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Fine-structure	Constant:	The	State	of	Affairs
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Conflic$ng	measurements	from	atomic	recoil	interferometry	of	Cesium,	Rubidium,	as	well	as	from	
QED	contribu$on	to	ae

R. Aliberti, T. Aoyama, E. Balzani et al. Physics Reports 1143 (2025) 1–158

Fig. 78. The best three values of the fine-structure constant ↵ (left) and a comparison of the measurement and SM prediction of ae (right). The
values of ↵ are determined from the measurement and theory of ae and the atom-mass measurements of Cs and Rb with atom interferometers.
The two SM predictions for ae are based on two different values of ↵. These two figures present the three experimental results and one theoretical
prediction from different perspectives.

A value of the fine-structure constant ↵ from ae can be obtained by treating ↵ as an unknown variable in the theoretical
formula for ae and equating it to the measured value in Eq. (7.9). The derived value is

↵�1(ae) = 137.035 999 163(15) [0.11 ppb] , (7.10)

which is smaller than the value reported in Ref. [70] by 3⇥10�9. This shift, within the assigned uncertainties, is attributed
to two factors. The first is a 13% reduction of the tenth-order QED term of ae, as discussed in Section 7.3. The second is
an updated evaluation of the HVP contribution, detailed in Section 7.4, which affects the result in the opposite direction.
As a result, ↵�1(ae) remains nearly unchanged. The total uncertainty is entirely driven by the measurement in Eq. (7.9),
while the uncertainties from the QED tenth-order term and the hadronic contributions are 0.44⇥ 10�9 and 0.36⇥ 10�8,
respectively.

The differences between the values of ↵ determined by the atom-interferometer experiments and that obtained from
ae are

↵�1(Cs) � ↵�1(ae) = �0.118(31) ⇥ 10�6 ,

↵�1(Rb) � ↵�1(ae) = +0.042(18) ⇥ 10�6 , (7.11)

corresponding to �3.8� and +2.3� , respectively. The relationships among the three values of ↵ in Eqs. (7.6), (7.7) and
(7.10) are visualized in Fig. 78.
7.3. The QED tenth-order mass-independent and universal term

The QED contribution involves only four particles: the photon, electron, muon, and ⌧ lepton. Thus, the QED contribution
to aQEDµ can be divided according to the lepton-mass dependence as

aQEDµ = A1 + A2(mµ/me) + A2(mµ/m⌧ ) + A3(mµ/me,mµ/m⌧ ) , (7.12)

and each can be calculated by perturbation theory using Feynman diagrams as
Ai =

X

n=1,2,...

⇣ ↵

⇡

⌘n
A(2n)
i . (7.13)

To match the current precision of aµ, the QED contribution up to the tenth-order of perturbation theory are required. The
second-, fourth-, sixth-, and eighth-order terms are well established and were reported in the QED section of WP20 [1].

All Feynman diagrams contributing to aµ of the tenth-order terms A(10)
1 , the two A(10)

2 , and A(10)
3 , as well as the term

A(10)
2 (me/mµ) contributing to ae were numerically calculated by a single team AHKN [64,738]. The ⌧ -lepton contribution

to ae of the tenth order is negligible. The mass-independent and universal term A(10)
1 , which contributes equally to both ae

and aµ, receives contributions from 12,672 vertex Feynman diagrams. Among these, 6,318 diagrams that include at least
one fermion loop also contribute to A(10)

2 . Due to the complexity and enormity of the calculation, only relatively simple
diagrams were independently cross-checked until recently [739,740].

In Ref. [65] and successively in Ref. [66], the contribution to A(10)
1 from Set V, which consists of 6,354 vertex diagrams

without a fermion loop, was obtained using numerical integration. The two results, both calculated by Volkov using
different intermediate renormalization schemes, are consistent with each other. The best estimate is then obtained by
statistically combining both results [66]:

A(10)
1 [Set V : Volkov] = 6.828(60) . (7.14)

This exhibited a 5� discrepancy from the latest report 7.668(159) given in Ref. [741] by AHKN, which was used to
determine the QED contribution to aµ in WP20.
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→ aQED
µ = 116 584 718.8(2) · 10↑11
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Fig. 78. The best three values of the fine-structure constant ↵ (left) and a comparison of the measurement and SM prediction of ae (right). The
values of ↵ are determined from the measurement and theory of ae and the atom-mass measurements of Cs and Rb with atom interferometers.
The two SM predictions for ae are based on two different values of ↵. These two figures present the three experimental results and one theoretical
prediction from different perspectives.
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to two factors. The first is a 13% reduction of the tenth-order QED term of ae, as discussed in Section 7.3. The second is
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0.137 ⋅ 10−11

Difference	between	es$mates	of	 	as	large	as	neglected	12th	order	(6	loop)	contribu$on	aQED
μ

[WP	25:	Aliber.	et	al.,	arXiv:2505.21476]

• Resolve	tension		 		understand	systema$cs;	improve	precision	further	
• Addi$onal	/	complementary	measurements	with	compe$$ve	/	beher	precision	
• Implica$ons	for	SM	tests	based	on	

⟷
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The	electron	anomalous	magne$c	moment
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Measurement	of	 	in	a	“one-electron	cyclotron”	
(Penning	trap	in	a	cryogenic	system)	

ae

[Fan	et	al.,	Phys	Rev	LeB	130	(2023)	071801]
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FIG. 2. (a) Cryogenic system supports a 50 mK electron trap
upon a 4.2 K solenoid to provide a very stable B. (b) Silver
electrodes of a cylindrical Penning trap. (c) Quantum spin
and cyclotron energy levels used for measurement.

⇢ = xx̂ + yŷ [47]. Cylindrical Penning trap electrodes
[48, 49] (Fig. 2b) with appropriately chosen relative di-
mensions and potentials produce such a potential for a
centered electron, which then oscillates nearly harmoni-
cally along ẑ at the axial frequency ⌫̄z ⇡ 114 MHz. For
B = 5.3 T, the trap-modified cyclotron and anomaly fre-
quencies are ⌫̄c ⇡ 149 GHz and ⌫̄a ⇡ 173 MHz [47]. A
circular magnetron motion at ⌫̄m = 43 kHz is cooled by
axial sideband cooling [47, 50] and its e↵ect is negligi-
ble during the measurement. Figure 2c shows the low-
est cyclotron and spin energy levels and the frequency
spacings, including a relativistic mass shift, �, given by
�/⌫c ⌘ h⌫c/(mc2) ⇡ 10�9 [47, 51].

The lowest cyclotron states for each spin are e↵ectively
stable because the spin is so nearly uncoupled from its
environment [47]. Without a trap, the cyclotron state
n = 1 has a lifetime ��1

c = 0.1 s. With a trap that is also
a low-loss microwave cavity, this rate for the spontaneous
emission of synchrotron radiation is inhibited by a factor
of 50 to 70. Cyclotron excitations can then be detected
before decay, when B is chosen so ⌫̄c is far from resonance
with cavity radiation modes [52]. The cyclotron damp-
ing contributes 0.03 Hz to the cyclotron and anomaly
linewidths (to be discussed), a negligible 0.2 ppt and a
very important 0.2 ppb, respectively. Blackbody photons
that excite n = 0 to n = 1 are eliminated by cooling the
trap cavity below 100 mK [42].

The Brown-Gabrielse invariance theorem [53],

⌫c =
p

⌫̄2c + ⌫̄2z + ⌫̄2m (4)

provides the ⌫c and ⌫a = ⌫s � ⌫c needed in Eq. (3) to
determine µ/µB . It is critical that Eq. (4) is invariant
under unavoidable misalignments of B and the axis of

V , and under elliptic distortions of V . The hierarchy
⌫̄c � ⌫̄z � ⌫̄m � � allows an expansion of Eq. (4) that
su�ces for our precision to be inserted in Eq. (3), so

� µ

µB
=

g

2
' 1 +

⌫̄a � ⌫̄2z/(2f̄c)

f̄c + 3�/2 + ⌫̄2z/(2f̄c)
+

�gcav
2

, (5)

with ⌫̄a and f̄c (defined in Fig. 2c) to be deduced with
⌫̄z from measured line shapes. The added cavity-shift
�gcav/2 arises because the cyclotron frequency couples
to radiation modes of the trap cavity, shifting both ⌫̄c
and ⌫̄a [54, 55]. This g/2 measurement correction and its
uncertainty are not reduced or evaded by a g � 2 mea-
surement. They must be determined and corrected at
the full 10�13 precision of µ/µB .
To measure the ⌫̄z needed in Eq. (5), the current in-

duced in the electrodes by the axial oscillation is sent
through a resonant circuit that is the input of a cryo-
genic HEMT amplifier. The 1-minute Fourier transform
of the amplifier output in Fig. 3c illustrates the Johnson
noise and electron signal canceling to make a dip that re-
veals ⌫̄z [56]. Energy loss in the circuit damps the axial
motion with a time constant ��1

z = 32 ms. The amplifier
heats the electron axial motion to Tz = 0.5 K.
Small shifts in ⌫̄z provide quantum nondemolition de-

tection (QND) of one-quantum spin and cyclotron jumps,
without the detection changing the cyclotron or spin
state. Saturated nickel rings (Fig. 2b) produce a mag-
netic bottle gradient, �B = B2

⇥
(z2 � ⇢2/2)ẑ � z⇢⇢̂

⇤

with B2 = 300 T/m2. This couples spin and cyclotron
energies to ⌫̄z, which then shifts by �⌫̄z ⇡ 1.3 (n +ms)
Hz. (The B2 and �⌫̄z are 5 and 3 times smaller than
used previously [37].) To rapidly detect jumps after the
cyclotron and anomaly drives are turned o↵, the ampli-
fied signal is immediately fed back to the electron. This
self-excited oscillator (SEO) [57] resonantly and rapidly
drives itself to a large amplitude even if ⌫̄z shifts with am-
plitude, whereupon the gain is adjusted to maintain the
amplitude. A Fourier transform of the large signal reveals
the small �⌫̄z that signals cyclotron and spin jumps.
Quantum jump spectroscopy produces anomaly and

cyclotron resonances (Fig. 3a-b) from which to extract
⌫̄a and f̄c to use in Eq. (5). Cyclotron and anomaly
quantum jump trials are alternated. The magnetic field
drift of 0.2 ppb/hr in the new apparatus is slow enough to
correct using a quadratic fit to the lowest cyclotron drive
frequencies that produce excitations. Each cyclotron
and anomaly quantum jump trial starts with resonant
anomaly and cyclotron drives that prepare the electron
in the spin-up ground state, |n = 0,ms = 1/2i, followed
by 1 s of axial magnetron sideband cooling [47, 50].
Cyclotron jumps to n = 1 are driven by a 5 s mi-

crowave drive injected between trap electrodes (Fig. 2b),
with an o↵-resonance anomaly drive also applied. Jumps
occur in less than 20% of the trials to avoid saturation ef-
fects. Cavity-inhibited spontaneous emission [52] makes

[Gerald	Gabrielse]

Single	electron	in	magne$c	field,	cooled	to	its	lowest	quantum	states
<latexit sha1_base64="VzD183C5TToaT/A/G092SbMXVe0="></latexit>

E = ms hωs + (n + 1
2 ) hωc

<latexit sha1_base64="VtTklpKC1iU+27MZAKSi+4oOMLc="></latexit>

ωc =
eB

2εm
, ωs =

g
2
ωc, ωa = ωs → ωc

(B-field	drops	out	in	frequency	ra$os)
<latexit sha1_base64="nXG8XKnVI7+e/WXiSYrNGaSTo+I="></latexit>

→ ae =
g
2
↑ 1 =

ωa
ωc

4

a new method of observing the decay time of an electron
exited to nc ⇡ 10.

A renormalized calculation [54, 55] with added cy-
clotron damping [37, 59] avoids the infinite cavity shifts
that result from summing all mode contributions. This
calculation assumes the mode frequencies of a perfect
cylinder, one Q for TE modes, and another for TM
modes. We calculate with dimensions chosen to best
match observed frequencies and a single Q value for all
modes. After shifts from the 72 observed modes using the
ideal frequencies and the one Q value are subtracted out,
contributions for these modes using measured frequencies
andQ values are added back in. The leading contribution
to cavity shift uncertainties comes from modifications of
the field that an electron sees from imperfections and
misalignments of the trap cavity. Figure 4a shows the
consistency of µ/µB determinations at 11 di↵erent mag-
netic fields, after each receives a di↵erent cavity shift.

A weighted average of the 11 determinations gives

� µ

µB
=

g

2
= 1.001 159 652 180 59 (13) [0.13 ppt], (6)

with 1� uncertainty in the last two digits in parenthe-
ses. Figure 1 shows the good agreement of this 2022
determination at Northwestern with our 2008 determi-
nation at Harvard [37] and an uncertainty that is im-
proved by a factor of 2.2. Because uncertainty correla-
tions from similar measurement methods are di�cult to
determine, we do not recommend averaging our two de-
terminations. Table I lists uncertainty contributions to
the final result. The statistical uncertainty is from the
fits that extract f̄c and ⌫̄a. The two dominant uncertain-
ties have been discussed – cyclotron broadening and cav-
ity shifts (treated as correlated for nearby fields). The
nuclear paramagnetism uncertainty is based upon the
measured temperature fluctuations of the silver trap elec-
trodes. The anomaly power shift uncertainty comes from
the measured frequency dependence on drive strength.

TABLE I. Largest uncertainties for g/2.

Source Uncertainty⇥1013

statistical 0.29
cyclotron broadening 0.94
cavity correction 0.90

nuclear paramagnetism 0.12
anomaly power shift 0.10
magnetic field drift 0.09

total 1.3

Several SM sectors together predict

g

2
= 1 +C2

⇣↵
⇡

⌘
+ C4

⇣↵
⇡

⌘2
+ C6

⇣↵
⇡

⌘3
+ C8

⇣↵
⇡

⌘4

+ C10

⇣↵
⇡

⌘5
+ ...+ aµ⌧ + ahadronic + aweak. (7)

The Dirac prediction [20] is first on the right. QED pro-
vides the asymptotic series in powers of ↵, along with the

muon and tauon contributions aµ⌧ [38]. The constants
C2 [21], C4 [22, 23], C6 [24, 25] and C8 [26] are calculated
exactly, but require measured lepton mass ratios as input
[29]. The measurements are so precise that a numerically
calculated tenth order C10 [27, 28] is required and tested.
A second evaluation of C10 [39] di↵ers slightly for reasons
not yet understood and the open points in Figs. 1 and 5
use this alternative. Hadronic and weak interaction con-
tributions are ahadronic [30–32] and aweak [33–36]. The
exact C8 and the numerical C10 are remarkable advances
that reduce the calculation uncertainty well below the
uncertainties reported for the measured µ/µB and ↵.
The most precise ↵ measurements [40, 41], needed for

the SM prediction of g/2 in Eq. (7), disagree by 5.5 �,
about ten times our measurement uncertainty (Fig. 1).
Until the discrepancy is resolved, the best that can be
said is that the predicted and measured µ/µB agree to
about �(g/2) = 0.7 ⇥ 10�12, half of the ↵ discrepancy.
A generic chiral symmetry model [63] then suggests that
the electron radius is less than Re =

p
|�(g/2)|~/(mc) =

3.2⇥10�19 m, and that the mass of possible electron con-
stituents must exceedm⇤ = m/

p
|�(g/2)| = 620 GeV/c2.

If �(g/2) would equal our µ/µB determination uncer-
tainty, then Re = 1.4⇥ 10�19 m and m⇤ = 1.4 TeV/c2.
A 2.2 times reduced �(g/2) would bring us to the level

of the intriguing 4.2 standard deviation discrepancy be-
tween the measured and predicted muon magnetic mo-
ment [43, 64]. The muon’s BSM sensitivity, expected to
be 40,000 times higher (the ratio of muon and electron
masses), is largely o↵set by our 3150 times smaller un-
certainty.

0 50 100 150 200
910× - 137. 035 999 000) -1α(

Cs
Rb
g/2(2008) with SM
g/2(2022) with SM

1− 0.5− 0 0.5    ppb

FIG. 5. SM prediction of ↵ using µ/µB from this Northwest-
ern measurement (red), and from our 2008 Harvard measure-
ment (blue), with solid and open points for slightly di↵ering
C10 [38, 39]. The ↵ measurements (black) were made with Cs
at Berkeley [40] and Rb in Paris [41]. A ppb is 10�9.

The fine structure constant ↵ is the fundamental mea-
sure of the strength of the electromagnetic interaction
in the low energy limit. For the SI system of units,
↵ = e2/(4⇡✏0~c) is a measure of the vacuum permittivity
✏0, given that and e, ~ and the speed of light c are now
defined [65]. Our µ/µB and the SM give

↵�1 = 137.035 999 166 (02) (15) [0.014 ppb] [0.11 ppb],

= 137.035 999 166 (15) [0.11 ppb], (8)

with theoretical and experimental uncertainties in the
first and second brackets. Figure 5 compares to the ↵
measurements (black) that disagree with each other by

<latexit sha1_base64="f7uj9K5wiuIHY+eO1U0ApJb/F0k="></latexit>

ae = 0.001 159 652 180 59(13) [0.13	ppt]

Work	towards	improvement	by	another	order	of	magnitude

Convert	into	es$mate	of	 :α
<latexit sha1_base64="3iTzRS+EpOXnMd8IUfJjkm1gpQ8="></latexit>

ae =

→∑

n=1

(ω
ε

)n
A(2n)

1 + a µϑe + aweak
e + astrong

e ⇒
<latexit sha1_base64="8k6U91aYg8KsDtcQ305oLa7WQhQ="></latexit>

ω→1(ae) = 137.035 999 163(15) [110	ppt]
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Master	formula:
<latexit sha1_base64="ez7VBwSEdvLot0XJpyLgKRmm4VM="></latexit>

hc R→ =
1
2

meω
2c2

<latexit sha1_base64="EFygKOiRd/oNL8+ELA8rzkxjYq0="></latexit>

→ ω2 =
2 R↑

c
h

me
=

2 R↑
c

Ar(X)
Ar(e)

h
m(X)

Rela$ve	atomic	mass	of	atom	X :
<latexit sha1_base64="w+vuARKvrWcSjn7IPPOcx6ObMIE="></latexit>

Ar(X) =
m(X)
mu
, mu =

1
12 m(12C)

Measure																																																via	atomic	recoil	interferometry
<latexit sha1_base64="NvekNgZSnilqEZMzj23NUS+Yv7Y="></latexit>

h
m(X)

, X = Cs, Rb, . . .

Tension	between	 	and	α(Rb) α(Cs)

<latexit sha1_base64="t9Ws9Xf79mV/jNMYk9waIfs8WSs="></latexit>

mu →
m(X)
Ar(X)

=

{
1.660 539 06961(28) · 10↑27 kg (Rb)
1.660 539 06573(68) · 10↑27 kg (Cs)

					discrepant	determina$ons	of	atomic	mass	unit⇔

					SM	test	limited	by	knowledge	of	⇒ m(12C)

Quantity 		(rel.	uncertainty)ur
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experimental measurement ae,exp (ref. 9) gives δae = ae,exp− ae(αLKB2020) 
= (4.8 ± 3.0) × 10−13 (+1.6σ), whereas comparison with caesium recoil 
measurements gives δ%ae = ae,exp − ae(αBerkeley) = (−8.8 ± 3.6) × 10−13 (−2.4σ). 
The uncertainty on δae is dominated by ae,exp.

Discussion
Our measurement sets additional limits on theories beyond the stand-
ard model that lead to a contribution to ae. Using a Bayes method24, 
our result implies that for a theory with positive δae, we can reject 
δae > 9.8 × 10−13 with a 95% confidence level, and for a theory with nega-
tive δae, we can reject δae < −3.4 × 10−13 with a 95% confidence level.

For example, our result modifies the limits on a possible substructure 
within the electron. If the electron is composed of constituent particles 
of mass m* bound together by some unknown attraction, its natural 
size should be R = ħ/(m*c) and its magnetic moment would be modified 
by δae ≈ me/m* using the simplest analysis. According to the chirally 
invariant model25, our result excludes regions with m* < 520 GeV/c2 or 
R > 4 × 10−19 m with a confidence level of 95%. These are stringent limits 
set by low-energy experiments, although they are not yet at the limits 
of the Large Electron–Positron collider (the largest electron–positron 
collider available today)26.

Moreover, our result sets the stage for testing whether the persis-
tent discrepancy of 3.6σ between the experimental value5 and the 
standard-model prediction of the magnetic moment of the muon27,28 
(aµ) exists for electrons. If this discrepancy (δaµ) is the signature of new 
physics, similar effects could be observable for electrons. Using naive 
scaling, the effects on the electron would be of the order of (me/mµ)2δaµ 
(ref. 6), where mµ is the mass of the muon. Figure 4a summarizes the over-
all contributions of experiments involved in the determination of δae. We 
also include the largest theoretical contributions from the fifth order of 
the QED series and the hadronic term. The dominant contribution comes 
from the direct measurement of the electron moment anomaly, ae,exp. For 
the first time, the contribution of the recoil measurement (h/m) is at the 
level of (me/mµ)2δaµ ≈ 6.5 × 10−14, the value of δae deduced from the naive 
scaling (horizontal green bar). In the next years, improvement of one 

order of magnitude is expected for the accuracy of the measurement of 
ae,exp (ref. 29); it will then be possible to probe physics beyond the standard 
model with comparable information from both the electron and muon.
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Fig. 3 | Data analysis. a, Typical set of four spectra recorded by inverting the 
directions of the Raman and Bloch beams for TR = 20 ms and NB = 500. Each 
spectrum displays the variation of the relative atomic population with respect 
to the parameter δωR. The lines are least-squares fits used to determine the 
position of the central fringe displayed on the top of each spectrum. b, Allan 
deviation σα of the measurement of the fine-structure constant α at maximum 
sensitivity (TR = 20 ms, NB = 500) as a function of the integration time τ. The line 
corresponds to σ τ τ( ) = 3 × 10 /α

−10 , with τ expressed in hours. Error bars 

indicate 1σ uncertainties. c, Datasets used to determine the value of the 
fine-structure constant, α. Data are obtained by changing the following 
experimental parameters: the pulse separation time, TR, the number of Bloch 
oscillations, NB, and their total duration, τB. The circles and diamonds 
correspond to two different laser intensities during the π/2 pulses of the 
interferometer. Error bars denote ±1σ and are estimated from the standard 
deviation of the mean. The blue band represents the overall the ±1σ standard 
deviation. The reduced χ2 for the combined data is 1.4.

Table 1 | Error budget on α

Source Correction (×10−11) Relative uncertainty (×10−11)

Gravity gradient −0.6 0.1

Alignment of the beams 0.5 0.5

Coriolis acceleration 1.2

Frequencies of the lasers 0.3

Wave-front curvature 0.6 0.3

Wave-front distortion 3.9 1.9

Gouy phase 108.2 5.4

Residual Raman light shift 2.3 2.3

Index of refraction 0 <0.1

Internal interaction 0 <0.1

Light shift (two-photon 
transition)

−11.0 2.3

Second-order Zeeman 
effect

0.1

Phase shifts in Raman 
phase-lock loop

−39.8 0.6

Global systematic effects 64.2 6.8
Statistical uncertainty 2.4
Relative mass of 87Rba: 86.9091805310(60) 3.5

Relative mass of the electronb: 
5.48579909065(16) × 10−4

1.5

Rydberg constantb: 10,973,731.568160(21) m−1 0.1

Total: α−1 = 137.035999206(11) 8.1

For each systematic effect, more discussion can be found in Methods. 
aFrom ref. 13. 
bFrom https://pml.nist.gov/cuu/Constants/.
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experimental measurement ae,exp (ref. 9) gives δae = ae,exp− ae(αLKB2020) 
= (4.8 ± 3.0) × 10−13 (+1.6σ), whereas comparison with caesium recoil 
measurements gives δ%ae = ae,exp − ae(αBerkeley) = (−8.8 ± 3.6) × 10−13 (−2.4σ). 
The uncertainty on δae is dominated by ae,exp.

Discussion
Our measurement sets additional limits on theories beyond the stand-
ard model that lead to a contribution to ae. Using a Bayes method24, 
our result implies that for a theory with positive δae, we can reject 
δae > 9.8 × 10−13 with a 95% confidence level, and for a theory with nega-
tive δae, we can reject δae < −3.4 × 10−13 with a 95% confidence level.

For example, our result modifies the limits on a possible substructure 
within the electron. If the electron is composed of constituent particles 
of mass m* bound together by some unknown attraction, its natural 
size should be R = ħ/(m*c) and its magnetic moment would be modified 
by δae ≈ me/m* using the simplest analysis. According to the chirally 
invariant model25, our result excludes regions with m* < 520 GeV/c2 or 
R > 4 × 10−19 m with a confidence level of 95%. These are stringent limits 
set by low-energy experiments, although they are not yet at the limits 
of the Large Electron–Positron collider (the largest electron–positron 
collider available today)26.

Moreover, our result sets the stage for testing whether the persis-
tent discrepancy of 3.6σ between the experimental value5 and the 
standard-model prediction of the magnetic moment of the muon27,28 
(aµ) exists for electrons. If this discrepancy (δaµ) is the signature of new 
physics, similar effects could be observable for electrons. Using naive 
scaling, the effects on the electron would be of the order of (me/mµ)2δaµ 
(ref. 6), where mµ is the mass of the muon. Figure 4a summarizes the over-
all contributions of experiments involved in the determination of δae. We 
also include the largest theoretical contributions from the fifth order of 
the QED series and the hadronic term. The dominant contribution comes 
from the direct measurement of the electron moment anomaly, ae,exp. For 
the first time, the contribution of the recoil measurement (h/m) is at the 
level of (me/mµ)2δaµ ≈ 6.5 × 10−14, the value of δae deduced from the naive 
scaling (horizontal green bar). In the next years, improvement of one 

order of magnitude is expected for the accuracy of the measurement of 
ae,exp (ref. 29); it will then be possible to probe physics beyond the standard 
model with comparable information from both the electron and muon.
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Fig. 3 | Data analysis. a, Typical set of four spectra recorded by inverting the 
directions of the Raman and Bloch beams for TR = 20 ms and NB = 500. Each 
spectrum displays the variation of the relative atomic population with respect 
to the parameter δωR. The lines are least-squares fits used to determine the 
position of the central fringe displayed on the top of each spectrum. b, Allan 
deviation σα of the measurement of the fine-structure constant α at maximum 
sensitivity (TR = 20 ms, NB = 500) as a function of the integration time τ. The line 
corresponds to σ τ τ( ) = 3 × 10 /α

−10 , with τ expressed in hours. Error bars 

indicate 1σ uncertainties. c, Datasets used to determine the value of the 
fine-structure constant, α. Data are obtained by changing the following 
experimental parameters: the pulse separation time, TR, the number of Bloch 
oscillations, NB, and their total duration, τB. The circles and diamonds 
correspond to two different laser intensities during the π/2 pulses of the 
interferometer. Error bars denote ±1σ and are estimated from the standard 
deviation of the mean. The blue band represents the overall the ±1σ standard 
deviation. The reduced χ2 for the combined data is 1.4.

Table 1 | Error budget on α

Source Correction (×10−11) Relative uncertainty (×10−11)

Gravity gradient −0.6 0.1

Alignment of the beams 0.5 0.5

Coriolis acceleration 1.2

Frequencies of the lasers 0.3

Wave-front curvature 0.6 0.3

Wave-front distortion 3.9 1.9
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Residual Raman light shift 2.3 2.3
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Fig. 3. Data Analysis. A) Fluorescence signals of the atom clouds as they fall through the 

detection region, after the interferometer sequence, for varying number N of Bloch oscillations, 

measured with fixed laser power and acceleration of the atoms during Bloch oscillations. For 

visibility, a vertical offset has been applied to each trace. The four outer peaks correspond to the 

four outputs A-D (Fig. 2) of the interferometers. Atoms left behind by the Bloch oscillations 

form the central peaks; they do not contribute to the measurement. T = 5 ms for these datasets. B) 

The outputs of each interferometer are normalized and plotted parametrically: the x-axis is (C-

D)/(C+D) and the y-axis is (A-B)/(A+B) (A-D are defined in Figure 2). This produces an ellipse, 

which is fitted to extract the differential phase. The ellipses shown are for n=5, N=125 and T=5, 

20, 40, and 80 ms (for a total interferometer phase of over 10 Mrad), respectively. C) The 

datasets used in the determination of α. The pink band represents the overall ±1 sigma statistical 

error. The reduced chi-squared for the combined data is 1.2, with a p-value of 0.2.  
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experimental measurement ae,exp (ref. 9) gives δae = ae,exp− ae(αLKB2020) 
= (4.8 ± 3.0) × 10−13 (+1.6σ), whereas comparison with caesium recoil 
measurements gives δ%ae = ae,exp − ae(αBerkeley) = (−8.8 ± 3.6) × 10−13 (−2.4σ). 
The uncertainty on δae is dominated by ae,exp.

Discussion
Our measurement sets additional limits on theories beyond the stand-
ard model that lead to a contribution to ae. Using a Bayes method24, 
our result implies that for a theory with positive δae, we can reject 
δae > 9.8 × 10−13 with a 95% confidence level, and for a theory with nega-
tive δae, we can reject δae < −3.4 × 10−13 with a 95% confidence level.

For example, our result modifies the limits on a possible substructure 
within the electron. If the electron is composed of constituent particles 
of mass m* bound together by some unknown attraction, its natural 
size should be R = ħ/(m*c) and its magnetic moment would be modified 
by δae ≈ me/m* using the simplest analysis. According to the chirally 
invariant model25, our result excludes regions with m* < 520 GeV/c2 or 
R > 4 × 10−19 m with a confidence level of 95%. These are stringent limits 
set by low-energy experiments, although they are not yet at the limits 
of the Large Electron–Positron collider (the largest electron–positron 
collider available today)26.

Moreover, our result sets the stage for testing whether the persis-
tent discrepancy of 3.6σ between the experimental value5 and the 
standard-model prediction of the magnetic moment of the muon27,28 
(aµ) exists for electrons. If this discrepancy (δaµ) is the signature of new 
physics, similar effects could be observable for electrons. Using naive 
scaling, the effects on the electron would be of the order of (me/mµ)2δaµ 
(ref. 6), where mµ is the mass of the muon. Figure 4a summarizes the over-
all contributions of experiments involved in the determination of δae. We 
also include the largest theoretical contributions from the fifth order of 
the QED series and the hadronic term. The dominant contribution comes 
from the direct measurement of the electron moment anomaly, ae,exp. For 
the first time, the contribution of the recoil measurement (h/m) is at the 
level of (me/mµ)2δaµ ≈ 6.5 × 10−14, the value of δae deduced from the naive 
scaling (horizontal green bar). In the next years, improvement of one 

order of magnitude is expected for the accuracy of the measurement of 
ae,exp (ref. 29); it will then be possible to probe physics beyond the standard 
model with comparable information from both the electron and muon.
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Fig. 3 | Data analysis. a, Typical set of four spectra recorded by inverting the 
directions of the Raman and Bloch beams for TR = 20 ms and NB = 500. Each 
spectrum displays the variation of the relative atomic population with respect 
to the parameter δωR. The lines are least-squares fits used to determine the 
position of the central fringe displayed on the top of each spectrum. b, Allan 
deviation σα of the measurement of the fine-structure constant α at maximum 
sensitivity (TR = 20 ms, NB = 500) as a function of the integration time τ. The line 
corresponds to σ τ τ( ) = 3 × 10 /α

−10 , with τ expressed in hours. Error bars 

indicate 1σ uncertainties. c, Datasets used to determine the value of the 
fine-structure constant, α. Data are obtained by changing the following 
experimental parameters: the pulse separation time, TR, the number of Bloch 
oscillations, NB, and their total duration, τB. The circles and diamonds 
correspond to two different laser intensities during the π/2 pulses of the 
interferometer. Error bars denote ±1σ and are estimated from the standard 
deviation of the mean. The blue band represents the overall the ±1σ standard 
deviation. The reduced χ2 for the combined data is 1.4.

Table 1 | Error budget on α

Source Correction (×10−11) Relative uncertainty (×10−11)

Gravity gradient −0.6 0.1

Alignment of the beams 0.5 0.5

Coriolis acceleration 1.2

Frequencies of the lasers 0.3

Wave-front curvature 0.6 0.3

Wave-front distortion 3.9 1.9

Gouy phase 108.2 5.4

Residual Raman light shift 2.3 2.3

Index of refraction 0 <0.1

Internal interaction 0 <0.1

Light shift (two-photon 
transition)

−11.0 2.3

Second-order Zeeman 
effect

0.1

Phase shifts in Raman 
phase-lock loop

−39.8 0.6

Global systematic effects 64.2 6.8
Statistical uncertainty 2.4
Relative mass of 87Rba: 86.9091805310(60) 3.5

Relative mass of the electronb: 
5.48579909065(16) × 10−4

1.5

Rydberg constantb: 10,973,731.568160(21) m−1 0.1

Total: α−1 = 137.035999206(11) 8.1

For each systematic effect, more discussion can be found in Methods. 
aFrom ref. 13. 
bFrom https://pml.nist.gov/cuu/Constants/.
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Bragg beamsplitters

Use AC Stark effect to 
create potential from laser
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h/m(Cs) = 3.002 369 4721(12) · 10→9 m2/s

Berkeley:

[Parker	et	al.,	Science	360	(2018)	191]
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h/m(Rb) = 4.591 359 258 90(65) · 10→9 m2/s

Paris	(LKB):

[Morel	et	al.,	Nature	588	(2020)	61]

[Saïda	Guella.-Khelifa,	Holger	Mueller,	Jack	Roth]
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Error budgets

Paris 2020 Berkeley 2018

2020 measurement

▪ Relative  uncertainty of 8.1 × 10−11
▪ Statistical uncertainty of 4.3 × 10−11 on 48h
▪ New systematic effects were considered

L. Morel et al., Nature 588, 61-68 (2020)
Paris	(LKB) Berkeley
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Atomic	recoil	interferometry	—	Systema$cs
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Beam-related systematics are large

Beam-related	systema$cs	are	large
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Common	problem:	
				Spa$al	distribu$on	of	wave	vectors	 	along	beam	front	—	Gouy	phase		

• Measured	beam	profile	fed	into	MC	simula$on	(Berkeley)	
• Numerical	simula$on	of	recoil	velocity	measurement	(LKB)		
• 2D	BEC	array	&	imaging	techniques	to	probe	different	regions	of	
transverse	laser	beam	profile	(LKB)	

Other	systema$cs:	
				Small	intensity	ripples	(speckles)	cause	shim	in	 	

• suppressed	by	apodising	filter	(Berkeley)	

				Mechanical	vibra$ons	

New	experimental	hardware	

Develop	blinding	scheme	for	data	taking

⃗k

⃗k

Jack Roth, UC BerkeleyMITP Precision Determinations of the Fine-structure constant

• Causes small intensity ripples


• Causes shifts in 


• Suppressed via apodizing filter

k

19

Speckle 0 ± 0.04 ppb

Jack Roth, UC BerkeleyMITP Precision Determinations of the Fine-structure constant

•  varies across Gaussian wavefront


• Small scale intensity fluctuations lead 
to a shift in 


• Shift in  shifts 


• Also couples to thermal motion of 
atoms

k

k

k θr = ∼k2/2m

18

phase front has curvature
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k 6= !/c

Observation of Extra Photon Recoil in a Distorted Optical Field, S. Bade et al., Phys. Rev. Lett. (2018)

Gouy Phase Φ2.60 ± 0.03 ppb

Beam profile measured, fed into Monte Carlo simulation

R. H. Parker et al., Science 360, 191-195 (2018)
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[Jan	SchelXout]

Sr(5s2)1S0 − Sr(5s5p)3P1 ∼ 150 s Yb(6s2)1S0 − Yb(6s6p)3P1 ∼ 20 s
Use	intermediate-scale	( )	gravita$onal	wave	detector	setups	with	clock	atoms	

Larger	laser	beams	—	reduced	curvature	in	laser	wavefronts

∼ 10 m

Exploit	long	coherence	$mes	of	single-photon	op$cal	clock	transi$ons
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8.2 · 10→11		 	limited	by	rela$ve	mass	measurement→ ur(α)
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[Jan	SchelXout]

		Sr-based	measurement	will	improve	 	by	factor	two→ ur(α)

Limit	due	to	current	rela$ve	masses

Hypothe$cal	factor-10	improvement

Sensi$vity	of	Standard	Model	test	based	on	ae
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MuMASS	
AMuLETMuSEUM

Muon Precision Measurements
Slide from Klaus Jungmann

[Edward	Thorpe-Wood	(MuMASS@PSI),	Patrick	Strasser	&	Shusei	Kamioka	(MuSEUM,	AMuLET	@J-PARC)]

[Slide	from	Klaus	Jungmann]
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Muonium	spectroscopy	
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Muonium:	 	bound	stateμ+e−

		determine	 	independently	from	quan$$es	that	enter	 	
		Lyman- 	line	between	1S–2S	states	in	muonium.

→ me/mμ aμ
→ α

Purely	leptonic	system:	no	nuclear	structure	effects,	
but	large-ish	experimental	uncertain$es	
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v Hydrogen-like atom: simplest bound-system
v Precise theoretical calculation of energy 

levels possible → QED development 

v Compare precise experiments with theoretical calculations
Ø Precision test of the Standard Model

v If discrepancy found between theory & experiment
Ø Could be an evidence of New Physics Beyond the Standard Model

LifeMme: 2.2 µsMuonium	HFS	governed	by
Fine-structure	constant	 ;		Rydberg	constant	 	
Electron-muon	mass	ra$o	 ;	Muon	magne$c	moment	

α R∞
me/mμ μμ

[Delaunay,	Ohayon	&	Soreq,	PRL	127	(2021)	25,	251801]
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Mu-MASS@PSI,	AMuLET@J-PARC
• Reduce	rel.	uncertainty	 	from	120	ppb	to	1	ppb	ur(me/mμ)
• Mu-MASS:	measure	1S–2S	transi$on	with	CW	laser	at	LEM	
beam	line	to	compensate	low	transi$on	efficiency

• Assume	that	the	HFS	will	be	measured	with	
	and	that	 	will	be	improved	

to	 :
σexp = 5 − 8.5 Hz δHFS

5 − 10 Hz

Current	experimental	sensi$vity	of	 	limited	by	α me/mμ
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Preliminary Systematic Errors (High Field)*

Contributions Accuracy PJK and PLM O QPNOP O ⁄SQ SR
Magnetic Field 15 ppb 0.0 ppb 8 ppb
RF power < 0.1 % < 1 Hz 0.2 ppb 2 ppb
Kr gas temperature 0.2 deg. < 2 Hz 0.4 ppb 4 ppb
Kr gas pressure 1 Pa 1 Hz 0.2 ppb 0 ppb
H impurity < 50 ppm 1 Hz 0.5 ppb 0 ppb
Quadratic dependence 5 Hz 1.0 ppb 5 ppb
Muonium position (x,y) 1 mm 3 Hz 0.6 ppb 6 ppb
Muonium position (z) 1 mm < 1 Hz 0.2 ppb 2 ppb
Beamline 10-4 < 1 Hz 0.2 ppb 2 ppb
Detector pile-up w/o absorber

w/ absorber
2.8 Hz
0.3 Hz

0.5 ppb
< 0.1 ppb

3 ppb
< 1 ppb

Total ~ 1.5 ppb ~ 13 ppb

* Should be re-estimated by the latest progress and 
further MC simulation (old estimation)

MuSEUM	experiment	@	J-PARC:
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FIG. 1. Anomalous magnetic moment of the muon deter-
mined from spin-precession measurements at BNL and FNAL
(red) [2], Standard Model calculations with LO HVP eval-
uated from e+e� ! hadrons data (green) [26] or lattice
QCD (gray) [31] and the projected sensitivities in muonium
(dashed) with the currently planned spectroscopy improve-
ments (blue) and its ultimate improvement (magenta), cen-
tered around the current experimental average. The orange
band shows the four-fold improved FNAL standard deviation
expected in the near future.

partly motivated by the present muon g � 2 puzzle, of
highly-precise muonium spectroscopy and theory will
significantly improve the situation in the coming decade,
reducing the aµ uncertainty to about 3 ppm, and even
below the ppm-level at a future stage. As shown in the
Supplemental Material, which includes Refs. [90–103],
this indirect determination which relies on bound-state
QED calculation is unlikely to be a↵ected by NP, given

present constraints on exotic forces coupled to electrons.

Such an independent value of aµ cannot be competitive
with spin-precession measurements that are expected
to reach ⇠ 0.1 ppm accuracy in a few years [2, 104].
However it would most certainly help interpreting the
current di↵erence between these measurements and the
(R-ratio based) SM prediction, were it to persist over
the same timescale. A muonium value of aµ favoring
today’s experimental average, along with �1S�2S and
�HFS consistent with the SM, would strengthen the
evidence of NP dominantly coupled to muons (assuming
the R-ratio determination of the HVP contribution is
a faithful figure of the SM prediction). Conversely, a
value consistent with the current R-ratio prediction
would indicate a potential unknown systematic with the
BNL/FNAL measurements, or point to a non-trivial NP
dynamics. In the latter case, precision measurements
of additional muonium lines, like the 2S-2P Lamb
shift [105, 106] ongoing at PSI, would help discriminat-
ing among di↵erent possibilities. Either way, this highly
motivates to push the frontier of precision muonium
physics as much as possible.
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• How	relevant	is	the	tension	between	experimental	measurements	of	 	for	the	
Standard	Model	test	based	on	 	?	

• What	can	be	done	to	reduce	the	error	on	the	QED	predic$on?	

• How	urgent	is	the	extension	of	the	QED	contribu$on	to	12th	(6	loop)	order?	

• How	relevant	is	the	experimental	ambiguity	in	the	data-driven	evalua$on	of	 ?	

• What	are	the	implica$ons	for	the	error	of	the	QED	and	HVP	contribu$ons	to	 	if	the	
experimental	sensi$vity	of	the	measurement	were	improved	by	an	order	of	magnitude?

α
ae

ahvp
e

ae

[Sergey	Volkov,	Stefano	Laporta]
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FIG. 1. Vertex diagrams representing 13 gauge-invariant
subsets contributing to the lepton g − 2 at the eighth-order.
Solid and wavy lines represent lepton and photon lines, re-
spectively.

Mass dependence is known analytically for A(2n)
2 and

A(2n)
3 for n = 2, 3 [28–32]. We reevaluated them us-

ing the latest values of the muon-electron mass ratio
mµ/me = 206.768 2843 (52) and/or the muon-tau mass
ratio mµ/mτ = 5.946 49 (54) × 10−2 [33]. In the same
order of terms as shown on the right-hand-side of (8), the
results are summarized as follows:

a(2)µ = 0.5,

a(4)
µ

= −0.328 478 965 579 . . .+ 1.094 258 312 0 (83)

+ 0.780 79 (15)× 10−4

= 0.765 857 425 (17) ,

a(6)µ = 1.181 241 456 . . .+ 22.868 380 04 (23)

+ 0.360 70 (13)× 10−3 + 0.527 76 (11)× 10−3

= 24.050 509 96 (32) . (9)

The value of a(8)µ has been obtained mostly by nu-
merical integration [34–36]. They arise from 13 gauge-
invariant sets whose representative diagrams are shown
in Fig. 1. We have reevaluated some of them for further
check and improvement of numerical precision. The re-
sults for the mass-dependent terms are summarized in
Table I.
From the data listed in Table I and the value of A(8)

1

from Refs. [35–37], we obtain the following value for the

TABLE I. The eighth-order mass-dependent QED contribu-
tion from 12 gauge-invariant groups to muon g− 2, whose
representatives are shown in Fig. 1. The mass-dependence of
A(8)

3 is A(8)
3 (mµ/me,mµ/mτ ).

group A(8)
2 (mµ/me) A(8)

2 (mµ/mτ ) A(8)
3

I(a) 7.74547 (42) 0.000032 (0) 0.003209 (0)
I(b) 7.58201 (71) 0.000252 (0) 0.002611 (0)
I(c) 1.624307 (40) 0.000737 (0) 0.001807 (0)
I(d) −0.22982 (37) 0.000368 (0) 0
II(a) −2.77888 (38) −0.007329 (1) 0
II(b) −4.55277 (30) −0.002036 (0) −0.009008 (1)
II(c) −9.34180 (83) −0.005246 (1) −0.019642 (2)
III 10.7934 (27) 0.04504 (14) 0
IV(a) 123.78551 (44) 0.038513 (11) 0.083739 (36)
IV(b) −0.4170 (37) 0.006106 (31) 0
IV(c) 2.9072 (44) −0.01823 (11) 0
IV(d) −4.43243 (58) −0.015868 (37) 0

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

FIG. 2. Self-energy-like diagrams representing 32 gauge-
invariant subsets contributing to the lepton g−2 at the tenth
order. Solid lines represent lepton lines propagating in a weak
magnetic field.

eighth-order QED contribution a(8)µ :

a(8)
µ

= −1.9106 (20) + 132.685 2 (60)

+ 0.042 34 (12) + 0.062 72 (4)

= 130.879 6 (63). (10)

Over the period of more than nine years we have nu-
merically evaluated all 32 gauge-invariant sets of dia-

grams that contribute to a(10)µ [22, 37–40], whose rep-
resentative diagrams are shown in Fig. 2. The results
for mass-dependent terms are summarized in Table II.
Some simple diagrams were evaluated analytically or in
the asymptotic expansion in mµ/me [41–45]. The results
are consistent with our numerical ones.
From the data listed in this Table and the value of

A(10)
1 from Ref. [37], we obtain the complete tenth-order

result:

a(10)µ = 9.168 (571) + 742.18 (87)− 0.068 (5) + 2.011 (10)

= 753.29 (1.04). (11)

The uncertainty 1.04 is attributed entirely to the statis-
tical fluctuation in the Monte-Carlo integration of Feyn-
man amplitudes by VEGAS [46]. This is 20 times more
precise than the previous estimate, 663 (20), obtained
in the leading-logarithmic approximation [22]. This is
mainly because we had underestimated the magnitude of
the contribution of the Set III(a). Note also that (11) is
about 4.5 s.d. larger than the leading-log estimate. The

numerical values of (α/π)(n)a(2n)µ for n = 1, 2, · · · , 5 are
summarized in Table III.
In order to evaluate aµ(QED) using (7), a precise value

of α is needed. At present, the best non-QED α is the
one obtained from the measurement of h/mRb [47], com-
bined with the very precisely known Rydberg constant
and mRb/me [33]:

α−1(Rb) = 137.035 999 049 (90) [0.66 ppb]. (12)

• Discrepancy	of	 	observed	for	Set	V	resolved	
• Re-evalua$on	of	98	self-energy	sub-diagrams	with	
higher	number	of	samples	in	MC	integra$on

4.6σ

[Aoyama,	Hayakawa,	Kinoshita,	Nio,	PRL	109	(2012)	111808;	
	Aoyama,	Kinoshita,	Nio,	Atoms	7	(2019)	28;	
	Volkov,	PRD	100	(2019)	096004;	PRD	110	(2024)	036001	
	Aoyama,	Hayakawa,	Nio,	PRD	111	(2025)	L031902]
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→ A(10)
1 = 5.887(55) WP	25

[Sergey	Volkov]
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Coefficient A(2L)
i #Diagrams Value References

A(2)
1 1 0.5 [3]

A(4)
1 7 →0.328 478 965 579 193 . . . [22, 23]

A(6)
1 72 1.181 241 456 587 200 . . . [24, 25]

A(8)
1 891 →1.912 245 764 926 445 . . . [26, 27]

A(10)
1 12672 5.887(55) [12, 30, 32–34]

Table 1 The coefficients describing the universal (mass-independent) QED contributions to lepton anomalous magnetic moments up
to 10th (five-loop) order. Coefficients up to and including 8th order are exact.

Coefficient A(2L)
i e Value(Error) Coefficient A(2L)

i µ Value(Error) References
A(4)

2 e(me/mµ) 0.519 738 676(24) · 10→6 A(4)
2 µ(mµ/me) 1.094 258 3093(76) [35–37]

A(4)
2 e(me/mω) 0.183 790(25) · 10→8 A(4)

2 µ(mµ/mω) 0.000 078 076(11) [35–37]
A(6)

2 e(me/mµ) →0.737 394 164(24) · 10→5 A(6)
2 µ(mµ/me) 22.868 379 98(20) [37–40]

A(6)
2 e(me/mω) →0.658 273(79) · 10→7 A(6)

2 µ(mµ/mω) 0.000 360 601(83) [37–40]
A(6)

3 e(me/mµ,me/mω) 0.1909(1) · 10→12 A(6)
3 µ(mµ/me,mµ/mω) 0.000 527 738(75) [41, 42]

A(8)
2 e(me/mµ) 0.916 197 070(37) · 10→3 A(8)

2 µ(mµ/me) 132.6852(60) [29, 43–45]
A(8)

2 e(me/mω) 0.742 92(12) · 10→5 A(8)
2 µ(mµ/mω) 0.042 4941(53) [29, 43–45]

A(8)
3 e(me/mµ,me/mω) 0.746 87(28) · 10→6 A(8)

3 µ(mµ/me,mµ/mω) 0.062 722(10) [29, 43–45]
A(10)

2 e (me/mµ) →0.003 82(39) A(10)
2 µ (mµ/me) 742.32(86) [46]

A(10)
2 e (me/mω) O(10→5) A(10)

2 µ (mµ/mω) →0.0656(45) [46]
A(10)

3 e (me/mµ,me/mω) O(10→5) A(10)
3 µ (mµ/me,mµ/mω) 2.011(10) [46]

Table 2 Coefficients for the mass-dependent QED contributions up to 10th order. The two leftmost columns apply for the electron, the
third and fourth column to the muon.

L CL e CLe(ε/ϑ)L · 1012 CL µ CLµ(ε/ϑ)L · 1011

1 0.5 1 161 409 731.859(82) 0.5 116 140 973.1859(82)
2 →0.328 478 444 002 62(35) →1 772 302.2456(3) 0.765 857 4197(134) 413 217.6249(72)
3 1.181 234 016 818(8) 14 804.1104(0) 24.050 509 775(229) 30 141.9021(3)
4 →1.911 321 3909(12) →55.641(0) 130.8782(60) 381.004(18)
5 5.883(55) 0.398(4) 750.15(86) 5.0726(58)
Total 5-loop 1 159 652 178.480(82) 116 584 718.789(21)

Table 3 The summed coefficients CLϖ at loop order L for the electron and the muon (ϖ = e, µ). After multiplication with the appropriate
power of (ε/ϑ), we also provide the absolute contributions at each order. For the fine-structure constant ε, the value determined from
atom interferometry on Rubidium [47, 48] has been chosen. The errors in CLe(ε/ϑ)L are dominated by the uncertainty in the fine-
structure constant. By contrast, the errors on CLµ(ε/ϑ)L arise from the uncertainties in the lepton mass ratios.

A comprehensive discussion of mass-dependent corrections up to 10th order (five loops), including explicit expressions for closed analytic
forms, various asymptotic expansions, as well as plots of classes of diagrams can be found in Chapter 4.1 of the book by Jegerlehner [8].
For more concise descriptions we refer the reader to the White Papers by the Muon g → 2 Theory Initiative [11, 12]. Below we present a
summary of the main features.

The fourth-order (two-loop) mass-dependent correction was first computed as an asymptotic expansion in the mass ratio me/mµ in
Ref. [22, 35]. The analytic expression for any mass ratio x was worked out in [36, 37], which was subsequently shown to assume the
form [41]

A(4)
2ϖ (1/x) = →25

36
→ ln x

3
+ x2(4 + 3 ln x) +

x
2

(1 → 5x2)
[
ϑ2

2
→ ln x ln

(
1 → x
1 + x

)
→ Li2(x) + Li2(→x)

]
+ x4
[
ϑ2

3
→ 2 ln x ln

(
1
x
→ x
)
→ Li2(x2)

]
.

(42)
For x > 1, one can use a series expansion, in order to avoid the cuts that the logarithms develop in that regime. Furthermore, for numerical
evaluations it is more convenient to work with asymptotic expansions that are presented in detail in Chapter 4.1 of [8]. The corresponding
expressions evaluate to the values listed in rows 2 and 3 in Table 2.

While the mass-dependent contributions with one fermion loop at sixth order, A(6)
2 (1/x), are available in closed analytic form for any

value of the lepton mass ratio x [39, 40], these expressions are not practical to work with for numerical evaluations. Explicit expressions for
various mass ratios x = me/mµ and x = mω/mµ are again listed in Section 4.1 of Ref. [8]. For the muon, one finds a sizeable enhancement in
A(6)

2 µ(mµ/me), as signified by the large entry in the fourth row of Table 2, which originates in the leptonic light-by-light scattering diagrams
shown as “Set (d)” in Fig. 5. The contribution from A(6)

2 µ(mµ/mω), on the other hand, is strongly suppressed due to the approximate decoupling

Geometric	progression	of	A(2L)
1 	 			⇒ A(12)

1 ≃ − 18
Assume					A(12)

1 = − 30

Sergey Volkov, 10-order QED electron g-2
22/30

Prospects in the calculation of A1
(2n), n≥6:

is it really needed?

Geometric progression estimation:
   A1

(2) = 0.5,
   A1

(4) = -0.328478966...,
   A1

(6) = 1.181241456...,
   A1

(8) = -1.9122457649...,
   A1

(10) = 5.887(55),
   A1

(12) ≈ -18.

Let us take
   A1

(12) = -30.

from g-2 with 12-th

from g-2 w/o 12-th

Rb-2011

Cs-2018

Rb-2020

137.0359988 137.0359990 137.0359992 137.0359994

No difference!

α-1 obtained by different methods

12th	order	makes	no	difference❊	

❊given	the	experimental	uncertainty	

[Sergey	Volkov]
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Coefficient A(2L)
i #Diagrams Value References

A(2)
1 1 0.5 [3]

A(4)
1 7 →0.328 478 965 579 193 . . . [22, 23]

A(6)
1 72 1.181 241 456 587 200 . . . [24, 25]

A(8)
1 891 →1.912 245 764 926 445 . . . [26, 27]

A(10)
1 12672 5.887(55) [12, 30, 32–34]

Table 1 The coefficients describing the universal (mass-independent) QED contributions to lepton anomalous magnetic moments up
to 10th (five-loop) order. Coefficients up to and including 8th order are exact.

Coefficient A(2L)
i e Value(Error) Coefficient A(2L)

i µ Value(Error) References
A(4)

2 e(me/mµ) 0.519 738 676(24) · 10→6 A(4)
2 µ(mµ/me) 1.094 258 3093(76) [35–37]

A(4)
2 e(me/mω) 0.183 790(25) · 10→8 A(4)

2 µ(mµ/mω) 0.000 078 076(11) [35–37]
A(6)

2 e(me/mµ) →0.737 394 164(24) · 10→5 A(6)
2 µ(mµ/me) 22.868 379 98(20) [37–40]

A(6)
2 e(me/mω) →0.658 273(79) · 10→7 A(6)

2 µ(mµ/mω) 0.000 360 601(83) [37–40]
A(6)

3 e(me/mµ,me/mω) 0.1909(1) · 10→12 A(6)
3 µ(mµ/me,mµ/mω) 0.000 527 738(75) [41, 42]

A(8)
2 e(me/mµ) 0.916 197 070(37) · 10→3 A(8)

2 µ(mµ/me) 132.6852(60) [29, 43–45]
A(8)

2 e(me/mω) 0.742 92(12) · 10→5 A(8)
2 µ(mµ/mω) 0.042 4941(53) [29, 43–45]

A(8)
3 e(me/mµ,me/mω) 0.746 87(28) · 10→6 A(8)

3 µ(mµ/me,mµ/mω) 0.062 722(10) [29, 43–45]
A(10)

2 e (me/mµ) →0.003 82(39) A(10)
2 µ (mµ/me) 742.32(86) [46]

A(10)
2 e (me/mω) O(10→5) A(10)

2 µ (mµ/mω) →0.0656(45) [46]
A(10)

3 e (me/mµ,me/mω) O(10→5) A(10)
3 µ (mµ/me,mµ/mω) 2.011(10) [46]

Table 2 Coefficients for the mass-dependent QED contributions up to 10th order. The two leftmost columns apply for the electron, the
third and fourth column to the muon.

L CL e CLe(ε/ϑ)L · 1012 CL µ CLµ(ε/ϑ)L · 1011

1 0.5 1 161 409 731.859(82) 0.5 116 140 973.1859(82)
2 →0.328 478 444 002 62(35) →1 772 302.2456(3) 0.765 857 4197(134) 413 217.6249(72)
3 1.181 234 016 818(8) 14 804.1104(0) 24.050 509 775(229) 30 141.9021(3)
4 →1.911 321 3909(12) →55.641(0) 130.8782(60) 381.004(18)
5 5.883(55) 0.398(4) 750.15(86) 5.0726(58)
Total 5-loop 1 159 652 178.480(82) 116 584 718.789(21)

Table 3 The summed coefficients CLϖ at loop order L for the electron and the muon (ϖ = e, µ). After multiplication with the appropriate
power of (ε/ϑ), we also provide the absolute contributions at each order. For the fine-structure constant ε, the value determined from
atom interferometry on Rubidium [47, 48] has been chosen. The errors in CLe(ε/ϑ)L are dominated by the uncertainty in the fine-
structure constant. By contrast, the errors on CLµ(ε/ϑ)L arise from the uncertainties in the lepton mass ratios.

A comprehensive discussion of mass-dependent corrections up to 10th order (five loops), including explicit expressions for closed analytic
forms, various asymptotic expansions, as well as plots of classes of diagrams can be found in Chapter 4.1 of the book by Jegerlehner [8].
For more concise descriptions we refer the reader to the White Papers by the Muon g → 2 Theory Initiative [11, 12]. Below we present a
summary of the main features.

The fourth-order (two-loop) mass-dependent correction was first computed as an asymptotic expansion in the mass ratio me/mµ in
Ref. [22, 35]. The analytic expression for any mass ratio x was worked out in [36, 37], which was subsequently shown to assume the
form [41]

A(4)
2ϖ (1/x) = →25

36
→ ln x

3
+ x2(4 + 3 ln x) +

x
2

(1 → 5x2)
[
ϑ2

2
→ ln x ln

(
1 → x
1 + x

)
→ Li2(x) + Li2(→x)

]
+ x4
[
ϑ2

3
→ 2 ln x ln

(
1
x
→ x
)
→ Li2(x2)

]
.

(42)
For x > 1, one can use a series expansion, in order to avoid the cuts that the logarithms develop in that regime. Furthermore, for numerical
evaluations it is more convenient to work with asymptotic expansions that are presented in detail in Chapter 4.1 of [8]. The corresponding
expressions evaluate to the values listed in rows 2 and 3 in Table 2.

While the mass-dependent contributions with one fermion loop at sixth order, A(6)
2 (1/x), are available in closed analytic form for any

value of the lepton mass ratio x [39, 40], these expressions are not practical to work with for numerical evaluations. Explicit expressions for
various mass ratios x = me/mµ and x = mω/mµ are again listed in Section 4.1 of Ref. [8]. For the muon, one finds a sizeable enhancement in
A(6)

2 µ(mµ/me), as signified by the large entry in the fourth row of Table 2, which originates in the leptonic light-by-light scattering diagrams
shown as “Set (d)” in Fig. 5. The contribution from A(6)

2 µ(mµ/mω), on the other hand, is strongly suppressed due to the approximate decoupling

Geometric	progression	of	A(2L)
1 	 			⇒ A(12)

1 ≃ − 18
Assume					A(12)

1 = − 30

Sergey Volkov, 10-order QED electron g-2
23/30

Prospects in the calculation of A1
(2n), n≥6:

is it really needed?

from g-2 with 12-th

from g-2 w/o 12-th

137.035999155 137.035999160 137.035999165

Suppose A1(12)=-30 and we resolved the experimental uncertainty of ae.

More noticeable (at least if we underestimated A1(12))12th	order	no$ceable	but	within	errors	

+	experimental	discrepancy	resolved

[Sergey	Volkov]
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Coefficient A(2L)
i #Diagrams Value References

A(2)
1 1 0.5 [3]

A(4)
1 7 →0.328 478 965 579 193 . . . [22, 23]

A(6)
1 72 1.181 241 456 587 200 . . . [24, 25]

A(8)
1 891 →1.912 245 764 926 445 . . . [26, 27]

A(10)
1 12672 5.887(55) [12, 30, 32–34]

Table 1 The coefficients describing the universal (mass-independent) QED contributions to lepton anomalous magnetic moments up
to 10th (five-loop) order. Coefficients up to and including 8th order are exact.

Coefficient A(2L)
i e Value(Error) Coefficient A(2L)

i µ Value(Error) References
A(4)

2 e(me/mµ) 0.519 738 676(24) · 10→6 A(4)
2 µ(mµ/me) 1.094 258 3093(76) [35–37]

A(4)
2 e(me/mω) 0.183 790(25) · 10→8 A(4)

2 µ(mµ/mω) 0.000 078 076(11) [35–37]
A(6)

2 e(me/mµ) →0.737 394 164(24) · 10→5 A(6)
2 µ(mµ/me) 22.868 379 98(20) [37–40]

A(6)
2 e(me/mω) →0.658 273(79) · 10→7 A(6)

2 µ(mµ/mω) 0.000 360 601(83) [37–40]
A(6)

3 e(me/mµ,me/mω) 0.1909(1) · 10→12 A(6)
3 µ(mµ/me,mµ/mω) 0.000 527 738(75) [41, 42]

A(8)
2 e(me/mµ) 0.916 197 070(37) · 10→3 A(8)

2 µ(mµ/me) 132.6852(60) [29, 43–45]
A(8)

2 e(me/mω) 0.742 92(12) · 10→5 A(8)
2 µ(mµ/mω) 0.042 4941(53) [29, 43–45]

A(8)
3 e(me/mµ,me/mω) 0.746 87(28) · 10→6 A(8)

3 µ(mµ/me,mµ/mω) 0.062 722(10) [29, 43–45]
A(10)

2 e (me/mµ) →0.003 82(39) A(10)
2 µ (mµ/me) 742.32(86) [46]

A(10)
2 e (me/mω) O(10→5) A(10)

2 µ (mµ/mω) →0.0656(45) [46]
A(10)

3 e (me/mµ,me/mω) O(10→5) A(10)
3 µ (mµ/me,mµ/mω) 2.011(10) [46]

Table 2 Coefficients for the mass-dependent QED contributions up to 10th order. The two leftmost columns apply for the electron, the
third and fourth column to the muon.

L CL e CLe(ε/ϑ)L · 1012 CL µ CLµ(ε/ϑ)L · 1011

1 0.5 1 161 409 731.859(82) 0.5 116 140 973.1859(82)
2 →0.328 478 444 002 62(35) →1 772 302.2456(3) 0.765 857 4197(134) 413 217.6249(72)
3 1.181 234 016 818(8) 14 804.1104(0) 24.050 509 775(229) 30 141.9021(3)
4 →1.911 321 3909(12) →55.641(0) 130.8782(60) 381.004(18)
5 5.883(55) 0.398(4) 750.15(86) 5.0726(58)
Total 5-loop 1 159 652 178.480(82) 116 584 718.789(21)

Table 3 The summed coefficients CLϖ at loop order L for the electron and the muon (ϖ = e, µ). After multiplication with the appropriate
power of (ε/ϑ), we also provide the absolute contributions at each order. For the fine-structure constant ε, the value determined from
atom interferometry on Rubidium [47, 48] has been chosen. The errors in CLe(ε/ϑ)L are dominated by the uncertainty in the fine-
structure constant. By contrast, the errors on CLµ(ε/ϑ)L arise from the uncertainties in the lepton mass ratios.

A comprehensive discussion of mass-dependent corrections up to 10th order (five loops), including explicit expressions for closed analytic
forms, various asymptotic expansions, as well as plots of classes of diagrams can be found in Chapter 4.1 of the book by Jegerlehner [8].
For more concise descriptions we refer the reader to the White Papers by the Muon g → 2 Theory Initiative [11, 12]. Below we present a
summary of the main features.

The fourth-order (two-loop) mass-dependent correction was first computed as an asymptotic expansion in the mass ratio me/mµ in
Ref. [22, 35]. The analytic expression for any mass ratio x was worked out in [36, 37], which was subsequently shown to assume the
form [41]

A(4)
2ϖ (1/x) = →25

36
→ ln x

3
+ x2(4 + 3 ln x) +

x
2

(1 → 5x2)
[
ϑ2

2
→ ln x ln

(
1 → x
1 + x

)
→ Li2(x) + Li2(→x)

]
+ x4
[
ϑ2

3
→ 2 ln x ln

(
1
x
→ x
)
→ Li2(x2)

]
.

(42)
For x > 1, one can use a series expansion, in order to avoid the cuts that the logarithms develop in that regime. Furthermore, for numerical
evaluations it is more convenient to work with asymptotic expansions that are presented in detail in Chapter 4.1 of [8]. The corresponding
expressions evaluate to the values listed in rows 2 and 3 in Table 2.

While the mass-dependent contributions with one fermion loop at sixth order, A(6)
2 (1/x), are available in closed analytic form for any

value of the lepton mass ratio x [39, 40], these expressions are not practical to work with for numerical evaluations. Explicit expressions for
various mass ratios x = me/mµ and x = mω/mµ are again listed in Section 4.1 of Ref. [8]. For the muon, one finds a sizeable enhancement in
A(6)

2 µ(mµ/me), as signified by the large entry in the fourth row of Table 2, which originates in the leptonic light-by-light scattering diagrams
shown as “Set (d)” in Fig. 5. The contribution from A(6)

2 µ(mµ/mω), on the other hand, is strongly suppressed due to the approximate decoupling

Geometric	progression	of	A(2L)
1 	 			⇒ A(12)

1 ≃ − 18
Assume					A(12)

1 = − 30

+	experimental	discrepancy	resolved

+	no	hadronic	uncertainty

Sergey Volkov, 10-order QED electron g-2
24/30

Prospects in the calculation of A1
(2n), n≥6:

is it really needed?

Suppose A1(12)=-30 and we resolved:
   - the experimental uncertainty of ae;
   - the hadronic uncertainty.

from g-2 with 12-th

from g-2 w/o 12-th

137.035999155 137.035999160 137.035999165

12th	order	has	visible	effect

[Sergey	Volkov]
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Coefficient A(2L)
i #Diagrams Value References

A(2)
1 1 0.5 [3]

A(4)
1 7 →0.328 478 965 579 193 . . . [22, 23]

A(6)
1 72 1.181 241 456 587 200 . . . [24, 25]

A(8)
1 891 →1.912 245 764 926 445 . . . [26, 27]

A(10)
1 12672 5.887(55) [12, 30, 32–34]

Table 1 The coefficients describing the universal (mass-independent) QED contributions to lepton anomalous magnetic moments up
to 10th (five-loop) order. Coefficients up to and including 8th order are exact.

Coefficient A(2L)
i e Value(Error) Coefficient A(2L)

i µ Value(Error) References
A(4)

2 e(me/mµ) 0.519 738 676(24) · 10→6 A(4)
2 µ(mµ/me) 1.094 258 3093(76) [35–37]

A(4)
2 e(me/mω) 0.183 790(25) · 10→8 A(4)

2 µ(mµ/mω) 0.000 078 076(11) [35–37]
A(6)

2 e(me/mµ) →0.737 394 164(24) · 10→5 A(6)
2 µ(mµ/me) 22.868 379 98(20) [37–40]

A(6)
2 e(me/mω) →0.658 273(79) · 10→7 A(6)

2 µ(mµ/mω) 0.000 360 601(83) [37–40]
A(6)

3 e(me/mµ,me/mω) 0.1909(1) · 10→12 A(6)
3 µ(mµ/me,mµ/mω) 0.000 527 738(75) [41, 42]

A(8)
2 e(me/mµ) 0.916 197 070(37) · 10→3 A(8)

2 µ(mµ/me) 132.6852(60) [29, 43–45]
A(8)

2 e(me/mω) 0.742 92(12) · 10→5 A(8)
2 µ(mµ/mω) 0.042 4941(53) [29, 43–45]

A(8)
3 e(me/mµ,me/mω) 0.746 87(28) · 10→6 A(8)

3 µ(mµ/me,mµ/mω) 0.062 722(10) [29, 43–45]
A(10)

2 e (me/mµ) →0.003 82(39) A(10)
2 µ (mµ/me) 742.32(86) [46]

A(10)
2 e (me/mω) O(10→5) A(10)

2 µ (mµ/mω) →0.0656(45) [46]
A(10)

3 e (me/mµ,me/mω) O(10→5) A(10)
3 µ (mµ/me,mµ/mω) 2.011(10) [46]

Table 2 Coefficients for the mass-dependent QED contributions up to 10th order. The two leftmost columns apply for the electron, the
third and fourth column to the muon.

L CL e CLe(ε/ϑ)L · 1012 CL µ CLµ(ε/ϑ)L · 1011

1 0.5 1 161 409 731.859(82) 0.5 116 140 973.1859(82)
2 →0.328 478 444 002 62(35) →1 772 302.2456(3) 0.765 857 4197(134) 413 217.6249(72)
3 1.181 234 016 818(8) 14 804.1104(0) 24.050 509 775(229) 30 141.9021(3)
4 →1.911 321 3909(12) →55.641(0) 130.8782(60) 381.004(18)
5 5.883(55) 0.398(4) 750.15(86) 5.0726(58)
Total 5-loop 1 159 652 178.480(82) 116 584 718.789(21)

Table 3 The summed coefficients CLϖ at loop order L for the electron and the muon (ϖ = e, µ). After multiplication with the appropriate
power of (ε/ϑ), we also provide the absolute contributions at each order. For the fine-structure constant ε, the value determined from
atom interferometry on Rubidium [47, 48] has been chosen. The errors in CLe(ε/ϑ)L are dominated by the uncertainty in the fine-
structure constant. By contrast, the errors on CLµ(ε/ϑ)L arise from the uncertainties in the lepton mass ratios.

A comprehensive discussion of mass-dependent corrections up to 10th order (five loops), including explicit expressions for closed analytic
forms, various asymptotic expansions, as well as plots of classes of diagrams can be found in Chapter 4.1 of the book by Jegerlehner [8].
For more concise descriptions we refer the reader to the White Papers by the Muon g → 2 Theory Initiative [11, 12]. Below we present a
summary of the main features.

The fourth-order (two-loop) mass-dependent correction was first computed as an asymptotic expansion in the mass ratio me/mµ in
Ref. [22, 35]. The analytic expression for any mass ratio x was worked out in [36, 37], which was subsequently shown to assume the
form [41]

A(4)
2ϖ (1/x) = →25

36
→ ln x

3
+ x2(4 + 3 ln x) +

x
2

(1 → 5x2)
[
ϑ2

2
→ ln x ln

(
1 → x
1 + x

)
→ Li2(x) + Li2(→x)

]
+ x4
[
ϑ2

3
→ 2 ln x ln

(
1
x
→ x
)
→ Li2(x2)

]
.

(42)
For x > 1, one can use a series expansion, in order to avoid the cuts that the logarithms develop in that regime. Furthermore, for numerical
evaluations it is more convenient to work with asymptotic expansions that are presented in detail in Chapter 4.1 of [8]. The corresponding
expressions evaluate to the values listed in rows 2 and 3 in Table 2.

While the mass-dependent contributions with one fermion loop at sixth order, A(6)
2 (1/x), are available in closed analytic form for any

value of the lepton mass ratio x [39, 40], these expressions are not practical to work with for numerical evaluations. Explicit expressions for
various mass ratios x = me/mµ and x = mω/mµ are again listed in Section 4.1 of Ref. [8]. For the muon, one finds a sizeable enhancement in
A(6)

2 µ(mµ/me), as signified by the large entry in the fourth row of Table 2, which originates in the leptonic light-by-light scattering diagrams
shown as “Set (d)” in Fig. 5. The contribution from A(6)

2 µ(mµ/mω), on the other hand, is strongly suppressed due to the approximate decoupling

Geometric	progression	of	A(2L)
1 	 			⇒ A(12)

1 ≃ − 18
Assume					A(12)

1 = − 30

+	experimental	discrepancy	resolved

+	no	hadronic	uncertainty

+	no	Monte	Carlo	error	in	A(10)
1 Sergey Volkov, 10-order QED electron g-2

25/30

Prospects in the calculation of A1
(2n), n≥6:

is it really needed?

Suppose A1(12)=-30 and we resolved:
   - the experimental uncertainty of ae;
   - the hadronic uncertainty;
   - the Monte Carlo uncertainty in A1(10).

from g-2 with 12-th

from g-2 w/o 12-th

137.035999158 137.035999159 137.035999160

A1(12) becomes 
crucially 
important!

12th	order	is	indispensable!

Calcula$on	of	 	will	likely	involve	Monte	Carlo	uncertaintyA(12)
1

[Sergey	Volkov]



Hartmut	Wittig

Tackling	the	12th	order	QED	contribu$on
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order #diagrams Integrand  
code size

GPU time to reach 
10% precision  
10% precision8 891 10 GB 5 min

10 12 672   1 TB 1 month

12 202 770 100 TB❊ 700 years❊

14 3 602 880

16 70 425 747

❊es$mated

Numerical	resources	required	for	MC	evalua$on

Memory	requirements	compa$ble	with	capaci$es	of	current	supercomputers,	e.g.

JUPITER	Booster	at	FZ	Jülich:			24000	NVIDIA	GH200	—	3	days	running	on	full	machine	

Energy	consump$on:	13	MW	—	8	hours	of	LHC	opera$ons

[Sergey	Volkov]
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Semi-analy$cal	calcula$on	of	the	10th	order	QED	contribu$on

Universal	QED	contribu$on	at	8th	order	(4	loops)	computed	to	∼	1100	digits: [Laporta	2017]
<latexit sha1_base64="EsSY7V8rjtBpQkx/XFWSWoLCR2w=">AAACHHicbVDLSgMxFM34rPVVdelmsAh1U2ZEajdCRQSXFewD27Fk0kwbmkmG5I5Yhv6FW/s17sSt4McIZtoubOuBwOGcc5Ob40ecaXCcb2tldW19YzOzld3e2d3bzx0c1rWMFaE1IrlUTR9rypmgNWDAaTNSFIc+pw1/cJP6jWeqNJPiAYYR9ULcEyxgBIORHq877lNSKJ+Nrjq5vFN0JrCXiTsjeTRDtZP7aXcliUMqgHCsdct1IvASrIARTkfZdqxphMkA92jLUIFDqr1ksvHIPjVK1w6kMkeAPVH/TiQ41HoY+iYZYujrRS8V//XgJb1Qzz2fpDHfl3xhKQjKXsJEFAMVZLpTEHMbpJ02ZXeZogT40BBMFDPfskkfK0zA9Jk1fbmL7SyT+nnRLRVL9xf5yu2suQw6RieogFx0iSroDlVRDREk0Ct6Q2NrbL1bH9bnNLpizWaO0Bysr1/bX6Io</latexit>

A(8)
1 =

Contributions at four loops

(g − 2)/2 =C1(α/π) + C2(α/π)
2 + C3(α/π)

3 + C4(α/π)
4 + C5(α/π)

5 + . . .

F ′
1(0) =A1(α/π) +A2(α/π)

2 +A3(α/π)
3 +A4(α/π)

4 +A5(α/π)
5 + . . .

891 diagrams → 334 master integrals

C4 = -1.9122457649264455741526471674398300540608733906587253451713298480060384439806517061427...

A4 = +0.8865456739464431458368217306103153593904240326600647453680559093208403164656289274548...

• (S.L 2017, S.L 2019)

• Numerical values calculated with 1100 digits of precision

• Semi-analytical expressions fitted with the PSLQ algorithm with very high reliability.

Components of analytical expressions known with at least 4800 digits.

• Jump in complexity: analytical fits contain ∼120 terms

Stefano Laporta, g-2 at four loops and perspectives for five loops. . . , ALPHA25, Mainz, 27-31 Oct 2025 Page 6
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Stefano Laporta, g-2 at four loops and perspectives for five loops. . . , ALPHA25, Mainz, 27-31 Oct 2025 Page 6

891	eighth-order	Feynman	diagrams	produce	 	integrals;	

Integrals	related	by	 	analy$c	linear	equa$ons	(IBP	iden$$es)		 		iden$fy	Master	Integrals	
Master	Integrals	sa$sfy	systems	of	differen$al	equa$ons	( )	

∼ 105

∼ 106 →
∼ 900

21

[Stefano	Laporta]
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Semi-analy$cal	calcula$on	of	the	10th	order	QED	contribu$on
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891	eighth-order	Feynman	diagrams	produce	 	integrals;	

Integrals	related	by	 	analy$c	linear	equa$ons	(IBP	iden$$es)		 		iden$fy	Master	Integrals	
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∼ 106 →
∼ 900

analytical fit of C4

(polylogarithms) (harmonic polylogarithms) (elliptic) (unknown elliptic)

Stefano Laporta, g-2 at four loops and perspectives for five loops. . . , ALPHA25, Mainz, 27-31 Oct 2025 Page 7

A(8)
1
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Semi-analy$cal	calcula$on	of	the	10th	order	QED	contribu$on
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<latexit sha1_base64="caefjnsSNvLhhAF9gAvA3pUXuUE="></latexit>

A(8)
1 = T +

→
3Va + Vb +Wb +

→
3Ea + Eb + U

<latexit sha1_base64="SCZ6PZZGA0lUucBNQIIYALYRasM="></latexit>

U = →541
300

C81a →
629
60

C81b +
49
3

C81c →
327
160

C83a +
49
36

C83b +
37
6

C83c

Apply	integer-rela$on	PSLQ	algorithm	to	fit	Master	Integrals	that	have	no	closed-form	solu$on	
Floa$ng-point	precision	required:	1200	digits
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Semi-analy$cal	calcula$on	of	the	10th	order	QED	contribu$on

22

Computa$onal	effort	

analytical terms digits in num.coeff. num. precision IBP Systems

4 loop 120 10 1200 106

5 loop 5000 20 105 109

• 30	small	5-loop	systems	of	 	IBP	iden$$es	already	solved	

• Several	TB	of	memory	and	tens	of	TB	of	fast	disk	space	required	

• Run$me	scales	as	(#digits) 	

5 × 108

3−4

		Moderate	precision	of	 	digits	in	 	realis$c,	but	no	analy$cal	fit⇒ O(100) A(10)
1
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Summary	
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• Resolve	the	tension	between	different	measurements	of	 	

• Perform	a	new	measurement	of	 	with	even	higher	precision	

• Perform	complementary	measurements	of	 	

• Reduce	error	on	10th	order	coefficient	of	QED	contribu$on	to	 	

• Tackle	the	12th	order	QED	contribu$on	

• Perform	state-of-the-art	la}ce	calcula$on	of	

α
ae

α
ae

ahvp
e

Follow-up	workshop	on	 	and	 	at	Northwestern	University	in	2–3	yearsae α

(offer	by	Gerald	Gabrielse)


