

1

2



Domain decomposed short-distance fields
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3

Domain-decomposed short-distance fieldSparse field Tadpole field

new!

2
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FIG. 1: QCD + QED diagrams considered in this work. Diagrams related by symmetry are identified by their
common topology. The black dots represent the insertion of an external operator.

with diagrams defined in Fig. 1. Symmetry factors, signs related to fermion loops, and the →ie charge factors are
kept explicit throughout this paper. Suppressing the coordinates, diagram (c) therefore stands for Tr[D→1ωiD→1ωi]
for a fixed value of spatial i. Since the vector currents transform in the three-dimensional Tu

1 representation of the
octahedral symmetry group, each fixed value of spatial i gives the same result. We can therefore equivalently consider
the diagrams to represent the average over the spatial i.

For su!ciently long temporal extents, the correlators can be written in terms of sums over all eigenstates n of the
finite-volume Hamiltonian

G(t) =
∑

n

cne
→Ent =

∑

n

c(0)
n

e→E
(0)
n t + e2

∑

n

(c(2)
n

→ tE(2)
n

c(0)
n

)e→E
(0)
n t (4)

with cn = c(0)n +e2c(2)n = |↑0|Vi|n↓|2 and En = E(0)
n +e2E(2)

n . Linear terms in e are absent due to the charge-conjugation
symmetry of the theory. The sum over n is over all states of the QCD+QED system, i.e., it includes ε+ε→ states,
a ϑ state, as well as states with a photon such as ε0ω. States including a photon do not contribute in leading order

and, therefore, must have c(0)n = 0 in this expression. The contribution of the ε0ω state in the second-order diagrams

in e therefore can be written simply as e2c(2)ωε e→E
(0)
ωε t. States that are already present in pure QCD such as the ϑ or

εε states receive a correction to both their amplitude and their energy.
The external vector currents need to be renormalized by multiplying appropriate factors of the vector current

renormalization factor ZV = ZQCD
V

ZQED
V

. If conserved vector currents are used in the lattice calculation, we have

ZQCD
V

= 1. It is useful to write ZQED
V

= 1 + e2ZQED,(2)
V

such that at second order in e the renormalized correlator is

Gren(t) = Z2
V
G(t) = (ZQCD

V
)2

∑

n

c(0)
n

e→E
(0)
n t + e2(ZQCD

V
)2

∑

n

((c(2)
n

+ 2ZQED,(2)
V

c(0)
n

)→ tE(2)
n

c(0)
n

)e→E
(0)
n t . (5)

Two additional powers of ZQCD
V

for the e2 term need to be included if local currents are used to couple to the photons
in the action. We adopt this choice in this work and therefore additional photon tadpole diagrams are absent in Fig. 1.

The amplitudes c(2)n for states that are already present in pure QCD are therefore modified by this renormalization

procedure, however, the energy corrections E(2)
n and the new state amplitudes such as c(2)ωε are well-defined even without

the inclusion of ZQED
V

. Note that additional diagrams to account for shifts of the quark masses need to be included
as well to complete the renormalization of the theory but this is not needed for the long-distance reconstruction
considered in this work.

In order to reconstruct the long-distance behavior of G(2), we need to determine c(2)n and E(0)
n for the new states

including a photon as well as c(0)n , c(2)n , E(0)
n , and E(2)

n for the states already present in pure QCD. This can be achieved
by studying a correlation matrix

Cij = ↑OiO
†
j
↓ , (6)

Idea: two vertices never far from each other, so quark propagators should not depend on 
gauge fields far away.  Setup small ( ) Dirichlet subvolumes that can all be solved at same 
time.  For a  ensemble get  source positions for cost of one propagator.

84

643 × 128 8192



11

Why are domain decomposed Dirichlet boxes better than a sparse Z2 grid?

Spurious Z2 sources spoil crucial short-distance quark propagators!  Domain decomposed 
short-distance fields do not have this issue.
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First results of (D1) with new method on large-volume physical pion mass ensemble (C)
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FIG. 1: QCD + QED diagrams considered in this work. Diagrams related by symmetry are identified by their
common topology. The black dots represent the insertion of an external operator.

with diagrams defined in Fig. 1. Symmetry factors, signs related to fermion loops, and the →ie charge factors are
kept explicit throughout this paper. Suppressing the coordinates, diagram (c) therefore stands for Tr[D→1ωiD→1ωi]
for a fixed value of spatial i. Since the vector currents transform in the three-dimensional Tu

1 representation of the
octahedral symmetry group, each fixed value of spatial i gives the same result. We can therefore equivalently consider
the diagrams to represent the average over the spatial i.

For su!ciently long temporal extents, the correlators can be written in terms of sums over all eigenstates n of the
finite-volume Hamiltonian

G(t) =
∑

n

cne
→Ent =

∑

n

c(0)
n

e→E
(0)
n t + e2

∑

n

(c(2)
n

→ tE(2)
n

c(0)
n

)e→E
(0)
n t (4)

with cn = c(0)n +e2c(2)n = |↑0|Vi|n↓|2 and En = E(0)
n +e2E(2)

n . Linear terms in e are absent due to the charge-conjugation
symmetry of the theory. The sum over n is over all states of the QCD+QED system, i.e., it includes ε+ε→ states,
a ϑ state, as well as states with a photon such as ε0ω. States including a photon do not contribute in leading order

and, therefore, must have c(0)n = 0 in this expression. The contribution of the ε0ω state in the second-order diagrams

in e therefore can be written simply as e2c(2)ωε e→E
(0)
ωε t. States that are already present in pure QCD such as the ϑ or

εε states receive a correction to both their amplitude and their energy.
The external vector currents need to be renormalized by multiplying appropriate factors of the vector current

renormalization factor ZV = ZQCD
V

ZQED
V

. If conserved vector currents are used in the lattice calculation, we have

ZQCD
V

= 1. It is useful to write ZQED
V

= 1 + e2ZQED,(2)
V

such that at second order in e the renormalized correlator is

Gren(t) = Z2
V
G(t) = (ZQCD

V
)2

∑

n

c(0)
n

e→E
(0)
n t + e2(ZQCD

V
)2

∑

n

((c(2)
n

+ 2ZQED,(2)
V

c(0)
n

)→ tE(2)
n

c(0)
n

)e→E
(0)
n t . (5)

Two additional powers of ZQCD
V

for the e2 term need to be included if local currents are used to couple to the photons
in the action. We adopt this choice in this work and therefore additional photon tadpole diagrams are absent in Fig. 1.

The amplitudes c(2)n for states that are already present in pure QCD are therefore modified by this renormalization

procedure, however, the energy corrections E(2)
n and the new state amplitudes such as c(2)ωε are well-defined even without

the inclusion of ZQED
V

. Note that additional diagrams to account for shifts of the quark masses need to be included
as well to complete the renormalization of the theory but this is not needed for the long-distance reconstruction
considered in this work.

In order to reconstruct the long-distance behavior of G(2), we need to determine c(2)n and E(0)
n for the new states

including a photon as well as c(0)n , c(2)n , E(0)
n , and E(2)

n for the states already present in pure QCD. This can be achieved
by studying a correlation matrix

Cij = ↑OiO
†
j
↓ , (6)
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Improved variational approach
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So far, we fared well with exact distillation based on a particularly smeared-gauge-field Laplace operator’s eigenmodes:

Long-Distance Window of the Hadronic Vacuum Polarization for the Muon g− 2
T. Blum ,1 P. A. Boyle,2,3 M. Bruno ,4,5 B. Chakraborty ,6 F. Erben ,7 V. Gülpers ,3 A. Hackl ,8

N. Hermansson-Truedsson ,3 R. C. Hill ,3 T. Izubuchi,2,9 L. Jin ,1 C. Jung,2 C. Lehner ,8,*

J. McKeon ,6 A. S. Meyer ,10 M. Tomii ,1,9 J. T. Tsang ,7 and X.-Y. Tuo2
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We provide the first ab initio calculation of the Euclidean long-distance window of the isospin-
symmetric light-quark connected contribution to the hadronic vacuum polarization for the muon g − 2 and
find aLD;iso;conn;udμ ¼ 411.4ð4.3Þð2.4Þ × 10−10. We also provide the currently most precise calculation of the
total isospin-symmetric light-quark connected contribution, aiso;conn;udμ ¼ 666.2ð4.3Þð2.5Þ × 10−10 in
the BMW20 world, which is more than 4σ larger compared to the data-driven estimates of Boito et al.
[Phys. Rev. D 107, 074001 (2023)] and 1.7σ larger compared to the lattice QCD result of BMW20.

DOI: 10.1103/PhysRevLett.134.201901

Introduction—The relative deviation of the muon’s
Landé factor gμ from Dirac’s relativistic quantum mechan-
ics result, aμ ¼ ðgμ − 2Þ=2, also called the anomalous
magnetic moment of the muon, is one of the most precisely
determined quantities in particle physics. It is sensitive to
virtual contributions of particles that may be out of reach of
direct production in high-energy experiments, and it there-
fore plays an important role in constraining new physics.
Substantial efforts have been undertaken at Fermilab
(E989) and are planned at J-PARC (E34) [1] in order to
further improve the precision of the experimental determi-
nation. In 2021 the Fermilab experiment released first
results [2], which confirmed the previously best result
obtained by the BNL E821 experiment [3] and reduced the
experimental uncertainty from 0.54 ppm to 0.46 ppm.
Subsequently they released results for runs II and III in

2023, which yielded an uncertainty of 0.2 ppm [4]. In
2025 the Fermilab experiment aims to release their final
results pushing the uncertainty down to approximately
0.14 ppm [5].
Matching the precision of this spectacular experimental

result in a theory calculation of the standard model (SM)
contribution to aμ is a substantial challenge and is currently
a work in progress. In 2020 the Muon g − 2 Theory
Initiative published a white paper [6–26] that indicated a
more than 4σ tension of the experimental result with the
SM. This result relied on a data-driven estimate of the
hadronic vacuum polarization (HVP) contribution based on
eþe− → hadron experimental data. While existing tensions
between experimental datasets had been taken into account
in 2020 by inflating the uncertainties appropriately, the
recent result by CMD-3 [27,28] increases the tensions to a
degree that currently appears to make a data-driven high-
precision evaluation of the HVP not feasible.
At the same time, lattice methodology is maturing and is

on track to allow for a complete ab initio theory determi-
nation that soon may match the Fermilab E989 target
precision. In this context, it is now common practice to
separate the total HVP contribution into the Euclidean
windows introduced in our previous work [29], which
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Spectral analysis for nucleon-pion and nucleon-pion-pion states
in both parity sectors using distillation with domain-wall fermions
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We present a study using the distillation method to analyze the spectra of nucleon, nucleon-pion,
and nucleon-pion-pion states in the positive-parity sector, as well as nucleon and nucleon-pion states in
the negative-parity sector. The study uses seven domain-wall fermion ensembles with varying pion
masses (mπ ¼ 139–279 MeV), lattice spacings (a−1 ¼ 1.730 GeV and a−1 ¼ 2.359 GeV) and volumes
(mπL ¼ 3.8–7.5). To address the large number of contractions in this project, we implemented an algorithm
to automate the contraction of nucleon-pion correlation functions that contain an arbitrary number of pions.
In the positive-parity sector, we extrapolate the nucleon mass to the physical point. This study demonstrates
the effectiveness of the distillation method for baryonic quantities with a focus on multihadronic states and
establishes a foundation for future work.
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I. INTRODUCTION

Neutrino experiments of the next generation, such as
LBNF/DUNE [1] and HyperK [2], require a precise
prediction of the nucleon-neutrino cross section in the
energy range from fewMeV to GeV [3]. This energy region
overlaps with the resonance region in which incoming
(anti)neutrinos excite the target nucleon to resonance states
such as the Δð1232Þ and the roper resonance Nð1440Þ,
which decay to Nπ and Nππ states. In general, neutrino
experiments do not use single nucleons as targets but large
nuclei in which the individual nucleons are embedded. So
far, a direct lattice quantum chromodynamics (QCD) study
for large nuclei is not feasible; however, they can be treated
using effective field theory, for which lattice QCD can
provide nonperturbative first principle calculations of
nucleon inputs [4–6]. One of the most prominent nucleon
inputs is the nucleon axial-vector form factor and its zero-
momentum limit, the nucleon axial-vector charge.
An important challenge for the nucleon axial-vector form

factor is the substantial systematic error from Nπ states, as
predicted by chiral perturbation theory (ChPT) [7,8]. The
ChPT calculations by Bär cited here are based on leading-
loop order, which is often not a good approximation
for nucleon matrix elements. More recent studies have

extended these calculations for the pion-nucleon sigma
term to next-to-next-to-leading order (NNLO) [9] and have
also explored the effects of the Δ-resonance [10]. Various
studies have addressed the issue of Nπ contamination using
different approaches [11–16], with most relying on three-
quark interpolating operators. However, recent develop-
ments have explored the inclusion of five-quark [17–19]
and seven-quark operators [20], designed to enhance
overlap with multihadronic states such as Nπ and Nππ.
Combining these multihadronic operators with conventional
nucleon operators have proven effective in constructing
nucleon states with minimal Nπ contamination [17,19].
Furthermore, this methodology facilitates the construction
of excited state operators without ground state contributions,
which is crucial for computing matrix elements involving
excited nucleon states and resonances. These developments
hold significant relevance for understanding neutrino-
nucleon interactions in the resonant regime [21], providing
a pathway to more precise theoretical predictions.
This study aims to contribute to this effort by providing a

generalized eigenvalue problem analysis of nucleon, Nπ,
and, for the first time, Nππ states in the positive-parity
channel as well as an analysis in the negative sector using
N− and two different Nπ operators.
Our analysis uses the distillation method [22] to compute

the multihadronic correlation functions effectively. Due to
its high-mode suppression, distillation offers a smearing
procedure that is fitted for creating operators with strong
overlap with the low-mode states of the theory. A dis-
advantage of distillation is its substantial computational
cost of computing the corresponding distillation objects
such as the perambulators. However, once these objects are
computed and stored, it is affordable to compute general
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But points to optimize: 

• more efficient creation of operators with a smaller smearing radius 

• Laplace eigenmodes not translationally covariant, so distillation matrix space not optimized for well-defined 
momentum operators, this becomes important for baryons where tensor contractions are no longer of matrix-
matrix and trace kind
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New idea: 

• Translationally covariant Coulomb-Gauge-
Fixed momentum sources with fixed spatial 
momentum 

• Employ similar smearing before gauge 
fixing that we had used for exact distillation 

• Straightforward to localize operators in 
particular dimension by only picking subset 
of all momentum modes 

• Drastically cuts the relevant subspace 
which reduces contraction costs

First applications: 

• Omega baryon mass on new 128I physical 
pion mass ensemble at 3.54 GeV cutoff



Summary

• Preparing data needed to match E989 experimental precision 

• Large roadblocks addressed with new ultrafine ensembles up to 10 GeV cutoff, new sampling 
techniques, and a new optimized variational approach
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Residual chiral symmetry breaking
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